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�
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n = nk £�;7¥
<X�==YHH=U H[[^?[[A £A=^H=YHH=U S[UYSVZY[[A¥ FQQ?QEAQQ VY`Z`EH[[ARUEV?VZGVV?VVB V@^VY VY`Z`EHVV?VVB V@^VY FQ·XY=ES==?== �YS=SA=E=; <X�==YHH=UH[[^V?H VY`Z`EH A=^H=SA=} GQYEQ;
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¼[Z[[@RUE GXX} GQYQF A=^F?\E HQQ 9 XTR? VF QYQEYQS 9 VY`Z`EHHVUBH[[^?RUE FVZ}VV ¡ GQYEQ; ¼VE EW T =YW T A=^F=?H GXXF GQYQZ}HQU HXYGX�==YHH=U H[[^V? ~Z; LUZA GXX} GQYQF ERUH GQYQZ}RUE HQQ

Ã4
8 = 84 = 4096 GQYEQ;
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��� n(n − 1) . . . (n − k + 1) ���
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n = n(n− 1) . . . (n− k + 1) =
n!
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wVS GX�==YHS[U H[[^V? E]S]]S]]@]] V@^VY VY`Z`EHRUE V?VZGVV?VV V@^VY VY`bZ`EHVV?VV �YS=SA=E=; <X�==YHS[U H[[^V?H VY`Z`EH A=^H=SA=FS[U;
#�Ô��$��» wVS =ESRUE 78 Q~XHE==@ =ESRUE =FY=STB Q~XHE\ >]^Y]YRUESR_[[EB @�Q?H\E G=SRUE =FY=ST E=?\S FVAVE �E>==? @QESQ} GQYQF ^V&DFYVVA =ESRUE =FY=STRUS FVE EVSVV? EW @QESQ@QE SV^VY [YA@VE �¬ Q~XHbE==@ Q~XHE\ >]^Y]YRUE SR_[[ERUS @QESQEQ; �[ERU A=?== @�Q?H\E G=SRUE=FY=STRUS [YA@VE �9 Q~XHE==@ @QESQEQ; LUZA GRAERU GQAYQSQ EW 78 VY`Z`EHbHVU QYQEYQSQQ@  ½==? >QFRQ@QE GX�==YHS[U H[[^?RUE HQQS QYQF GQAYQSQ GQYEQ2

A3
20 = 20 · 19 · 18 = 6840

;Á������� n=k ���� ���
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����
 ��, 
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���Pn ��, ������
�
��
Pn = n(n− 1) . . . (n− n+ 1) = n! £�;¡¥

wVS @VYSVZVY E]S]]S]]@]] >]^F]E VY`Z`EHRUEFVV V?VZGVV? �YS=SA=E=; LUZAG[?VYAVF[[EVV?VV R}RYB V?VZGVV?VV �YS==H=U S[UYSVZYRUS @VYSVZVY SVEV;
#�Ô��$��Æ Ö~XH=E ¤Q?}B Ö~XEB <=H E=? >V?VS�VV SX?^=E @=EA=Y AVV?FVAVE �E>==? @XX} GQYQF ^V&wRUH GQYQZ}RUE HQQ EW   VY`Z`EHHVU QYQEYQSRUE @VYSVZVYRUE HQQ
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=
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n½VV@ k½==? =^@=E FV@VSYVY EW n FVZ}VVH VF QYQEYQSRUE k VY`Z`EHHVU AVAQYQEYQSXXA\E ERUH HQQ ~Z; C0
n, C

1
n, . . . , C

n−1
n

HQQEXXA EW (a + b)n SV@VE FQ·?SR_[[EHRUE wW~HQE\ GREQZ\E aQVÅÅR�R`EH[[A G]S]]A�;
Ck

n = Cn−k
n

B
7; C0

n + C1
n + · · · + Cn

n = 2n B ;
1 ≤ k ≤ n G=UF AX?\E k HQQE\ FX^WA Ck

n = Ck
n−1 + Ck−1

n−1
T=E=?XXA\S
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F=ES=E=; C0

n = 1, 0! = 1 SV} HQQ�EQ;
#�Ô��$��ª 3ESRUE  8 Q~XHE\ �7 EW VZVSHVU GQY   VZVSHVU ­ V?VSHVUQ?QY�@QE 9 F[EHVU @�Q?H\E G=SRUS FVAVE �E>==? G=USXXY} GQYQF ^V&�7 VZVSHVUSVV@   VZVSHVU @QESQE =^=F GQYQZ}RUE HQQ C3

12
B �9 V?VSHVUSVV@­ V?VSHVU @QESQE =^=F GQYQZ}RUE HQQ C5

18
G=UE=; �?}^V?RUE A[?VZ ·@QQ?B 9F[EHVU G=S G=USXXY=F GQYQZ}RUE ERUH HQQ n=C3

12 · C8
15 = 188496
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 ��	��
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��� ��(��
� ��� ��� �+�++� C̃k
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�
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C̃k
n = Ck

n+k−1
£�;®¥

#�Ô��$��È %=S==E HQYSQUE [@SRUE @=ESRUE 7� a=?H\E ­ EWA [@VSHVUB ® EW­½\E �RÅ?HVUB �8 EW 4 A[?@HVU G=U^; DASVV?VV@ ¡ a=?H\S FRTEVVE �YS==H=U=?S==? @QESQE =^T GQYQF ^V&KX@ G[? EW �YS==H=U A=^H=YH G[FRU   ]]? H]?YRUE a=?H==@B V?VZGV EW [YF=Z==?=F ¡ a=?H =^T GXU HXY A=^H=YHH=U FV@VSYVY GQYEQ;LUZAB C̃4
3 =C4

4+3−1 =C4
6 =15 �YS==H=U =?S==? @QESQE =^T GQYEQ;

þ�5 6 t 7 t � � 7 � 
 � � - 1 � - � � � � u v t � v 1 t - q - 1 (8 � � 9
� � 1 � � � v � - 1 t - q - 1 ,

X = {a1, a2, . . . , an} �
�

����
 �
���
������	 ��(��
�������� 	�
��
 �(�	�
 k �
���
���� !
k ≥ n ���, ��

�:" k ������ �+� ���� k ������ �+��

ai
�
���
���
 ��(����	�
 ���� ki ��, ������
��� ki

�� �������� 
* ���(�

(k1, k2, . . . , kn) ��	�
 .�
� �+� ��	
�� -
� �+���� +�+��	+
 k ������ �+���

����
�����
 ��
�� (k1 + k2 + · · · + kn = k)�;R_VVYGVYB X = {a1, a2, a3, a4} GQY α = (a1, a3, a1, a1, a2, a4, a3)

EW « X?HH=UZ]? GQYEQ; α Z]?RUE G[?VYAVF[[E EW £ B�B7B�¥ GQYEQ;0�+��	+
 (k1, k2, . . . , kn) ����
�����
�� ���
���
��
 ����A(k1, k2, . . . , kn) ��,������
��� ��(��
���� 	�
����
 ��
�4
A(k1, k2, . . . , kn) =

(k1 + k2 + · · · + kn)!

k1!k2! . . . kn!
£�;«¥

£�;«¥ HQZ¶·Q EW G[?VYAVF[[EVV?VV R}RY GQYQ^T VY`Z`EH[[A EW A=^H=SA=FB>]^F]E VY`Z`EHRUEFVV V?VZGVV? �YS=SA=F S[UYSVZYRUE HQQ ~Z;wW~HQE\ GREQZ\E ]?S]HS]Y GQYQF HQZ¶·QS HVZAVSYV`;
(a1 + a2 + · · · + an)k =

∑ k!

k1!k2! . . . kn!
ak1

1 a
k2
2 . . . . . . akn

n
£�;9¥

�[EAB HQZ¶·QE\ ERUYGV? EW k1 + k2 + · · · + kn = k E]F�]YRUS F=ES=F G[F
k1, k2, . . . , kn

½VV? =^=SA=E=; £�;9¥ HQZ¶·QS �QYRERZ=Y HQZ¶·Q SVEV;
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¿QYRERZ=Y HQZ¶·QE\ SR_[[ARUE aQVÅÅR�R`EH[[A EW (k1, k2, . . . , kn

¥ G[?VYAV½F[[ERU S[UYSVZYRUE HQQ ~Z;
k = 2 [`A £�;9¥ HQZ¶·QEQQ@ wW~HQE\ GREQZ\E HQZW·Q Z]?A]E];
#�Ô��$��Ê Ö~XHE\ EQZ\E @=EA �?QÅ`@@Q? ¼R?QEQSRUE Y`a�RUE VZFVHbSVY  _ B >=F >VVYRUE VARUE >=@=SB Z`E`}Z`EHRUE @X?=F GRTRS SV@VE EQZXXAHX@ G[? 7 G=U}VV; DASVV? EQZXXA\S H=^RX? AVV? FVAVE �YS==H=U �E>==? G=U?bYXXY} GQYQF ^V&K=^RX? AVV? G=U?YXXY=F ERUH « EQZ\E G[?VYAVF[[E EW £ B7B7¥ GQYEQ;LUZA VASVV? G[?VYAVF[[ERU HQQ £�;«¥ HQZ¶·Q ·@QQ?

A(3, 2, 2) =
(3 + 2 + 2)!

3!2!2!
= 210.

#�Ô��$���Ð âÖ¾Öw¾Ö¯âSV@VE [SRUE [@S[[ARUE G=U?\S @QYRF >=Z==?B[@S[[ARUE A=?==YY\S FRTEVVE ]]?]]? [[@SV} GQYQF ^V&DEV GQAYQSQ EW ÖB¾B wB ¯ SV@VE ¡ ]]? [@SVV?B « [@VSHVU [@S[[ARUE A=?==Y=YFVARUS [[@SV} GQYQF ^V& SV@VE GQAYQSQHQU Va^R^=Y`EH ~Z; PQFRQF [SRUEG[?VYAVF[[E EW £ B7B�B�¥ XTR? ERUH HQQ EW
A(3, 2, 1, 1) =

(3 + 2 + 1 + 1)!

3!2!1!1!
= 420.
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n
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n
EW HQAQ?FQU EVS HQQE\ Q?TREA FVYGVY>AVS GQYQF\S QY} HQSHQQb@QE G=UE=; KXF=UYG=YB >QQ@ F=�F HX?_RYH=EA @[YAVV?VV GXXF [>VSAYRUS@QER?FW·; KX?_RYH\S QYQE A=FRE A=^H=E FRUFVA @[YAVV?VV GXXF [>VSAYRUE
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SV@VE HQQE\ Q?TREA HQSH^Q?}AQS G=UE=; �[ERUS
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PQQ@ M[YA M[YA GXXFF=�@=E GXX@=E [>VSAYRUE F=?W½HQQ HQQ �=ESXU A=^H=Z}<~ÅÅ`E ¡8¡8 78¡9 8;­8®¬ 
N;¿R?@QE �7888 ®8�¬ 8;­8�®
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M=E=Z@=?S[U [>VSAYRUE A=^H=Z} EW HQSH^Q?}AQS VEV TXF=Y T=E=?\S Z=½S=AY=Y\E QEQY @XA=YE=; ¢]?]]? FVYGVYB Z=S=AY=Y\E QEQY EW @=E=Z@=?S[U[>VSAY[[ARUE ]^]?Z]� _RE} T=E=?B `?]EFRU >[U HQSHY\S @XAY=} HVASVV?HVYAV^ HQQE [EVYSVVE[[A HQSHQQ} ]SE]; O=S=AY=Y\E QEQYB Z=H`Z=HRa @H=HR@bHRaRUE =?SXXA EW ÅR>Ra H`FERaRUE _RE}YVF XF==EB HQQ�QE GQAQF H`FERaB=@H?QEQZRB =^HQZ=H XAR?AY=S\E QEQYB �=S XX? @XAY=YB �V?VS}RYHRUE XFb==EB VARUE >=@=SB FVY _RE}YVYB ERUSVZ @XAY=YB GRQYQSR SVF ZVH Q?TRE [`RUEZVAVVYYRUE G[F @=YG=?H EV^HV?@ERU S=AE= ZVAVVYYRUE QEQYB ERUHRUE [UYTRYbSVVERU QEQYB E=UA^=?\E QEQYB HQSYQQZ\E QEQYB E]]�RUE QEQYB @[U?YRUE QEQY>V?VS _REV _REV @=YG=?XXA [[@VE F]S}R} G=UE=;

2�2 B � � � q � � � t � v � � - t � - 1 �

 t - 1 � � - t � 1 u v � ' t � ' � t / v

T ½�Z=? EVS HX?_RYH SV} [>VVA VEV HX?_RYH\E GQYQZ}RH G[F A[ES[[ARUS
ω1, ω2, . . . , ωi, . . .

£7;�¥
SV} HVZAVSYV`; ωi

½HX@ G[?RUS VSVY [>VSAVY SV} EV?YVEV;<[F VSVY [>VSAYRUE QYQEYQSRUS HXF=UE HX?_RYH\E VSVY [>VSAYRUE QSbHQ?SXU SVEV; DSVY [>VSAYRUE QSHQ?SXUS Ω SV} HVZAVSYV^VY2
Ω = {ω1, ω2, . . . , ωi, . . . } £7;7¥

GQYEQ; KXF=UE HX?_RYH\E VSVY [>VSAYRUE QSHQ?SXU H]S@S]Y]SB HQQYQSAQZBH]S@S]YS[U VY`Z`EHHVU £T=A=YH=U¥ G=U} GQYEQ; KXF=UYG=YB _QQS EVS XA==Q?FRF HX?_RYH=EA Ω = {1, 2, 3, 4, 5, 6}B >QQ@\S EVS XA== F=�F HX?_RYH=EA
ΩCD@BHE; �[EA2 @½@[YAB H½HQQ; PQQ@\S FQ·? XA== F=�F HX?_RYH=EA Ω =D@@BHHB H@B @HE SV@VE H]S@S]Y]S VY`Z`EH[[AHVU G=UF=AB >QQ@\S =EF XA== @[YAVV?VVGXXH=Y F=�F HX?_RYH=EA Ω EW H]S@S]Y]S GX~X HQQYQSAQZ G=U} GQYEQ;

Ω =D@B H@B HH@B HHH@B ; ; ; EDSVY [>VSAYRUE QSHQ?SXU Ω½RUE AX?\E AVA QYQEYQS E G[?RUS (E ⊂ Ω)[>VSAVY SVEV; %==_RA @=E=Z@=?S[U [>VSAYRUS A,B,C . . . SVF ZVHTRYVE Y=HRE�=S==E HQYSQUE HQZ [@S[[AVV? HVZAVSYVF GQYEQ;



¦�° Á����º����� �¨����� ���� ���� �������� Ê

¼V?V^ HX?_RYH=EA ω ∈ E VSVY [>VSAYRUE �A=} EVS EW RYV?^VY £�^=SA^=Y¥
E [>VSAYRUS �^=SA@=E SVEV; KXF=UYG=YB _QQ Q?FRF HX?_RYH=EA2 i½VV? i E[AGXXF [>VSAYRUS HVZAVSYV^VY (i = 1, 6). Ω = {i | i = 1, 6} = {1, 2, 3, 4, 5, 6}GQYEQ; Ω½RUE A=?==F AVA QYQEYQSXXA\S =^T [>W`2
Ω ⊃ A = {2, 4, 6}, Ω ⊃ B = {3, 6},Ω ⊃ C = {2, 3, 5}; KVS^VY A EW _QQE AVV?HVS_ HQQ GXXF [>VSAVYB B EW _QQE AVV?  ½A FX^==SA=F HQQ GXXF [>VSAVYB CEW _QQ =EFE\ HQQSQQ? HX@=F [>VSAY[[A GQYQF }R_VVHVU;

2�1 B � � � q � � � t � v � � - t � - 1 � - - � � u v � � v 1 � 1 � � �
A, B EW A ⊂ ΩB B ⊂ Ω G=UF AX?\E [>VSAY[[A G=US;�� AB G= B [>VSAYRUE �A=} EVSA EW F=?¶�=Y=SA=F

Ω

C = A + B

B

A

PX?=S 7;�2

VSVY [>VSAY[[A G[FRU M½[>VSAYRUS HVASVV?RUE ERUYbGV? SVVA C = A+B GX~X C = A∪B SV} HVZAVSYVEV;¢]?]]? FVYGVYB A G= B [>VSAY[[ARUE �A=} EVS EW�^=SA=F [>VSAYRUS HVASVV?RUE ERUYGV? SVEV; A,B[>VSAYRUE VSVY [>VSAY[[ARUS F=^HS=UE �VS[[AVV? A[?½@VYGVYB >X?=S½7;�½A C [>VSAYRUE VSVY [>VSAY[[ARUS >Xb?==@Y=E HVZAVSYV^;¦� A,B [>VSAY[[AVA EVSVE >V?VS F=?¶�=Y=SA=F VSVY
C = A · B

Ω

A

B

PX?=S 7;72

[>VSAY[[A G[FRU C [>VSAYRUS HVASVV?RUE [?}^V? SVVA
C = A · B GX~X C = A ∩ B SV} HVZAVSYVEV; ¢]?]]?FVYGVYBA,B [>VSAY[[A EVSVE >V?VS �^=SA=F [>VSAYRUSHVASVV?RUE [?}^V? SVEV; �>VSAY[[ARUE ERUYGV? G=[?}^V? SV@VE QUYSQYH\S H]S@]SY]S G= HQQYQSAQZ HQQ½E\ [>VSAY[[A AVV? AVYSV?[[Y} GQYEQ; £PX?=S 7;7¥°� B½A V@ F=?W�=Y=SA=F A½RUE VSVY [>VSAY[[AVV@HQSHQF [>VSAYRUS A½==@ B½S F=@@=E �YS=^=? [>VSAVYSV} EV?YVVA A−B V@^VYA\B SV} HVZAVSYVEV; ¢]?]]?FVYGVYB A �^=SA=} B V@ �^=SA=F [>VSAYRUS A−B[>VSAVY SVEV;£PX?=S 7; ¥¸� Ω½RUS >=UY_S[U £S=?�==S[U¥ [>VSAVY SVEV;

Ω

C = A − B

B

A

PX?=S 7; 2

¢]?]]? FVYGVYB HXF=UE HX?_RYH=EA >==^=Y �^=SA=F[>VSAYRUS >=UY_S[U [>VSAVY SVEV;»� KXF=UE HX?_RYH=EA QSH �^=SA=FS[U £RY?VFS[U¥[>VSAYRUS GQYQZ}S[U [>VSAVY SV} EV?YVVA
∅
SV}HVZAVSYVEV; (Ω = ∅)Æ� A + B = Ω, A · B = ∅

E]F�]YRUS F=ES=F ê
[>VSAYRUS F½RUE V@?VS [>VSAVY SV} EV?YVVA B = ASV} HVZAVSYVEV; ¢]?]]? FVYGVYB >]^F]E 7 GQYQZ}bHQU G]S]]A HX?_RYH=EA =YW EVS EW >==^=Y �^=SA=F[>VSAYRUS F=?RY�=E V@?VS [>VSAY[[A SVEV; ¼=?RY�=E
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V@?VS [>VSAY[[ARUE FX^WA A = Ω − A G=UE=; £PX?=S
7;¡¥ª� A·B = ∅

E]F�]YRUS F=ES=F A G=B [>VSAY[[ARUS
Ω

Ω = A + A

AA

PX?=S 7;¡2

ERU�S[U SVEV; ¢]?]]? FVYGVYB HXF=UE HX?_RYH=EA>V?VS RY?VFS[U [>VSAY[[ARUS ERU�S[U SVEV; D@?VSHQFRQYAQYA ERU�HVU SVEV;
È� A [>VSAVY �^=SAZ=S� B [>VSAVY �^=SA=} G=U^=Y

A EW B½S A=SXXY} G=UE= SVVA A ⊂ B SV} HVZAVSYVEV;
A½S B½RUE HXF=UE HQFRQYAQY T SV} EV?YVEV; DEV EW
∀ωi ∈ A G[?RUE FX^WA ωi ∈ B SV@VE [S ~Z;

Ê� KX?_RYH\E A[EAB HXF=UE [>VSAY[[ARUE >]^F]EEVS EW >==^=Y �^=SAA=S G]S]]A FQ@ FQ@QQ?QQ ERU�S[U G=U^=Y HVASVV?RUS [>VSA½Y[[ARUE S[U�VA £G[HVE¥ G[YSRUS [[@SV} G=UE= SV} �?WA=S;#�Ô��$¦�� K=ZR?TRE G=US 7 XA== GXXA=F HX?_RYH FRU@VE SV`; A−VFERUGXXA=YH=EA G=US QEQF [>VSAVYB B−FQ·? A=FW GXXA=YH=EA G=US QEQF [>VSAVYGQY C = A + B EW G=US QEQF [>VSAVY GQYEQ; £VFERU XA==AB V@^VY FQ·? A=FWXA==AB V@^VY FQ·XY=EA EW¥#�Ô��$¦�¦ IQQ Q?FRF HX?_RYH=EA A−HVS_ HQQSQQ? GXXF [>VSAVYB
B−P½H FX^==SA=F HQQ GXXF [>VSAVY GQY C = A · B EW ®½A FX^==SA=F HQQSQQ?GXXF [>VSAVY GQYEQ;#�Ô��$¦�° IQQ Q?FRF HX?_RYH=EA â_QQ =YW EVS E[AVV?VV GXXF [>VSAVYâ>=UY_S[U [>VSAVY G=UE= ;

#�Ô��$¦�̧ âK==ZS==? @QESQE =^@=E 7 Q?QEHQU HQQE\ �RÅ?[[ARUEERUYGV? 78 G=UFâ [>VSAVY GQYQZ}S[U [>VSAVY ~Z;
#�Ô��$¦�» <=US EVS XA== GXXA=F HX?_RYH=EA âG=US QEQFâB â[Y QEQFâ[>VSAVY[[AG â>QQ@ F=�Fâ HX?_RYH=EA â@[YAVV?VV GXXFâB âHQQSQQ?QQ GXXFâ[>VSAY[[A EW HX@ HX@ V@?VS [>VSAY[[A GQYEQ;#�Ô��$¦�Æ ¢A]? _]E] @QYRSAQF G=US=YRUE HX?_RYH=EA âE=? Z=EA=FâBâE=? }=?S=Fâ [>VSAY[[AG G=U GXXA=F HX?_RYH=EA âG=US QEQFâB â[Y QEQFâ[>VSY[[AG >QQ@ F=�F HX?_RYH=EA â@[YA GXXFâB âHQQ GXXFâ [>VSAY[[A HX@ HX@ERU�S[U [>VSAY[[A ~Z;#�Ô��$¦�ª IQQ Q?FRF HX?_RYH=EA A−_QQ   E[AVV?VV GXXF [>VSAVYB

B−P½A FX^==SA=F HQQSQQ? HX@=F [>VSAVY GQY A �^=SAZ=S� B �^=SA=} GXUHXY A EW B−S A=SXXY} G=UE=; ¢]?]]? FVYGVY A [>VSAVY B−RUE HXF=UEHQFRQYAQY GQYEQ;£A ⊂ B¥#�Ô��$¦�È <=US   XA== GXXA=F HX?_RYH=EA âEVS QEQFâB âFQ·? QEQFâBSX?=^ QEQFâB â[Y QEQFâ [>VSAY[[A EW [>VSAY[[ARUE S[U�VA £G[HVE¥ G[YSRUS[[@SVEV;
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2�5 B � � � q � � � t � v � � - t � 1 u v � q � t � � 1 � 1 � H � t � � I
1 � 1 r � J � � � �

¯`QZ`H?H FV?TRZ G[?H H[[ERU âX?Hâ FVZVVF @]?]S GX@ HQQB ÅR>RaH GR` G[?HâZ=@@â FVZVVF @]?]S GX@ HQQ F=?S=Y>XXYASRUE =ARY Z=S=AY=Y\E QEQYA @=E=Zb@=?S[U [>VSAVY G[?A H[[ERU �^=SA=F GQYQZ}RUE FV? FVZ}VVS F=?XXY@=E @]?]SGR_ HQQ F=?S=Y>XXYA=S; DEV HQQSQQ XS [>VSAYRUE Z=S=AY=Y SV} EV?YVEV;
¼V?V^ VSVY [>VSAYRUE QSHQ?SXU Ω = {ωi |i = 1, 2, . . . } GQYB VSVY [>VSAVY

ωi
½G[?A H[[ERU Z=S=AY=Y FVZVVFB P (ωi) = pi

SV} HVZAVSYVFB @]?]S GR_ HQQSA=?==F E]F�]Y GR`YVSAV} G=UF==? QEQQ·;
∑

ωi∈Ω

P (ωi) =
∑

i

pi = 1 £7; ¥

A = {ωi1 , ωi2 , . . . , ωik , . . . } EW A ⊆ Ω G=UF AX?\E [>VSAVY G=US; A½A A=?==FZ=S=AY=Y\S QEQQ·;
P (A) =

∑

ωi∈A

P (ωi) = P (ωi1) + P (ωi2) + · · · + P (ωik) + . . . £7;¡¥
£7;¡¥½RUE G=?XXE H=Y ERUYVF HQQE �X^== XT?==@ RUZ HQAQ?FQUYQYH G[?VE[EAV@HVU ~Z; �>VSAYRUE Z=S=AY=Y\E T=E=?XXA==@ AX?A¶�;�; ¤X?\E A [>VSAYRUE FX^WA 0 ≤ P (A) ≤ 1

;¦;
P (Ω) = 1.

¢]?]]? FVYGVYB >=UY_S[U [>VSAYRUE Z=S=AY=Y �;°;
P (∅) = 0

; <QYQZ}S[U [>VSAYRUE Z=S=AY=Y 8;¸;
A,B AX?\E [>VSAY[[A GQY2

P (A+B) = P (A) + P (B) − P (A ·B) £7;­¥
¼V?V^ A,B [>VSAY[[A ERU�S[U GQY (A ·B = ∅)

P (A+B) = P (A) + P (B) £7;®¥
£7;­¥ G= £7;®¥ HQZW·QS 7½QQ@ QYQE [>VSAY[[ARUE FX^WA AVYSV?[[Y} GQYEQ;»;

A G= A F=?RY�=E V@?VS [>VSAY[[A GQY
P (A) + P (A) = 1 GX~X P (A) = 1 − P (A)

;Æ; ¼V?V^ A ⊂ B GQY
P (A) ≤ P (B) G=UF\E >V?VS�VV P (B − A) = P (B) − P (A)

;

2�K H � t � � 1 � 1 r � � ' � t ' � ' t � ' � ' � � ' v 1 ' 1 �
DSVY [>VSAYRUE QSHQ?SXU Ω½A A=?==F FQ·? _==?AY=S= H=^W�2�¥; Ω½H]S@S]Y]S QYQEYQS; ¢]?]]? FVYGVY

Ω = {ω1, ω2, . . . , ωn} (|Ω| = n)
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7¥; ωi
VSVY [>VSAY[[A G[SAVV?VV R}RY GQYQZ}HQU RYV?AVS G=US; ÖAQQ Ω½RUE VSVY [>VSAVY G[?AB ]ZE]F >[UYRUE £7; ¥ E]F�]Y GR`YVSAV} G=UF==? EVSVER}RY P (ωi) = p Z=S=AY=Y QEQQ·;

n∑

i=1

P (ωi) =
n∑

i=1

p = n · p = 1 ⇒ p =
1

n
.

LUEF[[ VSVY [>VSAVY G[?A p =
1

n
Z=S=AY=Y QEQQYQQ;

A ⊂ Ω, A = {ωi1, ωi2 , . . . , ωik}½[>VSAYRUS =^T [>W`; ¢]?]]? FVYGVYB Ω½RUE VSVY[>VSAY[[ARUE AQH?QQ@ GRAERU @QER?F@QE _RE} T=E=? G[FRU VSVY [>VSAVY �S
k _R?FVS G=US; £7;¡¥ HQZ¶·Q ·@QQ?2

P (A) =
∑

ωi∈Ω

p(ωi) =
k∑

i=1

p = k · p = k · 1

n
=
k

n

P (A) =
k

n
£7;«¥

£7;«¥ HQZW·QS Z=S=AY=Y\E @QESQAQS HQAQ?FQUYQYH SVEV;
ωi1 , ωi2 , . . . , ωik

½S A [>VSAYRUE R^VVYH �VS[[A SV} EV?YV} >=E_}VV; ¢]?]]?FVYGVYB GRAERU @QER?F@QE _RE} HVZAVS G[FRU VSVY �VS[[ARUS XS [>VSAYRUER^VVYH �VS[[A SVEV; %==_RA Ω½RUE VSVY [>VSAY[[ARUS HQ^TQQ? VSVY �VS[[ASV} EV?YV`;LUEF[[B Z=S=AY=Y\E @QESQAQS HQAQ?FQUYQYH ·@QQ? A [>VSAYRUE Z=S=AY=YEW H[[ERU R^VVYH �VS[[ARUE HQQS G[F VSVY �VS[[ARUE HQQEA F=?W�XXY@=EF=?W�==H=U HVE�[[ G=UE=;ÖAQQ Z=S=AY=Y\E @QESQAQS HQAQ?FQUYQYH =_RSY=E GQAQF >=?RZ F�YG=?}R_VV =^T [>W`;
#�Ô��$¦�Ê PQQ@ F=�F HX?_RYH=EA @[YAVV?VV GXXF [>VSAYRUS A SV^VYB

A [>VSAYRUE Z=S=AY=Y\S QY;DSVY [>VSAYRUE QSHQ?SXU ΩCD@B HE SV@VE 7 VY`Z`EHHVU; PQQ@E\ 7 H=Y HVS_FVZHVU XT?==@ @[YA GXXFB HQQ GXXF [>VSAY[[A R}RY GQYQZ}HQU; LUZA ERUHVSVY [>VSAYRUE HQQ n = 2B R^VVYH �VSRUE HQQ k = 1 HXY £7;«¥ HQZ¶·Q ·@QQ?
P (A) =

1

2
G �[ETYVE >QQ@ HQQSQQ?QQ GXXF [>VSAYRUE Z=S=AY=Y Z]E 1

2
G=UE=;

#�Ô��$¦��Ð PQQ@\S   XA== F=�F HX?_RYH=EA AV@ A=?==Y=E @[YAVV?VVGXXF [>VSAYRUE Z=S=AY=Y\S QY;MQER?F@QE [>VSAYRUS B SV`; DFYVVA VSVY [>VSAYRUE QSHQ?SXUE VY`Z`EbHRUE HQQS £VSVY �VS[[ARUE HQQS¥ QY¶·; D@B HE SV@VE n= 2 VY`Z`EHHVUQYQEYQSQQ@ k= 3 FVZ}VVH GX�==YHH=U H[[^V? >QFRQEQ SV@VE [S XT?==@
n = Ã3

2 = 23 = 8
; ¤VYSV?VES[U GRT^VY2 Ω =DH@HB HHHB HH@B H@@B @@@B @H@B@@HB @HHE; DSVY �VS G[? EW R}RY GQYQZ}HQUB R^VVYH �VSRUE HQQ k = 1 HXY
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P (B) =
1

8
.

#�Ô��$¦��� IQQ Q?FRF HX?_RYH=EA â­â½ E[A GXXF [>VSAYRUE Z=S=AbY=Y\S QY;
IQQ â­â E[AVV?VV GXXF [>VSAYRUS C SV`; IQQ EVSVE H]?YRUEB HVS_ FVZHVU

XT?==@ VSVY �VS G[? EW R}RY GQYQZ}HQU; n = 6, k = 1 XT?==@ P (C) =
1

6

;
¤VV?F   }R_VVEA =^T [>@VE A,B,C [>VSAY[[ARUE Z=S=AY=Y\S F=?W�XXbY=E [>^VY A [>VSAVY EW B G= C [>VSAYRUS GQA^QY �^=SA=F GQYQZ}QQ? RY[[B

C [>VSAVY B½S GQA^QY RY[[ �^=SA=F GQYQZ}HQU SV} F=?=SA=} G=UE=;
#�Ô��$¦��¦ K`=H?\E [>^V?RUE GRY`H FXA=YA=E =^=F=A <QYA Ö~XEE=?\E @XXA=Y =ESRUEF EW   Q~XHE\ F=ZH EVS VSEVVERU AV@ A=?==Y@=E @XXAbYXXA=A H==?TVV; DASVV? @XXA=YA <QYA Ö~XE FQ·? >V?VS�V} @XXF [>VSAYRUEZ=S=AY=Y\S QY;MQER?F@QE [>VSAYVV D SV} HVZAVSYV`; DFYVVA VSVY [>VSAY[[ARUE HQQ n½RUS QY¶·; ­ Q~XH=E ­ @XXA=YA �Z=? EVSVE G=UAY==? @XXF G=U?Y=Y\S EVS VSVY[>VSAVY SV} HQQ�QF G]S]]A FVE EW =YW T @XXA=YA @XX} GQYQF HXY VASVV? VSVY[>VSAY[[A R}RY GQYQZ}HQU; ­ Q~XH=E ­ @XXA=YA @XX} GQYQF ERUH GQYQZ}RUEHQQ n = P5 = 5!ÖAQQ R^VVYH �VS[[ARUE HQQS QY¶·; ¤VV?F G=U?Y=YXXA\E AQH?QQ@ >]^F]E<QYA Ö~XE FQ·? EVS AQ? @XX@=E G=U?Y=Y EW R^VVYH [>VSAVY GQYEQ; DSEVV ­@XXA=YA >V?VS�VV @XXAY\E HQQ ¡B EVS >V?VS�VV @XXA=YA <QYA Ö~XE E=? @XX½F=A GX@=A   EW P3 = 3! �E>==? @XX} GQYQF G]S]]A EVS >V?VS�VV @XXA=YA <QYAÖ~XE E=? 7 �E>==? @XX} GQYEQ; DASVV?RUS =EF==?=E [?}^V?RUE A[?ZRUS

FV?VSYV^VY k = 2 · 4 · 3!
; LUZA P (D) =

2 · 4 · 3!

5!
=

2

5#�Ô��$¦��° 9 V?VSHVU ® VZVSHVU @X?=STRAH=U =ESR=@ ¡ F[EHVU G?RS=A>QFRQE G=USXXY=F=A � G?RS=A=A 7 V?VSHVU 7 VZVSHVU Q?QY�@QE G=UF [>VSAYRUEZ=S=AY=Y\S QY;wRUH �¡ @X?=STA==@ ¡ F[EHVU G?RS=A >QFRQE G=USXXY=F GQYQZ}RUE HQQ
n = C4

14

; ¼=?RE 9 V?VSHVUSVV@ 7½\S @QESQE =^=F GQYQZ} C2
8
B ® VZVSHVUSVV@

7½\S @QESQF GQYQZ} C2
6
HXY [?}^V?RUE A[?VZ ·@QQ? 7 V?VSHVU 7 VZVSHVUQ?QY�@QE G=UF ¡ F[EHVU G?RS=A\E HQQ k = C2

8 ·C2
6
GQYEQ; MQER?F@QE [>VSAYVV

E SV^VY P (E) =
C2

8 · C2
6

C4
14

=
60

143
.

£7;«¥ HQZW·QS S=?S=F=A H=^W@=E â
ωi
½G[? R}RY GQYQZ}HQUâ SV@VE _==?AbY=S= =@XXAY\S RFVA �^�XX?XXY} GXU FV?VS ~Z; w]S]] H=Y==@B �?=aHRa AVV?VSVY [>VSAYRUE QSHQ?SXU Ω½H]S@Y]S G=UF EW =YG=S[U G]S]]A VSVY [>VSAVYG[? EW R}RY GQYQZ}HQU V@VFRUS HQSHQQF =?S=S[U [>VSAY[[A GR_S[U QYQEH==?=YA=E=; ¢]?]]? FVYGVYB =YR^== [>VSAYRUE Z=S=AY=Y\S �Z=SH @QESQAQSHQAQ?FQUYQYHQQ? GQAQF GQYQZ}S[U; LUZ XT?==@ ]]? FVYGV?RUE Z=S=AY=Y HX½F=UYG=YB Z=S=AY=Y\E @H=HR@HRa HQAQ?FQUYQYHB S`QZ`H? Z=S=AY=Y\S =^T [>VF
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_==?AY=S= S=?A=S;

2�L H � t � � 1 � 1 r � � � � � u � � u & � ' � ' � � ' v 1 ' 1 �

<RAB R}RY E]F�]YA =YR^== HX?_RYH\S A=FRE A=^H=E FRUFVA [>VSAVY �^=SA=FF=?W�=ESXU A=^H=Z} HQSH^Q?}AQS HXF=U 7;� AVA G[YVSH AX?A@=E GRYVV;:Z=? EVS HX?_RYH=EA 3 [>VSAVY �^=SAA=S G=US;KX?_RYH\S n XA== FRUFVA 3 [>VSAVY m XA== �^=SA@=E SV^VY m
n
EW 3 [>VSAVY

�^=SA=F F=?W�=ESXU A=^H=Z} GQYEQ; n XA==SRUE HX?_RYH\S A=FRE A=^H=EFRUFVA 3 [>VSAYRUE F=?W�=ESXU A=^H=Z} ]ZE]F]]@ G=S= >V?VS �YS==H=U S=?T
GQYEQ; ¯VF ZVHTRYVE QYQE XA==SRUE HX?_RYH=EA m

n
A=^H=Z} HQAQ?FQU EVS

@]?]S GR_ HQQE\ Q?TRZA FVYGVY>VEV; DEVF[[ @]?]S GR_ HQQS 3 [>VSAYRUEZ=S=AY=Y GQYSQE @QESQE =^TB Z=S=AY=Y\E @H=HR@HRa HQAQ?FQUYQYH SVEV; DEVHQAQ?FQUYQYH\S Z=H`Z=HRa HQZW·QYYQQ? RYV?FRUYGVY2
lim

n→∞

m

n
= p.

DEV HQZ¶·QYQYAB m
n
F=?W�== n→ ∞ [`A p HQQ ?XX ERUYVFAVV`?ARUE F�>S==?\E XHS==? GR_ Z=S=AY=Y==?== ERUYVF ERUYVYHRUE HXF=U �?W}GXU ~Z;O=S=AY=Y\E @H=HR@HRa HQAQ?FQUYQYH EW G[FVYAVVB Z=S=AY=Y\E QEQY\E =?S=GQYQF\EFQQ FX^WA AX?\E @=E=Z@=?S[U [>VSAYRUE FX^WA FV?VSYVSAVFS[U;

¼=?RE HQAQ?FQU E]F�YRUE [`A HXF=UYG=YB A=?==F T=E=?XXA\S F=ES=@=E @=E=Zb@=?S[U [>VSAYRUE FX^WA FV?VSYVF GQYQZ}HQU2�;¥ 3^T [>V} GXU [>VSAVY EW EVSVE R}RY R} G[?AVY E]F�YRUE [`A F[?VYb�VVHVU QYQE XA== FRU@VE HX?_RYH\E [? A[ES[[A G=UF
7;¥ �>VSAVY EW â @H=HR@HRa HQSH^Q?HQUâ G=UF2 ÖYQE XA==SRUE HX?_RYH FRUFbRUE ]ZE] F=?W�=ESXU A=^H=Z} m/n EW X?WATRY=E FVYVF GQYQZ}S[U @=E=Zb@=?S[U HQQ G=UE=; ¯V^TB @=E=Z@=?S[U [>VSAYRUE `?]EFRU >[U HQSHQY ·@QQ?HX?_RYH\E HQQS QY_?XXY=F HXH=Z F=?W�=ESXU A=^H=Z}RUE @=E=Z@=?S[U_RE} T=E=? G=S=@T �Z=? EVS HQQE\ Q?TRZA HQSH^Q?}EQ; ;¥ KX?_RYH\E HQQ n F[?VY�VVHVU RF G=UF; ÏXF=Z RUZ [`A Y XS [>VSAYRUEF=?W�=ESXU A=^H=Z}RUS Z=S=AY=YH=US== QU?QY�QQSQQ? HVE�[[ SV} [>EV; ;R½_VVYGVYB _REVV? H]?} GXU �888 F[[FVA HXHZ==@ AXEA}==? ­�­ V?VSHVU F[[FVAH]?} GXUS QYQE }RYRUE =}RSY=YHB @XA=YS==S==? HQSHQQ}VV; KVS^VY VEVF[[=}RSY=YH=EA V?VSHVU F[[FVA H]?]F F=?W�=ESXU A=^H=Z} 8;­�­ G=UE=; LUZAV?VSHVU F[[FVA H]?]F [>VSAYRUE Z=S=AY=Y\S p = 0.515½==? @QESQE =^T GQYEQSV@VE [S ~Z;O]E 7;�½A =^T [>@VE <~ÅÅ`EB N; ¿R?@QE E=?\E >QQ@ F=�F HX?_RYH\E [?A[ESVV@ [>^VY â>QQ@ @[YAVV?VV GXXF [>VSAYRUE Z=S=AY=Yâ½\S p = 0.5 SV} [>VF[EAV@HVU G=UE=;
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2�N O % ' q % � � q � t � � 1 � 1
DSVY [>VSAYRUE QSHQ?SXU H=@?=YHS[U £HX?_RYH\E GQYQZ}RH [? A[E H]S@bS]YS[U QYQE¥ HQFRQYAQYA @QESQAQS HQAQ?FQUYQYH\S ]?S]HS]@E]]? S`QZ`H?Z=S=AY=Y SV@VE QUYSQYHQEA F[?EV;P ?=ARX@H=U AXSXUA G=SH@]E >]^ SX?^=Y}RE ]S]SA@]E SV} @=E=�; â¤XSXU?XX H==ZS==? _RA@VE �VS SX?^=Y}RE AQHQ? XE=F [>VSAYRUE Z=S=AY=Y\S QYâSV@VE GQAYQSQ �?=aHRaH G=U} GQYEQ; DEV GQAYQS\S Z=S=Y=Y\E @QESQAQSHQAQ?FQUYQYHQQ? _RUAV} GQYQFS[U; JTR? EW AXSXUE �VS G[?RUS VSVY �VSSV} [>V} GQYQF G]S]]A GQYQZ} EW R}RYA[[ GQYQ^T G[F VSVY �VSRUE HQQ H]S@bS]YS[U QYQE; ¯X?^=Y}RE AQHQ? Q?_RF �VS[[A EW R^VVYH �VS[[A GQYQF G= Z]ER^VVYH �VS[[ARUE HQQ H]S@S]YS[U; DEV GQAYQSQ EW S`QZ`H? Z=S=AY=Y SV@VEQUYSQYHQEA F[?SVAVS GQAYQS\E }R_VV ~Z;

¼=^HS=U AVV? H]S@Y]S H=YG=UH=U G SV@VE ZX} =^W�; G ZX} AQHQ? gSV@VE ZX} ]S]SA@]E SV`; KVS^VY G ZX}RA H==ZS==? _RA@VE �VS g ZX}RAXE=F [>VSAYRUE Z=S=AY=Y\S QYW·; <RAERU QYQF Z=S=AY=Y EW G ZX}RUEF==E= XE=@=EB g EW G ZX}RUE F==E= G=U?Y=@=EB �Z=? FVYGV?HVU >V?SVV@ F=Zb==?=FS[U; ¼=?RE G G= g ZX}RUE H=YG=US==@B �Y=ESX�= g ZX}RUE H=YG=US==@F=Z==?E=; LUZA @QER?FQ} GXU [>VSAYRUE Z=S=AY=Y p EW
p =

Sg

SG

=
g ZX}RUE H=YG=U
G ZX}RUE H=YG=U £7;9¥

HQZ¶·QSQQ? HQAQ?FQUYQSAQEQ;M=E=Z@=?S[U �VS �Z=? EVS ZX}RA XE=F Z=S=AY=Y XS ZX}RUE FVZ}VVEVV@£X?HB H=YG=UB V>YVF[[E SVF ZVH¥ F=Z==?=F HQFRQYAQYA S`QZ`H? Z=S=AY=Y\EHQAQ?FQUYQYH\S FV?VSYVF G]S]]A `?]EFRU HQFRQYAQYA
p =

mes(g)

mes(G)
£7;¬¥

HQZ¶·QSQQ? HQAQ?FQUYQSAQEQ; �[EA2 GB g EW ¾`G`SRUE H]S@S]Y]S FVZ}VVG[FRU FVZ}RSAVF QYQEYQSXXAB mes(g)Bmes(G) EW F=?S=Y>=E g B G QYQEYQSRUE
¾`G`SRUE FVZ}VV £ðñèíòìñ½FVZ}VV¥; £7;¬¥ HQZ¶·QS S`QZ`H? Z=S=AY=Y\E HQZ¶½·Q SVEV; ÖAQQ AVV? HQZ¶·QY@QE GQAYQS\S GQA¶·;

g

CA

B

G

R

PX?=S 7;­2

AB=BC=AC=R
√

3, SG = πR2,

Sg =
3

4

√
3R2 B p=

Sg

SG

=

3
√

3/4

πR2
R2 =

3
√

3

4π
=0.4137

#�Ô��$¦��¸ £JXY>=F HXF=U GQAYQSQ¥
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A G= B FQ·? Q~XH=E k½==@ k+1 �=SRUE FQQ?QEA HQAQ?FQU S=>=? XXY>=F==?GQY>}VV; ¼VE H[?[[Y} R?@VE EW 78 ZREXH F[YVVSVVA �^=F==? HQFR?QY�}VV;<QY>@QE Q~XHEXXA k B k + 1 �=SRUE FQQ?QEA =YW T =S_REA R?VF GQYQZ}HQUG]S]]A EVSERU EW R?VF =S_RE E]S]]A]] QSH E]Y]]Y]FS[U GQY 3 G= Ë Q~XHE\XXY>=F Z=S=AY=Y\S QY;
A Q~XHE\ R?VF =S_E\S −xB B Q~XHE\ R?VF =S_E\S −y SV} HX@ HX@HVZAVSYV^VY (x, y) aQQ?ARE=HH=U �VS EW EVS VSVY �VS GQYEQ;

0 ≤ x ≤ 60, 0 ≤ y ≤ 60 XTR? G ZX} EW
G = {(x, y) | 0 ≤ x ≤ 60, 0 ≤ y ≤ 60}

SV@VE a^=A?=H GQYEQ; 7 Q~XH=E XXY>=F >=UY_S[U G]S]]A F[?VY�VVHVU E]F�]YEW HVAERU R?VF =S_EXXA\E �YS=^=? 78½RQ@ G=S= G=UF �^A=Y ~Z;¢]?]]? FVYGVYB |x− y| ≤ 20
; KVS^VY R^VVYH �VS[[ARUE QYQEYQS

g = {(x, y) | |x− y| ≤ 20} SV@VE ZX} G=UE=;OX}XXA\S PX?=S 7;®½A A[?@YV^;y

x60200

20

60

G

g

PX?=S 7;®2

SG =602, Sg =602−2 · 402

2
=602−402.LUZA XXY>=F Z=S=AY=Y2

p=
602−402

602
=

5

9
B p=

5

9
>

1

2
XTR? XXY>=F GQYQZ}

EW RY[[ G=UE=;#�Ô��$¦��» a½==@ FVH?VFS[U X?HH=U FV?T½Z[[AVV@ H==ZS==? @QESQE =^@=E   FV?TZVV? SX?b^=Y}RE G=USXXY} GQYQF [>VSAYRUE Z=S=AY=Y\SQY;K==ZS==? @QESQE =^@=E   FV?TZRUE X?H\S x, y, z SV^VY (x, y, z) aQQ?ARE=HH=U�VS EW EVS VSVY �VS GQYQF G= G ZX} EW
G = {(x, y, z) | 0 ≤ x ≤ a, 0 ≤ y ≤ a, 0 ≤z

B

a

x

y

a

A

C

a

0

D

PX?=S 7;«2

z ≤ a} SV@VE   FVZ}VV@H QSHQ?SXUE aXG GQYEQ;DASVV?   FV?TZVV? SX?^=Y}RE G=USXXY} GQYQF\EHXYA x+ y ≤ z, x+ z ≤ y, z+ y ≤ x E]F�]Y[[A>V?VS GR`YVSAVF ·@HQU; ¢]?]]? FVYGVYB
g = {(x, y, z) | x+ y ≤ z, x+ z ≤ y, z+ y ≤ x}.
Q ZX} EW PX?=S 7;«½A [>[[Y@VEO,A,B,C,D �VS[[½AVA Q?QUHQU QYQE H=Y@H GQYEQ; <RAERU @QER?Fb@QE [>VSAYRUE Z=S=AY=Y VASVV? ZX}XXA\E V>YV½

F[[EVV@ F=Z==?=F HXY p =
Vg

VG

FVYGV?HVU GQYEQ; Vg =a3, VG =a3−3 · a
3

6
=
a3

2
.

LUZA p =
Vg

Vg

=
1

2
.
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? @ ø � � � ÷ ÷ � � ý � ÷ � S � � � ü � S
T � � � ü A S U � û � ü � � � V W � � � � �

O=S=AY=Y\E QEQY\E TXF=Y QUYSQYHXXA\E EVS EW [>VSAY[[ARUE [Y F=Z==?=FT=E=? ~Z; DEV T=E=?\S QY} HQSHQQ@EQQ? [>VSAY[[ARUE Z=S=AY=Y\S GQAQFQAERYVVA F�YG=? GQYAQS;

1�þ X 7 � s 7 1 � q � t � � 1 � 1 � ÿ � - t � 1 � � � u v � � 1 � � 9
q � � � � � J � � � �

¼V?V^ A [>VSAVY �^=SA=F Z=S=AY=Y B [>VSAYRUE �^=SA=F G= V@ �^=SA=F==@F=Z==?=FS[U G=U^=Y A,B [>VSAY[[ARUS F=Z==?=YS[U SVEV; £A EW B½VV@ F=½Z==?=FS[U¥ V@?VS HQFRQYAQYA F=Z==?=YH=U SVEV; B [>VSAVY �^=SA@=E E]F�]YA
A [>VSAYRUE Z=S=AY=Y\S =^T [>VF _==?AY=S= S=?T GQYEQ; LUZ [`A A½RUEZ=S=AY=Y\SB A [>VSAYRUE B E]F�]Y A=FW Z=S=AY=Y SV} EV?YVVA PB(A) GX~X
P (A/B) SV} HVZAVSYVEV;;R_VVYGVYB F=U?�=SH   �=S==E 7 F=? G]ZG]S G=U}VV;¼=U?�S==@ 7 XA== EVS EVS G]ZG]S H==ZS==? =^=F HX?_RYH FRU}VV SV} GQAW·;
A½ =EFE\ =^=YH=EA �=S==E G]ZG]S G=UF [>VSAVY;
B½ A=?==SRUE =^=YH=EA �=S==E G]ZG]S G=UF [>VSAVY GQY
B [>VSAYRUE �^=SA=F Z=S=AY=Y EW A [>VSAYRUE �^=SA=F G= V@ �^=SA=F==@
F=Z==?E=; �EVFVV?B P (A) =

3

5
G]S]]A FV?V^A [>VSAVY �^=SA@=E GQY P (B) =

2

4
B

A [>VSAVY �^=SA==S[U GQY P (B) =
3

4
~Z; LUZA P (B) =

2

4
SV@VE Z=S=AY=Y\S

P (B/A) =
2

4
SV} HVZAVSYVF GQY} G=UE=;

A [>VSAVYRUE B E]F�]Y A=FW Z=S=AY=Y EW A G= B [>VSAY[[ARUE [?}^V?RUEZ=S=AY=Y\S B [>VSAYRUE Z=S=AY=YA F=?W�XXY@=E F=?W�==H=U HVE�[[ G=UE=;
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¢]?]]? FVYGVY 2

P (A/B) =
P (AB)

P (B)
GX~X P (AB) = P (B) · P (A/B) £ ;�¥

�[ERU =ARY==?
P (AB) = P (A) · P (B/A) (3.1′)£ ;�¥ G= (3.1′) HQZ¶·QS EVSHSV^VY

P (AB) = P (A) · P (A/B) = P (A) · P (B/A) £ ;7¥
£ ;7¥HQZ¶·QS F=Z==?=YH=U [>VSAY[[ARUE Z=S=AY=Y\S [?}[[YVF H`Q?`Z SVEV;LUEF[[ A,B [>VSAY[[ARUE [?}^V?RUE Z=S=AY=Y EW =YW EVS [>VSAYRUE Z=bS=AY=Y\S E]S]] [>VSAYRUE VEVF[[ E]F�]Y A=FW Z=S=AY=Y==? [?}[[Y@VEHVUHVE�[[; £ ;7¥ HQZ¶·QS FQ·?QQ@ AVV_ HQQE\ [>VSAY[[A AVV? AVYSV?[[Y} GQYEQ2

P (A1A2 . . . Ak) = P (A1) · P (A2A3 . . . Ak/A1) =
P (A1) · P (A2/A1) · P (A3A4 . . . Ak/A1A2) = · · · =
P (A1) · P (A2/A1) · P (A3/A1A2) · · ·P (Ak/A1A2 . . . Ak−1)

£ ; ¥

¼V?V^
P (A/B) = P (A) £ ;¡¥

E]F�]Y GR`YVSAV} G=U^=Y A½S B½VV@ [Y F=Z==?=F [>VSAVY SVEV;DEV HQFRQYAQYA £ ;7¥ HQZ¶·Q
P (AB) = P (A) · P (B) £ ;­¥

GQYQF G= £ ;­¥ HQZ¶·QS F=Z==?=YS[U [>VSAY[[ARUE Z=S=AY=Y\S [?}[[YVF H`Qb?`Z SVEV; £ ;­¥½==@ [>^VYB F=Z==?=YS[U [>VSAY[[ARUE [?}^V?RUE Z=S=AY=YEW HX@ G[?RUE Z=S=AY=YXXA\E [?}^V?HVU HVE�[[ G=UE=; ¢]?]]? FVYGVYB Ai
½[>VSAY[[A F=Z=?=YS[U GQY (i = 1, n)

P (A1A2 . . . An) = P (A1)P (A2) . . . P (An) £ ;®¥
¼V?V^ A EW B½VV@ [Y F=Z==?=F GQY B EW A½==@ [Y F=Z==?E=;K[[ETYVE A G=
B [>VSAY[[A F=Z==?=YS[U GQY A G= B B A G= B B A G= B [>VSAY[[A G=@ F=Z==½?=YS[U G=UE=;

#�Ô��$°�� Ö~XH=E Z=S=AY=Y\E QEQY\E _=YS=YH\E 7­ =@XXYH\E ­½\SGVYAV} =Z}@=ES[U; I=YS=YH\E GRY`HRUE   =@XXYH=EA G[SAVA EW =Z}RYHH=UF=?RXY} T=A=F [>VSAYRUE Z=S=AY=Y\S QY;
A½ G[F   =@XXYH=EA >]^ F=?RXY=F [>VSAVY;
Ai i½Y =@XXYH=EA >]^ F=?RXY=F [>VSAVY; (i = 1, 3)KVS^VY A EW A = A1 · A2 · A3

GQYQF G=
P (A) = P (A1A2A3) = P (A1) · P (A2/A1) · P (A3/A1A2).
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�½? =@XXYH=EA >]^ F=?RXY=F Z=S=AY=Y P (A1) =

20

25
B�½? =@XXYH\S >]^ F=?RXY@=E E]F�]YA 7½? =@XXYH=EA >]^ F=?RXY=FZ=S=AY=Y P (A2/A1) =

19

24
,
� G= 7½? =@XXYH== >]^ F=?RXY@=E E]F�]YA  ½?

=@XXYH== Z]E >]^ F=?RXY=F Z=S=AY=Y P (A3/A1A2) =
18

23

;
LREF[[ P (A) =

20 · 19 · 18

25 · 24 · 23
=

57

115
GQYEQ; DEV GQAYQS\S Z=S=AY=Y\E @QESQAQS

HQAQ?FQUYQYHQQ? GQA^QY P (A) =
C3

20

C3
25

=
57

115
GQY}B R}RY [? A[EA F[?EV;

#�Ô��$°�¦ �9¬� QEA 3ESYRA £JVYW@¥ V�VS F[[FVA FQ·?\E E[AERU ]ES]EA@XA=YS== FRUFVA A=?==F G=?RZHXXA RYV?TVV; �[EA2 V�VS EW F=? E[AHVU F[[EW F=? E[AHVU F[Z[[@ 5%B V�VS EW F=? E[AHVU F[[ EW �VEFV? E[AHVU F[Z[[@
7.9%G V�VS EW �VEFV? E[AHVU F[[ EW F=? E[AHVU F[Z[[@ 8.9%G V�VS F[[ FQ·?FQ·XY== �VEFV? E[AHVU F[Z[[@ 78.2% G=U^ ; D�VS F[[ FQ·?\E E[AERU ]ES]ERUFQYGQQS HQSHQQ;
A½V�VS EW F=? E[AHVU G=UF [>VSAVY
A½V�VS EW �VEFV? E[AHVU G=UF [>VSAVY
B½F[[ EW F=? E[AHVU G=UF [>VSAVY
B½F[[ EW �VEFV? E[AHVU G=UF [>VSAYRUS HX@ HX@ HVZAVSYV^VY ]S]SA@]E ·@QQ?
P (AB) = 0.05; P (AB) = 0.079G P (AB) = 0.089G P (A ·B) = 0.782�= D�VS EW F=? E[AHVU E]F�]YA F[[ EW F=? E[AHVU G=UF Z=S=AY=Y\S QY¶·;

P (B/A)=
P (AB)

P (A)
=

P (AB)

P (AB)+P (AB)
=

0.05

0.05+0.079
=0.39

(P (A) = P (A(B +B)) = P (AB) + P (AB)).

�= D�VS EW F=? E[AHVU G=UF=A F[[ EW �VEFV? E[AHVU G=UF Z=S=AY=Y\S QY¶·;
P (B/A) = 1 − P (B/A) = 1 − 0.39 = 0.61

Ù= D�VS EW �VEFV? E[AHVU E]F�]YA F[[ EW F=? E[AHVU G=UF [>VSAYRUE Z=½S=AY=Y
P (B/A) =

P (AB)

P (Ā)
=

P (AB)

P (AB) + P (A ·B)
=

0.089

0.089 + 0.0782
= 0.102

�= D�VS EW �VEFV? E[AHVU G=UF=A F[[ EW �VEFV? E[AHVU G=UF Z=S=AY=Y
P (A/B) = 1 − 0.02 = 0, 898.

#�Ô��$°�° ¼Q·? F=U?�SRUE �½? F=U?�=SH � �=S==EB   F=?B ¡ XY==EF=?=EA==G 7½? F=U?�=SH   �=S==EB 7 F=?B   XY==E F=?=EA== HX@ HX@ G=U}VV;¼=U?�=S G[?VV@ EVS EVS F=?=EA== H==ZS==? =^=F=A ]ES] EW R}RY G=UF [>VSA½YRUE Z=S=AY=Y\S QY;
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�½? F=U?�S==@ �=S==EB F=?B XY==E ]ESRUE F=?=EA== =^=F [>VSAYRUS F=?bS=Y>=E B1, C1, D1

B 7½? F=U?�S==@ AVV?F ]ESRUE F=?=EA== =^=F [>VSAYRUSF=?S=Y>=E B2, C2, D2
SV} HVZAVSYV^VY GRAERU @QER?F@QE [>VSAVY A =

B1B2 + C1C2 + D1D2
GQYEQ; DEA B1B2

G= C1C2
B D1D2

[>VSAY[[A ERU�S[UXTR? P (A) = P (B1B2 +C1C2 +D1D2) = P (B1B2) +P (C2C2) +P (D1D2)
; O]E

B1
G= B2

B C1
G= C2

B D1
G= D2

[>VSAY[[A F=Z==?=YS[U XT?==@
P (A)=P (B1)P (B2)+P (C1)P (C2)+P (D1)P (D2)=

1

8
· 3

8
+

3

8
· 2

8
+

4

8
· 3

8
=

21

64
.

1�2 � � �� � - t � � - t � - 1 [ � � t � � � q � t � � 1 � 1
¼VA FVAVE [>VSAY[[ARUE =YRE\F EW T �^=SA=F Z=S=AY=Y GX@A\EF== �^=SA=F G=V@ �^=SA=F==@ F=Z==?=FS[U G=U^=Y HVASVV?RUS F=Z==?=YS[U [>VSAY[[A SVEV;KX?_RYH\E A[EA A1, A2, . . . , An

SV@VE FQQ?QEAQQ F=Z==?=YS[U n [>VSAVY �^=SbA=F GQYQZ}HQU G]S]]A [>VSAVY HX@ G[?RUE �^=SA=F Z=S=AY=YXXA P (A1) = p1
B

P (A2) = p2, . . . , P (An) = pn
GQYQS; KX?_RYH==? G[F [>VSAY[[AB V@^VY =YW EWT �^=SA=FS[U G=U} GQYEQ; ¤VV?F [>VSAY[[ARUE V@?VS [>VSAYRUS F=?S=Y>=E

P (A1) = q1, P (A2) = q2, . . . , P (An) = qn

SV`; ¼V?V^ A EW Ai
[>VSAY[[ARUE (i = 1, n) �A=} EVS EW �^=SA=F [>VSAVY GQY

P (A) = 1 − q1 · q2 · q3 · · · qn £ ;«¥
G=UE=; ¢]?]]? FVYGVYB A1, A2, . . . , An

SV@VE F=Z==?=YS[U [>VSAY[[ARUE �A=}EVS EW �^=SA=F Z=S=AY=Y HVASVV?RUE V@?VS [>VSAYRUE Z=S=AY=YXXA\E [?}½^V?RUS EVS}VV@ F=@@=EH=U HVE�[[ G=UE=; KXF=UE HQFRQYAQYA Ai
[>VSAY[[AG[SA R}RY GQYQZ}HQU GQY (P (Ai) = p, i = 1, n)) £ ;«¥ HQZ¶·Q

P (A) = 1 − qn £ ;9¥
FVYGV?HVU GQYEQ (q = 1 − p).#�Ô��$°�̧ <XXAY=S\E H=ZR?TRE G[? G=US QEQF Z=S=AY=Y F=?S=Y>=E
p1 = 0, 8; p2 = 0, 7; p3 = 0, 9 G=U^; K=ZR?TRE G[? G=U ?XX � XA== >V?VSGXXA=F=A �A=} EVS EW QEQ@QE G=UF [>VSAYRUE Z=S=AY=Y\S QY;

i½? H=RZ?TRE QEQF [>VSAVYRUS Ai, (i = 1, 3)B :A=} EVS EW QEQF [>VSAYRUS½ASV`; K=ZR?TRE HX@ G[?RUE G=US QEQF Z=S=AY=Y GX@A\EF== QEQFB V@ QEQFQQ@F=Z==?=FS[U HXY FQQ?QEAQQ F=Z==?=YS[U [>VSAY[[A GQYEQ; P (A1) = q1 =
1−0.8 = 0.2; P (A2) = q2 = 1−0.7 = 0.3; P (A3) = q3 = 1−0.9 = 0.1 XTR? £ ;«¥HQZ¶·Q ·@QQ? P (A)=1−0.2 · 0.3 · 0.1=0.994.

1�1 O � v s - � q � t � � 1 � 1 r � � ' q \ ] '
H1, H2, . . . , Hn

EW G[HVE G[YVS [[@SVF FQ@ FQ@QQ?QQ ERU�S[U [>VSAY[[A G=US;
A [>VSAVY Hi (i = l, n) [>VSAY[[ARUE =YW EVS EW �^=SA@=E E]F�]YA �^=SAA=S



°�° M��Õ�� ��������Ã� ���³´� ¦�
SV} @=E=�; ¢]?]]? FVYGVYB A = AH1 + AH2 + · · · + AHn

; DEV HQFRQYAQYA
Hi (i = 1, n) [>VSAYRUS H==Z=SY=YXXA SVEV; A [>VSAYRUE Z=S=AY=Y EW VASVV?H==Z=SY=YXXA\E Z=S=AY=Y\S 3 [>VSAYRUE F=?S=Y>=F E]F�]YH Z=S=AY=Y==?[?}[[Y} EVZ@VE ERUYGV?HVU HVE�[[ G=UE=;

P (A) =
n∑

i=1

P (Hi)P (A/Hi)
£ ;¬¥

¤VYSV?VES[U GRT^VY2
P (A)=P (H1)P (A/H1) + P (H2)P (A/H2) + · · · + P (Hn)P (A/Hn).

£ ;¬¥ HQZ¶·QS S[U�VA Z=S=AY=Y\E HQZW·Q SVEV; £ ;¬¥ EW H==Z=SY=Y HX@ G[?RUEZ=S=AY=Y\S VEV H==Z=SY=Y\E E]F�]Y A=FW A [>VSAYRUE Z=S=AY=Y==? [?b}[[Y@VE [?}^V?[[ARUE ERUYGV? ~Z;
#�Ô��$°�» 3�Y=ST O FQHQQ@ S=?=F=A QTRF S=>?\E >=Z   @=Y@=E XTR?=YW EVSRUS EW H==ZS==? @QESQE =^=F _==?AY=S=H=U GQY}VV; MQESQ@QE >=ZHX@ G[? A=FRE FVA FVA @=Y==Y@=E G=U@=E G]S]]A =YW T >=Z==? EW �^@=E QTRFS=>?== F[?T GQYQF G=UY==; ¼V?^VV =�Y=ST =YW T >=Z==? �^=F GQYQZ}HQU £A]H>=Z==? �^=F =YG=S[U¥ SV^VY 3 FQHQA QTRF [>VSAYRUE Z=S=AY=Y\S QY; P=Z\E@F`ZRUS PX?=S  ;�½A [>[[YV^; DEA A=?==F H==Z=SY=YXXA AV^_[[Y} GQYEQ;

H1
½ VFERU XA== �½? >=Z\S @QESQE =^=F [>VSAVY

P

M

A

N

3

2

1

O

PX?=S  ;�2

H2
½ 7½? >=Z\S @QESQE =^=F [>VSAVY

H3
½  ½? >=Z\S @QESQE =^=F [>VSAVYK==ZS==? @QESQE =^T GXU XTR? VASVV? >=ZXXA\E=YW EVSRUS @QESQE =^=F GQYQZ} R}RY; ¢]?]]? FVYbGVYB

P (H1) = P (H2) = P (H3) =
1

3
. 3�Y=ST A FQHQA QTRF

[>VSAYRUS B½VV? HVZAVSYV`; KVS^VY =�Y=ST �½? >=bZ\S @QESQE =^@=E E]F�]YA A FQHQA QTRF [>VSAYRUE
Z=S=AY=Y 1

3
GQYEQ; ¢]?]]? FVYGVYB P (B/H1)=

1

3
,

�[ETYVE P (B/H2)=
1

2
, P (B/H3)=

1

4
.
LUZA £ ;¬¥ HQZ¶·Q ·@QQ?2

P (B)=P (H1)P (B/H1)+P (H2)P (B/H2)+P (H3)P (B/H3)=
1

3
· 1
3
+

1

3
· 1
2
+

1

3
· 1
4

=
13

36
.

#�Ô��$°�Æ K=E\ G=?XXE F=Y==@=EA  _ 78½H\E Z]ES]B ¡_ �­½H\EZ]ES]B >[[E F=Y==@=EA ®_ 78½H\EB  _ �­½H\E Z]ES] G=U@=E SV`; K= G=?XXEF=Y==@E==@== H==ZS==? ­ Z]ES] =^T >[[E F=Y==@=EA== FRUSVVA A=?== EW >[[EF=Y==@E==@== H==ZS==? � Z]ES] =^@=E G=US; K=E\ >[[E F=Y==@E==@== =^@=EZ]ES] 78½H\E Z]ES] G=UF [>VSAYRUE Z=S=AY=Y\S QY;DEV HQFRQYAQYA A=?==F   H==Z=SY=Y G=U} GQYEQ;
H1
½ <=?XXE F=Y==@E==@ �_ 78½H\E B ¡_ �­½H\E Z]ES] =^=F [>VSAVYB



¦¦ §¨���������� �� ������� ±����© �²���� ���³´��µµ�

H2
½ 7_ 78½H\EB  _ �­½H\E Z]ES] =^=F [>VSAVYB

H3
½  _ 78½H\EB 7_ �­½H\E Z]ES] =^=F [>VSAVY;KVS^VY P (H1)=

C1
3C

4
4

C5
7

=
1

7
, P (H2)=

C2
3C

3
4

C5
7

=
4

7
, P (H3)=

C3
3C

2
4

C5
7

=
2

7
.MQER?F@QE [>VSAYVV A SV^VY2

P (A/H1) =
7

14
, P (A/H2) =

8

14
, P (A/H3) =

9

14
.

LUZA;

P (A) =
3∑

i=1

P (Hi)P (A/Hi) =
1

7
· 7

14
+

4

7
· 8

14
+

2

7
· 9

14
= 0, 54.

1�5 � � v % � u v � � ' q \ ] '
H1, H2, . . . , Hn

½EW G[HVE G[YVS [[@SVFB FQ@ FQ@QQ?QQ ERU�S[U H==Z=SY=YXXA G=HX?_RYH FRUFRUE ]ZE] VASVV? H==Z=SY=Y\E Z=S=AY=Y
P (H1), P (H2), . . . , P (Hn) ZVAVSAV} G=US; KX?_RYH FRUSAV} @=E=Z@=?S[U[>VSAVY A �^=SA@=E SV`; KVS^VY A [>VSAVY �^=SA@=E\ A=?== =EFE\ H==bZ=SY=YXXA\E Z=S=AY=Y �=} ]]?TY]SA]F ^V& SV@VE GQAYQSQ =^T [>W`; ¢]?]]?FVYGVY P (Hi), P (A/Hi)

Z=S=AY=YXXA\E HX@Y=Z}H=US==? P (Hi/A) Z=S=AbY=YXXA\S QYEQ SV@VE [S;
P (A ·Hi) = P (A)P (Hi/A) = P (Hi)(A/Hi) (i = 1, n) G= £ ;¬¥ HQZW·QS =EF==?b^=Y

P (Hi/A) =
P (Hi)P (A/Hi)

n∑
i=1

P (Hi)P (A/Hi)

£ ;�8¥

£ ;�8¥ HQZ¶·QS H==Z=SY=YXXA\E H`Q?`Z GX~X <=U`@RUE HQZW·Q SVEV;
#�Ô��$°�ª :Z=? EVS @=YG=?\E ERUH G[HVVSAVF[[ERU 30%½RUS ã [UYAb^V?B 25%½RUS ãã [UYA^V?B [YA@VE FX^RUS ããã [UYA^V? FRUAVS G=U}VV; ã [UYAb^V?RUE FRU@VE G[HVVSAF[[ERU 1%B ãã½\E 1.5%B ããã½\E 2% HX@ HX@ SQYQSAQYG=UA=S G=U^; ¼V?VSYVSTRUE FXA=YA=E =^@=E G[HVVSAVF[[E SQYQSAQY G=U^;DEVF[[ SQYQSAQY ã [UYA^V?RUE G[HVVSAVF[[E G=UF [>VSAYRUE Z=S=AY=Y\S QY;

H1
½G[HVVSAVF[[E ã½? [UYA^V?RUEF G=UF [>VSAVYB

H2
½G[HVVSAVF[[E ãã½? [UYA^V?RUEF G=UF [>VSAVYB

H3
½G[HVVSAVF[[E ããã½? [UYA^V?RUEF G=UF [>VSAVYB

A½ FXA=YA=E =^@=E G[HVVSAF[[E SQYQSAQY G=UF [>VSAVY GQY
P (H1) = 0.30, P (H2) = 0.25, P (H3) = 0.45,
P (A/H1) = 0.01, P (A/H2) = 0.015, P (A/H3) = 0.02 SV} ]S]SA@]E HXY
P (A) = P (H1)P (A/H1) + P (H2)P (A/H2) + P (H3)P (A/H3) =

0.30 · 0.01 + 0.25 · 0.015 + 0.45 · 0.02 = 0.015B P (H1/A) =
0.3 · 0.01

0.015
= 0, 2

;
LUZA ERUH SQYQSAQY G[HVVSAVF[[ERU 78 Q?TRZ FX^RUS ã [UYA^V? [UYA^V?bYV}VV; ;R_VVEVV@ [>^VY HX?_RYH\E A=?== H1

H==Z=SY=Y\E Z=S=AY=Y HX?½_RYH\E ]ZE]F Z=S=AY=Y==@== G=S=@@=E G=UE=;



°�̧ ¹���º��� ���³´� ¦°
#�Ô��$°�È ¼Q·? H=ZR?TRE GR` GR`V@VV [Y F=Z==?=E G=U ?XX EVS EVSXA== GXXA}VV; ã H=ZR?TRE G=US QEQF Z=S=AY=Y 0.8B ãã H=ZR?TRE G=US QEQFZ=S=AY=Y 0.4

; <=U ?XX GXXA@=E\ A=?== FVE EVS EW QEQ}VV; ã GXXA=ST G=USQEQ@QE G=UF [>VSAYRUE Z=S=AY=Y\S QY;KX?_RYH �^=SA=F\E ]ZE] A=?==F H==Z=SY=YXXA G=U} GQYEQ2
H1−ã G= ãã H=ZR?TE\ FVE EW T QEQFS[UB H2−ã G= ãã H=ZR?TRE FQ·XY== QEQFB
H3−ã EW QEQ}B ãã EW QEQFS[UB H4−ã EW QEQFS[UB ãã EW QEQF;K==Z=SY=Y HX@ G[?RUE Z=S=AY=Y2

P (H1) = 0.2 · 0.6 = 0.12, P (H2) = 0.8 · 0.4 = 0.32,
P (H3) = 0.8 · 0.6 = 048, P (H4) = 0.2 · 0.4 = 0.08.<=US � QEQF [>VSAYRUS A½==? HVZAVSYV}B AVV?F H=Z=SY=Y HX@ G[?RUE [` AVF

A [>VSAYRUE Z=S=AY=Y\S QYGQY
P (A/H1) = 0, P (A/H2) = 0, P (A/H3) = 1, P (A/H4) = 1

; ¼=?RE HX?_RYH�^=SA@=E\ A=?== £G=US � QEQ@E\ A=?==¥ H1
B H2

½H==Z=SY=YXXA GQYQZ}S[UGQYQF G]S]]A H3
B H4

H==Z=SY=Y HX@ G[?RUE Z=S=AY=Y EW
P (H3/A)=

P (H3)P (A/H3)

P (H3)P (A/H3)+P (H4)P (A/H4)
=

0.048 · 1
0.48 · 1+0.08 · 1 =

6

7
.

P (H4/A)=
P (H4)P (A/H4)

P (H3)P (A/H3) + P (H4)P (A/H4)
=

0.08 · 1
0.48 · 1 + 0.08 · 1 =

1

7
.

LUEF[[ ã H=ZR?TRE G=US QEQ@QE G=UF [>VSAYRUE Z=S=AY=Y 6

7
G=UE=;





ö ÷ � ø � ^

ö � ü � � � � � ý � � S � �

5�þ ÿ 1 � � q � � � � � � / � _ u 1 � / / � r � � � � � � 1 � 1 �
� % � � / 1 1 u v � � ' q \ ] ' �

KX?_RYH\E A[EA A G= A [>VSAYRUE >]^F]E EVS EW �^=SA=F G]S]]A A [>VSAVY pZ=S=AY=YH=U RYV?AVS SV`; ¢]?]]? FVYGVYBP (A)=p, P (A)=q (p+q=1)
; ¤VV?FHX?_RYH\S EVSVE R}RY E]F�]YA QYQE A=FRE A=^H=E FRU`; LUZ HX?_RYbHXXA\E A=?==YY\S [Y F=Z==?=FB @=E=Z@=?S[U HX?_RYH\E A=?==Y=Y GX~X<`?EXYYRUE @F`Z SVEV; LUZ @=E=Z@=?S[U HX?_RYH\E }R_VV =ZWA?=Y �?=abHRaH QYQE H==?=YAA=S; KXF=UYG=YB H`FEQYQSRUE EVS R}RY E]F�]YA [UYAb^V?YV} GXU G[HVVSAVF[[E @H=EA=?H\E _==?AY=S=EA HQFR?QFB V@ HQFR?QFG tFXS=�==E\ HX?_RA ?=ARQ RAV^FH GQAR@ >=A?=FB V@ >=A?=FG Z]ES] GQYQE _QQSQYQE A=FRE F=�F=A @QER?F@QE [>VSAVY �^=SA=FB V@ �^=SA=F SVF ZVH;KX?_RYH\S n XA== A=^H=E FRUFVA A [>VSAVY �S k XA== �^=SA=F Z=S=AY=bY\S QY¶·; MQER?FQ} GXU [>VSAYVV An,k

B H[[ERU Z=S=AY=Y\S Pn(k) SV`;
Ai

EW i½Y (i = 1, n) HX?_RYH=EA A �^=SA=F [>VSAVY GQYQS;KVS^VY An,k
[>VSAYRUS A=?==F G=UAY==? RYV?FRUY} GQYEQ;

An,k =A1A2 . . . AkAk+1 . . . An+. . .+A1A2 . . . An−kAn−(k−1) . . . An

n XA== HX?_RYH FRUFVA A [>VSAVY k XA== �^=SA=F ERUH HQQ Ck
n
_R?FVS G=UE=;<[F EVZVSAVF[[E[[A FQ@ FQ@QQ?QQ ERU�S[U XTR?

Pn(k) = P (An,k) = pkqn−k + · · · + pkqn−k

︸ ︷︷ ︸
Ck

n

= Ck
np

kqn−k, GX~X

Pn(k) = Ck
np

kqn−k, (k = 0, n) £¡;�¥
£¡;�¥ HQZ¶·QS <`?EXYYRUE HQZ¶·Q SVEV;

#�Ô��$¸�� A, B FQ·? HQSYQST >QQ@ F=�} HQSYQFQQ? GQY}VV; ¼V?V^>QQ@\S   F=�F=A @[YAVV?VV 7 XA== GXX^=Y A HQSYQST FQ}RFQQ?B ¡ XA== F=�F=A



¦Æ ¹���µ����� º���
  XA== @[YA GXX^=Y B HQSYQST FQ}RFQQ? HQFR?TVV; 3YW HQSYQSTRUE FQ}RFGQYQZ} RY[[ ^V&PQQ@\S R}RY E]F�]YA A=FRE A=^H=E F=�} GXU HXY <`?EXYYRUE @F`Z GQYEQ;
M[YAVV?VV GXXF [>VSAYRUS C SV^VY2 P (C)=P (C)=

1

2
(p=q=

1

2
). A HQSYQSTRUE

FQ}RF Z=S=AY=Y £¡;�¥ HQZ¶·Q ·@QQ? P3(2)=C2
3p

2q1 =3

(
1

2

)2

·
(

1

2

)
=

3

8
,

B HQSYQSTRUE FQ}RF Z=S=AY=Y2 P4(3)=C3
4p

3q1 =4

(
1

2

)3

·
(

1

2

)1

=
1

4
,

P3(2) > P4(3) XTR? A HQSYQSTRUE FQ}RF Z=S=AY=Y A=^XX G=UE=;
#�Ô��$¸�¦ wVS FQEQSRUE HX?_ �=FRYS==E VE`?SRUE >=?�XXY=YH ]S]SA½@]E EQ?ZQQ@ A=^=FS[U G=UF Z=S=AY=Y p = 0.75

; ÖU?\E ® FQEQSRUE A]?]^H EW�=FRYS==E VE`?SRUE >=?�XXY=YH EQ?ZQQ@QQ A=^=FS[U G=UF [>VSAYRUE Z=S=AbY=Y\S QY;® FQEQS HXH=ZA �=FRYS==E VE`?SR FV^RUE >=?�XXY=F [>VSAYRUE Z=S=AY=YHQSHZQY p = 0.75 XTR? FQEQS HXH=ZA VE`?SR RY[[ >=?�XXY=F [>VSAYRUE Z=bS=AY=Y q = 1 − 0.75 = 0.25
; LUZA @QER?F@QE Z=S=AY=Y <`?EXYYRUE HQZ¶·Q·@QQ?

P6(4) = C4
6p

4q2 =
6 · 5
1 · 2(0.75)4(0.25)2 = 0, 3.

5�2 ` � q t u v � u � q � t � � 1 � 1 � � v � ' '
Pn(k) = Ck

np
kqn−k HQZ¶·QEA n½RUS GVFVYGVY Pn(k) EW k½==@ F=Z==?@=E ÅXEa�GQYEQ; ÖAQQ k½RUE �Z=? XHS=EA Pn(k) ÅXEa� Z=a@RZXZ XHS== =^=F ^V&¢]?]]? FVYGVYB Pn(0), Pn(1), . . . , Pn(n) HQQEXXA\E =YW EW F=ZSRUE RF ^V&SV@VE =@XXA=Y H=^W�;KVS^VY np−A QU?FQE G=UF k0

HQQ EW F=ZSRUE RF Z=S=AY=YH=U SV} F=?XXY}GQYEQ; KQAQ?FQU FVYGVYB ¼V?V^ np− q G[FVY HQQ GR_ GQY
np− q < k0 < np+ p £¡;7¥

E]F�YRUS F=ES=F k0
HQQ F=ZSRUE RF Z=S=AY=YH=U HQQ G=UE=;

¼V?V^ np − q EW G[FVY HQQ GQY k01 = np − q B k02 = np + p SV@VE FQ·? XHS=EA
Pn(k) ÅXEa� F=ZSRUE RF XHS== =^E=;

#�Ô��$¸�° 3}RYTRE R}RY H]?YRUE �7 Z=_REA [UYTRYEV; O=_RE ��=SRUE AQHQ? =}RYTE\ [UYTRYSVV _==?A=F Z=S=AY=Y 1

3
GQY � �=SRUE AQHQ?=}RYTE==@ [UYTRYSVV _==?A=F Z=_RE\ F=ZSRUE RF Z=S=AY=YH=U HQQ G= F=ZbSRUE RF Z=S=AY=Y\S QY;

O=E=U HQFRQYAQYA n = 12, p =
1

3
XTR? np− q = 12·1

3
− 2

3
= 3

1

3
G[FVY GR_;LZUA £¡;7¥ ·@QQ? F=ZSRUE RF Z=S=AY=YH=U HQQ k0 = 4 G=UE=; <`?EXYYRUE



¸�° Ñµ�Ù�$a�Ó��ºÃ� �����Ä© �������� ���³´� ¦ª
HQZ¶·Q ·@QQ?

P12(4) = C4
12 ·p4 ·q8 = 495·

(
1

3

)4

·
(

2

3

)8

= 0, 238.

5�1 H / � � � Ib � . 1 � � r � 1 ' & � 1 c � u � � % t � � 1 � ' q \ ] '
<`?EXYYRUE HQZ¶·QS FV?VSYVF �^�=A n G= k½RUE F[?VY�VVHVU RF XHS=EA Pn(k)Z=S=AY=Y\S QYQF _==?AY=S= QYQEH== S=?A=S; KXF=UYG=YB EVS R}RY A`H=Y[UYA^V?YVAVS [UYA^V?RUE G[HVVSAVF[[E SQYQSAQY G=UF Z=S=AY=Y 0, 02

; ­88
GVYVE G[HVVSAVF[[ERU AQHQ? �8 SQYQSAQY G[HVVSAVF[[E G=UF Z=S=AY=Y\S QYSV@VE GQAYQSQEA XS Z=S=AY=Y P500(10) = C10

500(0.02)10(0.98)490 SV} QYAQF G=
C10

500
½HQQS GQAQFQA H[^VSHVU G=UE=; %==_RYG=YB 500 G[HVVSAVF[[ERU AQHQ?G=UF SQYQSAY\E HQQ 10½==@ 20½\E AQHQ? G=UF [>VSAYRUE Z=S=AY=Y\S QY¶·SV^VY P (10 ≤ k ≤ 20) = P500(10)+P500(11)+ · · ·+P500(20) SV} QYAQEQ; ¢ZE]FGQAYQSQQ@ FVA A=FRE H]^]SHVU G=UE=; LUZ XT?==@ HX?_RYH\E HQQ n→ ∞ [`A

Pn(k) Z=S=AY=Y\S F�YG=? G]S]]A G=S= =YA==H=US==? QU?QY�QQ GQAQF =?S\S=ESYRUE Z=H`Z=HRaT OX=^?B Å?=E�\E Z=H`Z=HRaT ¾=�Y=@ E=? S=?S=}VV;
n½F[?VY�VVHVU RF [`A A=?==F HQZ¶·Q F[TREHVU G=UE=;

Pn(k) ≈ 1√
npq

·ϕ(x) £¡; ¥
�[EA2 x =

k − np√
npq

, ϕ(x)=
1√
2π

·e−x2/2

£¡; ¥ HQZ¶·Q EW <`?EXYYRUE HQZ¶·QE\ n→ ∞ [`RUE [EVYSVV G]S]]A OX=^?½¾=�Y=@\E YQa=YW HQZ¶·Q SV} EV?YVSAVEV;
ϕ(x) ÅXEa�RUE =?SXZ`EHRUE V`?VS XHSXXA\E H=GYR�\S >QFRQ@QE G=UA=S; ϕ(x)ÅXEa� x > 0 [`A ZQEQHQE GXX?=F G]S]]A ϕ(−x) = ϕ(x) GX~X HVS_ ÅXEa� XTR?@]?]S XHSXXA\E H=GYR� EW AVV?F H=GYR�H=U =ARY G=UE=; ϕ(5) = 0, 0000015 G=
x > 5 [`A ϕ(x) ≈ 0 SV} HQQ�EQ; LUZA ϕ(x) ÅXEa�RUE H=GYR� x > 5 [`A V@>QFRQSAQEQ;£K=GYR� Ú�½RUS [>¥ ÖAQQ AVV? HQZ¶·QY@QE GQAYQS\S GQA¶·;
n = 500, p = 0.02, np = 500·0.02 = 10, npq = 10·0.98 = 9, 8 [`A £¡; ¥ HQZ¶·Q·@QQ?

P500(10) =
1√
9.8

·ϕ
(

10 − 10√
9.8

)
=

1√
9.8

·ϕ(0)

K=GYR�==@ F=?^=Y ϕ(0) = 0.397 XTR? P500(10) ≈ 0, 124.P=?RZ HQFRQYAQYA n½RUE F[?VY�VVHVU RF XHS=EA Pn(k) Z=S=AY=Y\S GR_B
Pn(k1 ≤ k ≤ k2)

Z=S=AY=Y\S @QER?FQF _==?AY=S= S=?A=S; KVS^VY GRAERU@QER?F@QE [>VSAVY k1
½VV@ �]]ES[UB k2

½QQ@ QYQES[U XA== �^=SA=F [>VSAYRUEZ=S=AY=Y OX=^?½¾=�Y=@\E REH`S?=Y HQZ¶·QSQQ? [EVYVSAVEV;
n½RUE F[?VY�VVHVU RF XHS=EA

Pn(k1 ≤ k ≤ k2) ≈ Φ

(
k2 − np√
npq

)
− Φ

(
k1 − np√
npq

) £¡;¡¥
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HQZ¶·Q F[TREHVU G=UE=; �[EA2

Φ(x) =

x∫

0

ϕ(t)dt =
1√
2π

x∫

0

e−t2/2dt− ¾=�Y=@\E ÅXEa�;

Φ(x) ÅXEa� A=?==F T=E=?XXA\S F=ES=E=;�� Φ(x)½@QEASQU ÅXEa�2 Φ(−x) = −Φ(x)¦� x EW [0;∞[ >=^@=?H ]@]F]A Φ(x) ÅXEa� [0;
1

2
[ >=^@=?H ]@E]; ÌXEa�RUE

S?=ÅRaRUS PX?=S ¡;�½A [>[[YV^;

0

y

1

2

− 1

2

y = Φ(x)

x

PX?=S ¡;�2
°� x=5 [`A Φ(5) EW 1

2
½VV@ 3 · 10−8½VV? �YS=SA=E=; ¢]?]]? FVYGVYB x > 5 [`A

Φ(x) ≈ 1

2
.
LUZA Φ(x) ÅXEa�RUE H=GYR� [0; 4] >=^@=?H >QFRQSA@QE G=UE=;£¼=^@?=YH\E H=GYR� Ú7½\S [>¥; ¢ZE]F GQAYQS\E P (10 ≤ k ≤ 20) Z=S=AY=Y\SQY¶·; £¡;¡¥ HQZ¶·Q ·@QQ?

Pn(10 ≤ k ≤ 20) ≈ Φ

(
20 − 10√

9.8

)
− Φ

(
10 − 10√

9.8

)
≈ Φ(3.19) − Φ(0).

Φ(x) ÅXEa�RUE XHS\S H=GYR�==@ F=?^=Y Φ(3.19) = 0.49929,
Φ(0) = 0

; LUZA Pn(10 ≤ k ≤ 20) ≈ Φ(3.19) − Φ(0) = 0, 49929.Á����Â2 £¡; ¥ G= £¡;¡¥ HQZ¶·QE\ E=?RU^TY=Y npq [?}^V? ]@]F HXH=Z @=U}?=FXT?==@ OX=^?½¾=�Y=@\E YQa=YW G= REH`S?=Y HQZ¶·QS RFV^TYVE npq ≥ 10HQFRQYAQYA FV?VSYVEV; p, q Z=S=AY=Y\E =YW EVS EW ”0”½A FVARU TREVVEQU?FQE G=U^=Y n½RUS H]ARU TREVVE RFVV? @QESQE =^=F=A F[?EV; LUZA p →
0 (V@^VY q → 0) [`A £¡; ¥ G= £¡;¡¥ HQZ¶·QS [Y FV?VSYVEV;

#�Ô��$¸ �̧ P=^QA\E [UYA^V?YV@VE SV?YRUE _RY SQYQSAQY G=UF Z=S=AbY=Y 0.02
; �888 SV?YRUE _RYRUS _=YS=F==? @QESQE =^TVV; K[[^V? AVF SQYQSAQY_RYERU F=?W�=ESXU A=^H=Z} EW Z=S=AY=Y==@== 0.01½VV@ G=S==? �YS=SA=F Z=bS=AY=Y\S [EVY;

K[[^V? AVF SQYQSAQY _RYERU HQQS k SV^VY
∣∣∣∣
k

1000
− 0.02

∣∣∣∣ < 0.01 G=UF Z=S=AbY=Y\S [EVYEV SV@VE [S; DEV HVE�VHSVY GR_ EW 11 ≤ k ≤ 29 HVE�VHSVY GR_HVU



¸ �̧ Øµ�ºº��Ã ���³´� ¦Ê

HVE�[[ T=E=?H=U; LUZA P
(∣∣∣

k

1000
− 0.02

∣∣∣ < 0.01

)
= P1000(11 ≤ k ≤ 29).

npq = 1000 ·0.02 ·0.98 = 19.6 > 10 XTR? ¾=�Y=@\E REH`S?=Y HQZ¶·QS FV?VSYV`;O=E=U HQFRQYAQYA
x1 =

11 − 1000 · 0.02√
100 · 0.02 · 0.98

≈ −2.03, x2 =
29 − 20

4.43
≈ 2, 03. Φ(−2.03) ≈ −0.4788,

Φ(2.03) ≈ 0.4788
LUZA £¡;¡¥ HQZ¶·Q ·@QQ?

P100(11 ≤ k ≤ 29) ≈ 0.4788 + 0.4788 = 0, 9576.

5�5 d / � � � ' � r � ' q \ ] '
¢ZE]F >[UYRUE @=E=Z}RA AX?A@=E ·@QQ?B HXF=UE HX?_RYH G[?A A [>VSAYRUE�^=SA=F Z=S=AY=Y p F=?W�=ES[U G=S= [`A £RUZ [>VSAYRUS FQ^Q? [>VSAVY SVEV;¥OX=^?½¾=�Y=@\E HQZ¶·QE\ E=?RU^TY=Y GXX?E=; LUZ XT?==@ VEV HQFRQYAQYA
A [>VSAVY k XA== �^=SA=F Z=S=AY=Y ¿X=@@QE\ F�>S==?\E HQZ¶·QSQQ? [EVYVSAV½EV;<`?EXYYRUE @F`ZRUE E]F�]YA n → ∞B p → 0 G]S]]A λ = np FVZ}RSAVF[[EHQSHZQY £λ = const¥ GQY A=?==F HQZ¶·Q F[TREHVU G=UE=;

Pn(k) ≈ λk

k!
e−λ £¡;­¥

£¡;­¥ HQZ¶·QE\ E=?RU^TY=Y ∣∣∣∣P (k)−λk

k!
e−λ

∣∣∣∣<np2 HVE�VHSVY GR_VV? [EVYVSAVEV;
¿X=@@QE\ HQZ¶·Q £¡;­¥½\E S=UF=Z_RSH=U T=E=? EW2 HQAQ?FQU HQQE\ HX?_RY½H\E Z=S=AY=Y\S QYQF\E HXYA n G= p HQQS ZVAVF _==?AY=S=S[U G]S]]A F=?REERUH HX?_RYH=EA A [>VSAYRUE �^=SA=F AXEA=} HQQ GQYQF λ = n · p HQQSZVAVFVA F=ES=YHH=U G=UA=SH Q?_REQ;
¿X=@@QE\ HQZ¶·QE\ Pn(k) =

λk

k!
· e−λ ÅXEa�RUE H=GYR�\S k G= λ½RUE XHSXXbA=A >QFRQ@QE G=UA=S; £¼=^@?=YH\E H=GYR� Ú ½\S [>;¥

#�Ô��$¸�» PXX?@=E SX?RY=EA HQAQ?FQU HQQE\ [>VZ FRU} FQYW@E\A=?== HVE�[[ FV@S[[AVA FV?TR} [>VZHVU H=YF FRUEV; wRUH H=YFE\ HQQ N BG[F [>VZERU HQQ n GQY H==ZS==? @QESQE =^@=E EVS H=YF=EA �S k [>VZ G=UFZ=S=AY=Y\S [EVY;
n _R?FVS [>VZ SX?RY=EA FQYRF\SB [>VZ HX@ G[?RUS SX?RY=EA F=�F >=Z==?HX?_RYH\S n XA== FRU@VE SV} [>V} GQYEQ; <RAERU @QESQE =^@=E H=YF=EA[>VZ Q?@QE G=UF [>VSAYRUS A SV`; <[F H=YFE\ HQQN B [>ZVV SX?RY=EA FRUSVVAFQYW} G=US== XTR? [>VZ G[? EVSVE R}RY Z=S=AY=YH=US==? =YW T H=YF=EA Q?}

GQYEQ; LUZA A [>VSAYRUE Z=S=AY=Y p =
1

N
B �UYA^V?YVF H=YFE\ HQQ N QYQE

XT?==@ p½Z=S=AY=Y G=S= HQQ G=UE=; ¼=?RE λ = np EW n

N
½HVU HVE�[[ G]S]]A �
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H=YF=EA Q?QF [>VZERU AXEA=} HQQ GQYEQ; MQER?F@QE Z=S=AY=Y Pn(k) ≈ λk

k!
e−λ

HQZ¶·QSQQ? GQAQSAQF G]S]]A λ = 8 HQFRQYAQYA >=?RZ XHSXXA\S QYGQY
Pn(0) ≈ 0.000 Pn(1) ≈ 0.003 Pn(2) ≈ 0.011
Pn(3) ≈ 0.029 Pn(4) ≈ 0.057 Pn(5) ≈ 0.092
Pn(6) ≈ 0.012 Pn(7) ≈ 0.139 Pn(8) ≈ 0.139SVF ZVHTRYVE GQAQFQA k > 14 [`A Pn(k) < 0.001 GQYEQ;DEAVV@ [>^VY ERUH N H=YFE\ AXEA}==? 0.31% EW � [>VZB 1.1% EW 7 [>VZB 2.9%EW   [>VZ SVF ZVH HX@ HX@ =SXXY} G=UE=;

#�Ô��$¸�Æ JH=@E\ @H=E� ¡88 FV?VSYVSTRA [UYTRYEV; ¼V?VSYVST G[? ��=SRUE HX?_RA @H=E� X?XX XH=@A=F Z=S=AY=Y 0.01
; �=SRUE AQHQ? ­ FV?VSYVSTXS @H=E� X?XX XH=@A=F Z=S=AY=Y\S QY;O=E=U HQFRQYAQYA p = 0.01 n = 400 XTR? ¿X=@@QE\ HQZ¶·QS FV?VSYV}

GQYEQ; λ = 400 · 0.01 = 4. £¡;­¥ HQZ¶·Q ·@QQ? P400(5) ≈ 45

5!
e−4 ≈ 0.156293

¼V?V^ � �=SRUE AQHQ? ¡½]]@ QYQES[U FV?VSYVST XH=@A=F Z=S=AY=Y\S QY¶·SV^VY P400(0 ≤ k ≤ 4) = P400(0) + P400(1) + P400(2) + P400(3) + P400(4) ≈
0.018316 + 0.073263 + 0.146525 + 0.195367 + 0.195367 = 0.628838 GQYEQ;



ö ÷ � ø � e

f � � � � � � ü � ÷ ý S ø � g � � � ø S ÷ ÷ � A
� ÷ ÷ � � ý � � ü S � � � � � S � � � h

K�þ B � � � q � � � t � v � - q � u t � - � � � �
KX?_RYH\E [? A[EA �Z=? EVS HQQE XHS= =^=F GQYQ^T HV?F[[ [? A[ES X?WATRbY=E FVYVF GQYQZ}S[U FVZ}RSAVF[[ERUS @=E=Z@=?S[U SVEV; M=E=Z@=?S[U FVZ½}RSAVF[[ERUS AR@a?`H G= H=@?=YHS[U SV} FQ·? =ESRYE=; M=E=Z@=?S[U FVZ½}RSAVF[[ERU =^T GQYQF XHSXXA\S H[[ERU GQYQZ}RH XHSXXA SVEV;

¼V?V^ @=E=Z@=?S[U FVZ}RSAVF[[ERU GQYQZ}RH XHSXXA EW H]S@S]Y]SB V@^VYH]S@S]YS[U HQQE A=?==YY\E FVYGV?VV? GRTRSAV} G=U^=Y AR@a?`H @=E=Z@=?S[UFVZ}RSAVF[[E SVEV; ¼V?V^ @=E=Z@=?S[U FVZ}RSAVF[[ERU GQYQZ}RH XHSXXAEW HQQE HVEFYVSRUE �Z=? EVS >=^@?==@ G[?AV} G=U^=Y H[[ERUS H=@?=YHS[USVEV;¤R@a?`H @=E=Z@=?S[U FVZ}RSAVF[[E ξ½RUE GQYQZ}RH XHSXXA x1, x2, . . . , xnG= VASVV? XHSXXA\S F[YVVE =^=F Z=S=AY=YXXA p1, p2, . . . , pn
½RUE FQQ?QEAQF FQYbGQQS XS FVZ}RSAVF[[ERU H=?F=YH\E FXXYW SVEV;KVS^VY HQAQ?FQUYQYH ·@QQ? P (ξ = xi) = pi, (i = 1, n) GQYEQ; M=E=Z@=?S[UFVZ}RSAVF[[ERU H=?F=YH\E FXXYW EW H=GYR�B S?=ÅRaB HQZ¶·QSQQ? ]S]SA]FG= AR@a?`H @=E=Z@=?S[U FVZ}RSAVF[[E SQY H]Y]^ H=GYR�==? ]S]SA]E];

ξ : x1 x2 . . . xn . . .
p : p1 p2 . . . pn . . .

M=E=Z@=?S[U FVZ}RSAVF[[E−ξ, HX?_RYH\E [? A[EA GQYQZ}RH XHS\EF== =YWEVSRUS =^=F [>VSAYRUE Z=S=AY=Y EW P (ξ=x1)+P (ξ=x2)+. . .+P (ξ=xn) GQYQFG]S]]A VEV EW >=UY_S[U [>VSAVY HXY n∑
i=1

P (ξ = xi) =
n∑

i=1

pi = 1 G=UE=;
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K�2 � � � � � 1 � r � / / � & s � � � � u v J � � � �
KQQE HVEFYVS AVV? F (x) SV@VE EVS FX^W@=STRUE ÅXEa� HQAQ?FQUYQSA@QE SV}[>W`; ∀x−RUE FX^WA â

ξ EW x½VV@ G=S= XHS== =^=F Z=S=AY=Yâ½\S RYV?FRUYb@VE ÅXEa�RUS @=E=Z@=?S[U FVZ}RSAVF[[ERU H=?F=YH\E ÅXEa� SVEV; ¢]?]]?FVYGVY2
F (x) = P (ξ < x) £­;�¥

F (x) ÅXEa�RUS ξ½@=E=Z@=?S[U FVZ}RSAVF[[ERU H=?F=YH\E ÅXEa� SVEV;K=?F=YH\E REH`S?=Y ÅXEa�B REH`S?=Y FXXYW SVF EW GRU;K=?F=YH\E ÅXEa�RUE T=E=?XXA\S =^T [>W`;�� F (x) G[F HQQE HVEFYVS AVV? HQAQ?FQUYQSAQF G= 0 ≤ F (x) ≤ 1
;¦� F (x) [Y GXX?E=B ]]?]]? FVYGVY2 x1 ≤ x2

[`A F (x1) ≤ F (x2)
;°� ¼V?V^ ξ½RUE GQYQZ}RH XHSXXA ] −∞,+∞[ >=^@=?H G=U^=Y

F (−∞) = lim
x→−∞

F (x) = 0, F (+∞) = lim
x→+∞

F (x) = 1 GR`YEV;¸� P (x1 ≤ ξ ≤ x2) = F (x2) − F (x1).¤R@a?`H @=E=Z@=?S[U FVZ}RSAVF[[ERU H=?F=YH\E ÅXEa� EW A=?==F HQZ¶·QbSQQ? RYV?FRUYVSAVEV;
F (x) =

∑

xi≤x

P (ξ = xi)

�[EAB xi < x G=UF G[F i½AXS==?XXA\E FX^WA ERUYGV? =^=SA=E=;¼V?V^ AR@a?`H G= H=@?=YHS[U @=E=Z@=?S[U FVZ}RSAVF[[ERU H=?F=YH\E ÅXEa½�[[ARUS S?=ÅRa==? A[?@VYGVY2

x
....x0 x1 x2 xn

1

F (x)

PX?=S ­;�2
b

1

F (x)

x

a

PX?=S ­;72K=@?=YHS[U @=E=Z@=?S[U FVZ}RSAVF[[ERU H=?F=YH\E ÅXEa�RUS @]?]S GR_XHS=H=UB FV@VS FV@VS H=@?=YHS[U ÅXEa� f(x)½RUE HX@Y=Z}H=U A=?==F G=UAbY==? RYV?FRUY} GQYEQ;
F (x) =

x∫

−∞

f(t)dt £­;7¥

f(x)½RUS H=?F=YH\E E�SH\E ÅXEa� GX~X H=?F=YH\E ARÅÅ`?`E�R=Y ÅXEa�SVEV; w�SH\E ÅXEa�RUE HQAQ?FQUYQYHQQ@ A=?==F T=E=?XXA Z]?A]E S=?E=;�� f(x) ≥ 0.



»�¦ É������Ã� iµ��Õ ������ ±���� °°
¦� P (x1 ≤ ξ ≤ x2) =

x2∫
x1

f(x)dx.

°� +∞∫
−∞

f(x)dx = 1,

(
ξ ∈ [a, b] GQY b∫

a

f(x)dx = 1

)

¸� F ′(x) = f(x).w�SH\E ÅXEa�RUS S?=ÅRa==? A[?@VYGVY2

x2x1

x

f(x)

0

P (x1 ≤ ξ ≤ x2)

PX?=S ­; 2M=E=Z@=?S[U FVZ}RSAVF[[E E�SH\E ÅXEa�VV?VV ]S]SA@]E [`A H[[ERU �Z=?EVS >=^@?==@ XHS== =^=F Z=S=AY=Y GQYQE H=?F=YH\E ÅXEa�RUS G=USXXY} GQYEQ;
#�Ô��$»�� M=E=Z@=?S[U FVZ}RSAVF[[E E�SH\E ÅXEa�VV?VV ]S]SA]^2

f(x)=





0 x ≤ 0
x

8
0 < x ≤ 4

0 x > 4

1.) P (−1 ≤ ξ ≤ 2) =?
2.) F (x) ÅXEa�RUS QY
3.) F (x), f(x) ÅXEa�RUE S?=ÅRa G=USXXY;w�SH\E ÅXEa�RUE T=E=? ·@QQ?

��= P (−1 ≤ ξ ≤ 2) =
2∫

−1

f(x)dx =
0∫

−1

f(x)dx+
2∫
0

f(x)dx =

0∫
−1

0dx+
2∫
0

x

8
dx =

x2

16

∣∣∣
2

0
=

1

4
.¦�= F (x)½ÅXEa�RUS A=?==F ZX} HX@ G[? AVV? G=USXXYG=Y2

x ≤ 0 [`A F (x) = P (ξ ≤ x) =
x∫

−∞
f(x)dx = 0,

0 < x ≤ 4 [`A F (x) =
x∫

−∞
f(x)dx =

0∫
−∞

0dx+
x∫
0

f(x)dx =
x∫
0

x

8
dx =

x2

16

;

x > 4 [`A F (x) =
x∫

−∞
f(x)dx =

0∫
−∞

0dx+
4∫
0

f(x)dx+
x∫
4

0dx =
4∫
0

x

8
dx = 1.ÖAQQ VZFVHSV} GRT^VY F (x) A=?==F FVYGV?HVU GQYEQ;

F (x) =





0 x ≤ 0
x2

16
0 < x ≤ 4

1 x > 4

°�= K=?F=YH\E GQYQE E�SH\E ÅXEa�RUE S?=ÅRaRUS PX?=S ­;¡B­;­½A [>[[YV^;
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x4

1

0

F (x)

PX?=S ­;¡2
0.5

4

1

0

f(x)

x

PX?=S ­;­2K�1 j � � u q � � � � � 1 � / / �
K[SVVZVY FV?VSYVSAVF >=?RZ H=?F=YH\E FXXYWH=U H=ERY�¶�;�; ¹���� �������� KX?_RYH G[?A A [>VSAVY HQSHZQY p Z=S=AY=YH=URYV?AVS SV} [>W`; KVS^VY n A=?==Y@=E HX?_RYH=EA A [>VSAYRUE �^=SA=F HQQ
k½EW 0, 1, 2 . . . , n SV@VE GQYQZ}RH XHSXXA G[FRU AR@a?`H @=E=Z@=?S[U FVZ}RS½AVF[[E ξ GQYQF G]S]]A H=?F=YH\E FXXYW EW A=?==F FVYGV?HVU G=UE=;

P (ξ = k) = Ck
np

kqn−k, [[EA q = 1 − p, k = 0, 1 . . . , n.

7; Ø�µºº��Ã �������� KX?_RYH\E HQQS F�>S==?S[U RFV@SVFVA np ≈ npqGQY GREQZ H=?F=YH EW ¿X=@@QE\ H=?F=YH GQY} FX^R?=F G]S]]A A=?==F FXXbYR=? RYV?FRUYVSAVEV;

P (ξ = k) =
e−λ · λk

k!
[[EA λ = n · p, k = 0, 1, 2 . . .

¢]?]]? FVYGVYB HX?_RYH\E HQQS F[?VY�VVHVU RFV@SVFVA A [>VSAYRUE �^=SA=FZ=S=AY=Y p G=S=@=F GQYQ^T [>VSAVY �^=SA=F AXEA=} HQQ λ½EW HQSHZQY G=UA=SG=UE=; DEAVV@ [>VFVA ¿X=@@QE\ H=?F=YH λ SV@VE S=E�F=E �=?=Z`H?VV? G[?VEHQAQ?FQUYQSAQ} G=UE=; ¿X=@@QE\ H=?F=YH ERUHRUE [UYTRYSVVERU QEQY GQYQE[UYA^V?YVYRUE H`FEQYQSRUE H=@?=YHS[U =}RYY=S==S >=S^=?TY=F=A ]?S]E FV½?VSYVSAVEV;
#�Ô��$»�¦ DV?ZVYRUE [UYA^V?H �888 VV?[[YVV@ �ZREXH=A XH=@ H=@=?@=EHQQSQQ? >QFRQSA@QE A=?==F F[@EVSHRUS =^T [>W`;
Ni mi

∑
mi

∑
Ni8 ®88 8 ®8®�  78  78  8 

7 «8 �¡8 «®  �8  8 � ¡ 8 8 7∑ �888 ¡¬8 �888

�[EA Ni
½H=@?=YH\E HQQ

mi −Ni
½H=@?=YHH=U VV?[[YRUE HQQ∑

mi −mi
½VV?[[YRUE ERUH H=@?=YH\E HQQ∑

Ni
½QEQY\E FX^WA Ni

H=@?=YHH=UG=U} GQYQF VV?[[YRUE HQQ
¼[@EVSHVV@ =}RSY=F=A � ZREXH=A H=@?=F VV?[[YRUE HQQ EW @=E=Z@=?S[U FVZ½}RSAVF[[E G]S]]A VV?[[YRUE HQQ RFV@VFVA H=@?=YH\E HQQ G=S=@=} G=US==EW F=?=SA=} G=UE=; LUZA H=@?=YH\E HQQS ¿X=@@QE\ H=?F=YHH=U SV} [>VF
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[EAV@HVU; ¯VFAVV [[ERUS A=?==F G=UAY==? _=YS=�; �888 VV?[[YRUE AXEA=}
H=@?=YH\E HQQ λ½S QYGQY λ =

490

1000
= 0, 49.8 H=@?=YHH=U G=UF £QSH H=@?=YHS[U¥ [>VSAYRUE Z=S=AY=Y EW

P1000(0) =
e−0.49 · 0.490

0!
= 0, 606.

KVS^VY 0½H=@?=YHH=U G=UF ERUH VV?[[YRUEHQQ EW 1000 · P1000(0) = 606
; O]E �½H=@?=YHH=U G=UF [>VSAYRUE Z=S=AY=b

Y\S QYGQY P1000(1) =
e−0.49 · 0.49

1!
= 0, 303.

:S =ARYF=E==? QEQY\E FX^WA�½H=@?=YHH=U G=UF ERUH VV?[[YRUE HQQ EW 1000 · P1000(1) = 303 SV} QYAQEQ;wRUH Ni
H=@?=YHH=U VV?[[YRUE HQQ G= QEQY\E FX^WA H=@?=YHH=U G=U} GQYQFVV?[[YRUE HQQS H=@?=YH\E HQQEQQ@ F=Z==?XXY=E S?=ÅRa==? A[?@VY} F=?W�XX½Y=E [>[[YGVY2

y(mi)

0 1 2 3 4 x(Ni)

100

300

500

PX?=S ­;®2LUZA VV?[[YRUE XH=@ H=@?=F HQQS ¿X=@@QE\ H=?F=YHH=U SV} [>V} GQYEQ;
#�Ô��$»�° ¼V@VS FXS=�==E\ HX?_RA VV?[[YRUE XH=@ H=@?=F HQQ EW¿X=@@QE\ FXXYR=? H=?F=E=; wVS =}RYTRE �888 VV?[[YVEA [UYTRYAVS G]S]]A� ZREXH=A AXEA}==? ¡ H=@?=YH GQYAQS; KVS^VY � ZREXH=EA ­ XA== XH=@H=@?=F [>VSAYRUE Z=S=AY=Y\S QY;w]F�]Y ·@QQ? n = 1000, p = 0.004, k = 5 λ = n · p = 4.

LUZA
P1000(5) =

45 · e−4

5!
= 0, 156.

¤VV?F }R_VVEA ¿X=@@QE\ H=?F=YH\S ]]? FVYGV?VV? =_RSY=} GQYEQ;KXF=UYG=YB =}RYTRE �888 VV?[[YVEA [UYTRYAVS G= � ZREXH=EA AXEA}==? 7½H=@?=YH\S >=@A=S GQY � ZREXH=EA   H=@?=YH\S =?RYS=F Z=S=AY=Y\S QY¶·;
�[EA λ = 2, k = 3

; LUZA P1000(3) =
21 · e−2

3!
= 0.18wRUHRUE [UYTRYSVVERU QEQYA =}RSY=YH\E HQQ HQSHZQY G=UA=S G]S]]A tFXS=�==E\ HX?_ k½XA== [UYTRYSVV FRUAVS SV} [>EV; ¼V?V^ EVS} FXS=�==EAFRUSAVF AXEA=} [UYTRYSVVERU HQQ m½ZVAVSAV} G=UE= SV} [>^VY λ = m · tGQYQF G= t½FXS=�==E\ HX?_ k XA== [UYTRYSVV FRUSAVF Z=S=AY=Y EW ¿X=@@QE\FXXYR=? RYV?FRUYVSAVEV;

Pk(t) =
(m · t)k · e−mt

k!
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¼V?V^ k = 0 GQY VEV EW HQEQS H]F]]?]Z} t½FXS=�==E\ HX?_ H=@?=YHS[U=}RYY=F Z=S=AY=Y GQYEQ;
P0(t) = e−mt

O]E H=@?=YHS[U =}RYY=F FXS=�==E\ H=?F=YH\E ÅXEa�RUS A=?==F G=UAY==?QY} GQYEQ;
F (t) = P (T ≤ t)�[ERU HXYA V@?VS [>VSAYRUE Z=S=AY=Y\S QY¶·2

P (T ≥ t) = 1 − P (T ≤ t) = 1 − F (t).

P (T ≥ t) = e−mt SVASRUS =EF==?^=Y e−mt = 1 − F (t) GQYQF G= VEAVV@
F (x) = 1 − e−mt. ; Î�����± �������� K=?F=YH\E ÅXEa� EW

F (x) =

{
1 − e−mt, t ≥ 0, [`A
0 t < 0 [`A

HQZ¶·QSQQ? HQAQ?FQUYQSAQF @=E=Z@=?S[U FVZ}RSAVF[[ERUS RYHSVST H=?F=YHbH=U SVEV; LYHSVST H=?F=YH\E E�SH\E ÅXEa�
f(x) =

{
m · e−mt t ≥ 0, [`A
0 t < 0 [`A

(m > 0) FVYGV?HVU GQYQF G= F (t), f(t) ÅXEa�[[ARUE S?=ÅRaRUS A=?==F>X?=SH A[?@YV^;

0

1

t

F (t)

PX?=S ­;«2
0

1

t

f(t)

PX?=S ­;92¡; #��� �������� K=@?=YHS[U @=E=Z@=?S[U FVZ}RSAVF[[E ξ½RUE G[FGQYQZ}RH XHSXXA EW [a, b] FV?TRZ GQYQS;
¼V?V^ ξ½@=E=Z@=?S[U FVZ}RSAVF[[ERU H=?F=YH\E ÅXEa�

F (x) =





0 x < a [`A
x− a

b− a
a ≤ x ≤ b [`A

1 x > b [`A
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FXXYR=? ]S]SA@]E GQY H[[ERUS }RSA H=?F=YHH=U SVEV; K=?F=YH\E ÅXEa�RUS=_RSY=E E�SH\E ÅXEa�RUS HQAQ?FQUYGQY2

f(x) =





0 x < a [`A
1

b− a
a ≤ x ≤ b [`A

0 x > b [`A
F (x), f(x) ÅXEa�[[ARUE S?=ÅRaRUS A[?@VYGVY2

F (x)

1

a b

x

PX?=S ­;¬2

f(x)

1

a b

x

1

b−a

PX?=S ­;�82­; Ç�Ù��� <������Ä= �������� ¼V?V^ H=@?=YHS[U @=E=Z@=?S[U FVZ}RS½AVF[[ERU E�SH\E ÅXEa�
f(x) =

1

σ
√

2π
e−(x−a)2/2σ2

FVYGV?HVU GQY H[[ERUS FV^RUE H=?F=YHH=U SVEV; f(x)½ÅXEa�RUE S?=ÅRa EW
x = a GQ@QQ _XYXXE\ FX^WA HVS_ FVZHVUB x = a �VS AVV? F=ZSRUE RF XHS===^=F G= x→ ±∞ [`A f(x) → 0.

1√
2π

x

f(x)

0 x = aPX?=S ­;��2¼V^RUE H=?F=YHH=U FVZ}RSAVF[[ERU H=?F=YH\E ÅXEa� A=?==F FVYGV?HVUG=UE=;
F (x) =

x∫

−∞

f(x)dx =
1

σ
√

2π

x∫

−∞

e
−(x−a)2

2σ2 dx = 0.5 + Φ

(
x− a

σ

)
.

M=E=Z@=?S[U FVZ}RSAVF[[E [x1, x2]
>=^@?==@ XHS== =^=F Z=S=AY=Y\S

Φ(x) =
1√
2π

x∫
−∞

e−t2/2dt SV@VE ¾=�Y=@\E ÅXEa� =_RSY=E QYGQY2
P (x1 ≤ ξ ≤ x2) = F (x2) − F (x1) = Φ

(
x2 − a

σ

)
− Φ

(
x1 − a

σ

)
.
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DEV [? A[ES =_RSY=E âSX?^=E σ½RUE A[?ZRUSâ S=?S=�;

P (|ξ − a| < σ)=P (a−σ < ξ < a+ σ)=2Φ(1)=0.6826

P (|ξ − a| < 2σ)=P (a−2σ < ξ < a+ 2σ)=2Φ(2)=0.9544

P (|ξ − a| < 3σ)=P (a−3σ < σ < a+ 3σ)=2Φ(3)=0.9973DEAVV@ F=?=F=A FV^RUE H=?F=YHH=U @=E=Z@=?S[U FVZ}RSAVF[[E Z=H`Z=HRaAXEA}==@== F=>=UF F=>=UYH\E =G@QY~H FVZ}RSAVF[[E 3σ½==@ RF G=UF EWG=?=S GQYQZ}S[U [>VSAVY G=UE=;

S = 0.9973

x

f(x)

0 a a + 3σa − 3σ PX?=S ­;�72#�Ô��$»�̧ wVSVE G[@ EXHSRUE V?T[[ARUE ]EA]? EW a = 170.2 @Z G=
σ = 5.6 @Z �=?=Z`H?[[AHVU FV^RUE H=?F@=E @=E=Z@=?S[U FVZ}RSAVF[[E GQY�®®½�«7 @Z ]EA]?HVU F[Z[[@ ERUH V?T[[ARUE FVAVE FX^RUS V>YVF ^V&<QAYQS\E E]F�]Y ·@QQ? x2 = 172, x1 = 166 HXY
P (166 < ξ < 172) Z=S=AY=Y\S QYQF ·@HQU; OX=^?½¾=�Y=@\E REH`S?=Y HQZ¶·QS=_RSY=^=Y2
P (166 < ξ < 172)=Φ

(
172 − 170.2

5.6

)
−Φ

(
166 − 170.2

5.6

)
=

Φ(0.32)−Φ(−0.75)=0.3999 £GX~X ≈ 40%¥ DEAVV@ �®®½�«7 @Z ]EA]?HVU V?T[[AEW AXEA}==? 40%½RUS V>YV} G=UE=;
#�Ô��$»�» wVSVE G[@ EXHSRUE [EAV@HERU VZVSHVUT[[ARUE �VV}ERUHQU?SRUE X?H EW a = 96.8 @Z G= σ = 4.5 @Z �=?=Z`H?[[A G[FRU FV^RUE H=?F@=E@=E=Z@=?S[U FVZ}RSAVF[[E G=U^; ¼V?^VV Q·AY\E [UYA^V? VZVSHVUT[[ARUE�=YWHQ [UYA^V?YVAVS GQY �=YWHQ [UYA^V?YVYRUE ?=>Z`?[[ARUEF=?W�==S HQSHQQ;KXF=UYG=YB ¡7 ?=>Z`?RUE �=YWHQS FVAVE FX^W [UYA^V?YVFRUS QYQF\E HXYAA=?==F Z=S=AY=Y\S QYQF _==?AY=S=H=U;¡7½?=>Z`?RUE FX^WA W (42) = P (82 < ξ < 86)B¡¡½?=>Z`?RUE FX^WA W (44) = P (86 < ξ < 90) S;Z;

P (82 < ξ < 86) = Φ

(
86 − 96.8

4.5

)
− Φ

(
82 − 96.8

4.5

)
=

Φ(−2.40) − Φ(−3.29) = 0.008 £GX~X 0.8%¥B
P (86 < ξ < 90) = Φ

(
90 − 96.8

4.5

)
− Φ

(
86 − 96.8

4.5

)
= 0.057

GX~X 0.57%.
<X@=A G[F ?=>Z`?[[ARUE FX^WA AVV?FRUE =ARY==? QY} [? A[ES
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A=?==F F[@EVSHVEA F=?XXY=^; [UYA½?=>Z`? [x1, x2] t1 t2 Φ(t2)−Φ(t1)

^V?YVFFX^W £%¥¡7 l97B9®m ½ ;7¬ ½7;¡8 8;889 8;9
%¡¡ l9®B¬8m ½7;¡8 ½�;­� 8;8­« ­;«
%¡® l¬8B¬¡m ½�;­� ½8;®7 8;787 78;7%¡9 l¬¡B¬9m ½8;®7 8;7« 8;  ¬   ;¬
%­8 l¬9B�87m 8;7« �;�® 8;7«� 7«;�%­7 l�87B�8®m �;�® 7;8¡ 8;�87 �8;7%­¡ l�8®B��8m 7;8¡ 7;¬¡ 8;8�¬ �;¬
%
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� � � � ÷ @ ÷ ÷ � ø � � ÷ ÷ �

M=E=Z@=?S[U FVZ}RSAVF[[ERU H=?F=YH\E FXXYW EW XS FVZ}RSAVF[[ERUS G[½?VE HQAQ?FQUYQF GQYQ^T �?=aHRaH @=E=Z@=?S[U FVZ}RSAVF[[ERU XHSXXA G=HVASVV? XHS== F[YVVE =^=F Z=S=AY=Y\S EVS G[?TYVE ZVAVFVA F[EA?VYHVU H]½ARUS[UB >=?RZA== GQYQZ}S[U G=UA=S; ¼=?RE @=E=Z@=?S[U FVZ}RSAVF[[ERUH=?F=YH\E QE�YQSRUS ERYVVA HQ^TB `?]EFRU FVYGV?VV? RYV?FRUY@VE HQQEXX½A\S ZVAVF _==?AY=S= S=?A=S; LUZ HQQEXXA\S @=E=Z@=?S[U FVZ}RSAVF[[ERUHQQE [>[[YVYH[[A SV} EV?YVEV; DASVV? EW @=E=Z@=?S[U FVZ}RSAVF[[ERUZ=H`Z=HRa AXEA=}B AR@�`?@B �E> G[?RUE V?VZGRUE ZQZ`EHXXAB ZQQAB Z`AR=EB=@RZZ`H?RUE GQYQE Va@�`@@RUE aQVÅÅR�R`EHXXA ~Z;

L�þ H � � % q � � u & � / � � �� � � � � u v J � � � � / / �
¤R@a?`H @=E=Z@=?S[U FVEZ}RSAVF[[E ξ½RUE G[F GQYQZ}RH XHSXXA\S F=?bS=Y>=F Z=S=AY=Y==? EW [?}[[Y} EVZ@VE ERUYGV?RUS H[[ERU Z=H`Z=HRa AXEbA=} SVEV; M(ξ), M [ξ], mξ, E(ξ) SVF ZVHTRYVE HVZAVSYVEV;

ξi : x1 x2 · · · xn

pi : p1 p2 · · · pn
M(ξ) =

n∑

i=1

xipi
£®;�¥

¼V?V^ ξ EW f(x) SV@VE E�SHH=U H=@?=YHS[U @=E=Z@=?S[U FVZ}RSAVF[[E GQYZ=H`Z=HRa AXEA}RUS A=?==F HQZ¶·QSQQ? QYEQ;

M(ξ) =

+∞∫

−∞

x · f(x)dx £®;7¥
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KXF=UE HQFRQYAQYA ξ EW GQYQZ}RH XHSXXA== [a, b] >=^@?==@ =^A=S GQY

M(ξ) =

b∫

a

x · f(x)dx £®; ¥
O=H`Z=HRa AXEA}RUE [EA@VE T=E=?XXA\S HVZAVSYV`;�� KQSHZQY FVZ}RSAVF[[ERU Z=H;AXEA=} ]]?HVUS]] HVE�[[2 M(C) = C.¦� KQSHZQY HQQS Z=H;AXEA}RUE HVZASRUE ]ZE] S=?S=} GQYEQ2
M(C · ξ) = C ·M(ξ).°� M=E=Z@=?S[U FVZ}RSAVF[[E[[ARUE ERUYGV?RUE Z=H;AXEA=} HVASVV?RUE
Z=H;AXEA}XXA\E ERUYGV?HVU HVE�[[2 M (

n∑
i=1

ξi

)
=

n∑
i=1

M(ξi)

¸� ¼V?V^ η =
n∑

i=1

aiξi + b GQY M(η) =
n∑

i=1

aiM(ξi) + b.»� ¼=Z==?=YS[U @=E=Z@=?S[U FVZ}RSAVF[[E[[ARUE [?}^V?RUE Z=H;AXEA=}EW HVASVV?RUE Z=H;AXEA}XXA\E [?}^V?HVU HVE�[[2
M(ξ1 · ξ2 · · · ξn) = M(ξ1) ·M(ξ2) · · ·M(ξn).#�Ô��$Æ�� �8 Z A==^XXE\ âXH=@ H=@?=F HQQâ½E\ H=?F=YH\E FXXYWA=?==F F[@EVSHVV? ]S]SA]^;

ξ :
8 � 7  

pi :
8;7 8;¡ 8;  8;�

DEV @=E=Z@=?S[U FVZ}RSAVF[[ERU Z=H`Z=HRa AXEA}RUS QY;£®;�¥ HQZ¶·Q ·@QQ? M(ξ) = 0 · 0.2 + 1 · 0.4 + 2 · 0.3 + 3 · 3 · 0.1 = 1.3DEV EW �8 Z A==^XXE\ XH@=EA AXEA}==? �B  H=@?=YH EQQSAQEQ SV@VE [S ~Z;
#�Ô��$Æ�¦ K=@?=YHS[U @=E=Z@=?S[U FVZ}RSAVF[[E H=?F=YH\E ÅXEa½�VV?VV ]S]SA]^;

F (x) =





0 x ≤ 2
1

8
(x− 1)2 − 1

8
2 < x ≤ 4

1 x > 4

M=E=Z@=?S[U FVZ}RSAVF[[ERUZ=H`Z=HRa AXEA}RUS QY;
DFYVVA E�SH\E ÅXEa�RUS QY¶· £f(x) = F ′(x)¥;

f(x) =





0 x ≤ 2
1

4
(x− 1) 2 < x ≤ 4

0 x > 4

Mξ =

4∫

2

xf(x)dx =

4∫

2

x
1

4
(x− 1)dx =

1

4

(
x3

3
− x2

2

)∣∣∣∣
4

2

=
19

6
.
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L�2 8 u � . % � � � � u � . % � � u v � J � � � � / / �
M=E=Z@=?S[U FVZ}RSAVF[[E Z=H`Z=HRa AXEA}==@== F=>=UF F=>=UYH\E a^=A?=½H\E Z=H`Z=HRa AXEA}RUS AR@�`?@ SV} EV?YVEV; D(ξ), D[ξ], σ2

ξ , V (ξ) SVFZVHTRYVE HVZAVSYVEV;
D(ξ) = M [ξ −M(ξ)]2 £®;¡¥

[ξ −M(ξ)]2 @=E=Z@=?S[U FVZ}RSAVF[[ERU GQYQZ}RH XHSXXA EW [x1 −M(ξ)]2,
[x2 −M(ξ)]2, . . . , [xn −M(ξ)]2 G]S]]A VASVV? XHSXXA\S =^=F Z=S=AY=YXXA F=?bS=Y>=E p1, p2, . . . , pn

GQY AR@�`?@ EW D(ξ) =
n∑

i=1

[xi −M(ξ)]2pi
SV} GQAQSAQEQ;

£®;¡¥ HQZ¶·QHQU HVE�[[ T=E=?H=U A=?==F HQZ¶·QS FV?VSYVF EW HQFR?QZ}HQUG=UA=S;
D(ξ) = M(ξ2) −M2(ξ) £®;­¥

K=@?=YHS[U @=E=Z@=?S[U FVZ}RSAVF[[ERU AR@�`?@RUS2
D(ξ)=

+∞∫

−∞

[x−M(ξ)]2f(x)dx


D(ξ)=

+∞∫

−∞

x2f(x)dx−(Mξ)2


 £®;®¥

HQZ¶·QSQQ? QYEQ;M=E=Z@=?S[U FVZ}RSAVF[[ERU AR@�`?@VV@ �>SXX? S=?S=@E\S XS @=E=Z@=?S[UFVZ}RSAVF[[ERU AXEA=} a^=A?=H F=>=UYH GX~X @H=EA=?H F=>=UYH £σ(ξ), σξ
¥SV} EV?YVEV;

σ(ξ) =
√
D(ξ) £®;«¥

ÖAQQ AR@�`?@RUE T=E=?XXA==@ AX?AW�;�� KQSHZQY FVZ}RSAVF[[ERU AR@�`?@ HVSHVU HVE�[[2 D(C) = 0.¦� KQSHZQY HQQS AR@�`?@RUE HVZASRUE ]ZE] a^=A?=H >V?VS AV^_[[Y}S=?S=E=2 D(C · ξ) = C2 ·D(ξ)°� K(ξ; η) = M [(ξ−Mξ) ·M(η−Mη)] = M(ξ ·η)−Mξ ·Mη FVZ}RSAVF[[ERUS
ξ, η @=E=Z@=?S[U FVZ}RSAVF[[E[[ARUE aQ??`Y��RUE ZQZ`EH £aQ^=?R=�¥ SVEV;

∀ ξ, η − RUE FX^WA D(ξ+η)=Dξ+Dη+2·K(ξ; η) G=UE=;
¸� ξ1, ξ2, . . . , ξn−F=Z==?=YS[U GQY

D(ξ1+ξ2+. . .+ξn)=Dξ1+Dξ2+. . .+Dξn.

#�Ô��$Æ�° ;R_VV½®;�½A =^T [>@VE A=?==F
ξ :

8 � 7  
pi :

8;7 8;¡ 8;  8;�
@=E=Z@=?S[U FVZ}RSAVF[[ERU AR@�`?@RUS QY;¤R@�`?@RUS 7 �E>==? QY} [>[[Y¶`;

I ����o ¤R@�`?@RUE HQAQ?FQUYQYH =_RSY=E QY¶·;



¸¸ Á����º����� ���Â���������� ���� �¨���������
DEV HQFRQYAQYA (ξ −Mξ)2 FVZ}RSAVF[[ERU H=?F=YH\EFXXYRUS G=USXXY=F _==?AY=S=H=U2
(ξ−Mξ)22 (0 − 1.3)2 (1 − 1.3)2 (2 − 1.3)2 (3 − 1.3)2

pi
2 8;7 8;¡ 8;  8;�

GX~X (ξ −Mξ)2 :
�;®¬ 8;8¬ 8;¡¬ 7;9¬

pi
2 8;7 8;¡ 8;  8;�

LUZA £®;¡¥ HQZ¶·Q ·@QQ?2
D(ξ)=M [(ξ−Mξ)2]=1.69·0.2 + 0.09·0.4 + 0.49·0.3 + 2.89·0.1=0.81, σ(ξ)=0, 9.
II ����o £®;­¥ HQZ¶·QS =_RSY=�; DEV HQFRQYAQYA ξ2 FVZ}RSAVF[[ERU H=?½F=YH\E FXXYRUS G=USXXY=F _==?AY=S=H=U2

ξ2 : 02 12 22 32

pi
2 8;7 8;¡ 8;  8;�

LUZA M(ξ2)=0·0.2 + 1·0.4 + 4·0.3 + 9·0.1=2, 5.£®;­¥ HQZ¶·Q ·@QQ? D(ξ)=M(ξ2)−(Mξ)2 =2.52−1.32 =0.81, σ(ξ)=0, 9.ÖAQQ ;R_VV½®;7½A =^T [>@VE H=@?=YHS[U @=E=Z@=?S[U FVZ}RSAVF[[ERU AR@b�`?@ G= @H=EA=?H F=>=UYH\S GQA¶·2
D(ξ)=

b∫

a

x2f(x)dx− (Mξ)2 =

4∫

2

x2 1

4
(x− 1)dx−

(
19

6

)2

=

=
1

4

(
x4

4
− x3

3

)∣∣∣∣
4

2

−
(

19

6

)2

=
11

36
, σ(ξ) =

√
11

6
.

L�1 j � � u q � � � � � 1 � r � � ' ' � � � � � 1 - 1 � � � �
ÖAQQ ä G[YSRUE §  ½A =^T [>@VE H=?F=YH\E FXXYRXA\E HQQE [>[[YVYHRUSQY¶·;�� ξ EW <REQZ H=?F=YHH=U @=E=Z@=?S[U FVZ}RSAVF[[E G=US;

ξi =

{
1 ¼V?V^ i− ? HX?_RYH=EA A [>VSAVY �^=SA^=Y
0 ¼V?V^ i− ? HX?_RYH=EA A [>VSAVY V@ �^=SA^=Y

SV@VE @=E=Z@=?S[U FVZ}RSAVF[[ERUS =^¶�; KVS^VY
ξ = ξ1+ξ2+ · · ·+ξn =

n∑
i=1

ξi
GQYEQ; <`?EXYYRUE @F`Z XTR? ξi G[? F=Z==?=YS[U;LUZA

M(ξ) = M

(
n∑

i=1

ξi

)
=

n∑
i=1

Mξi =
∑

(1 · p+ 0 · q) = np,

D(ξ) = D

(
n∑

i=1

ξi

)
=

n∑
i=1

D(ξi), D(ξi) = M(ξ2
i ) − (Mξi)

2 =



Æ�° k���� �������Ã� ���� �¨��������� ¸»

12 ·p+02 ·q−p2 =p−p2 =p(1−p)=pq, D(ξ)=
n∑

i=1

D(ξi)=
n∑

i=1

pq=npq.¤[SEV^VYB GREQZ H=?F=YHH=U @=E=Z@=?S[U FVZ}RSAVF[[ERU FX^WA
M(ξ) = np, D(ξ) = npq, σ(ξ) =

√
npq £®;9¥

¦� ¼V?V^ ξ EW ¿X=@@QE\ H=?F=YHH=U @=E=Z@=?S[U FVZ}RSAVF[[E GQY H[[ERUZ=H`Z=HRa AXEA=}
M(ξ) =

∞∑

k=0

k · λ
k

k!
e−λ = e−λ · λ ·

∞∑

k=1

λk−1

(k − 1)!
= e−λλ · eλ = λ.

ÖAQQ AR@�`?@RUS GQA¶·; ¢ZE]F [? A[ESVV =_RSY=^=Y2
λ =

∞∑
k=0

k
λk

k!
e−λ =⇒ λeλ =

∞∑
k=0

k
λk

k!

KVE�VHSVYRUE 7 H=Y\S λ½==? ARÅÅ`?`Eb�R=YTRYG=Y2
eλ + λeλ =

∞∑

k=0

k
kλk−1

k!
=

∞∑

k=0

k2λ
k−1

k!
.

λe−λ−==? [?}[[Y@ERU A=?==

λ+ λ2 =
∞∑

k=0

k2λ
k

k!
e−λ = Mξ2, Dξ = Mξ2−λ2 = λ+ λ2−λ2 = λ

LUZA D(ξ) = λ.
¤[SEV^VY

M(ξ) = λ, D(ξ) = λ, σ(ξ) =
√
λ. £®;¬¥

¿X=@@QE\ H=?F=YH ERUHRUE [UYTRYSVVERU QEQYA TXF=Y [[?VS S[U�VHSVF G=�¨���������� EVS} FXS=�==E A=FW ������ µ�º���\E HQQ EW ¿X=@@QE\H=?F=YHH=U G=UE=; ¼XS=�==E\ �Z=? EVS @=E=Z@=?S[U =S_REA FQUEQ FQUEQQ@QQ�X^?=E �^=SA=F R}RY H]?YRUE [>VSAY[[ARUE A=?==YY\S [>VSAY[[ARUE X?@bS=Y SVF G= A=?==F   E]F�YRUS F=ES=F X?@S=Y\S ������ SVEV; �[EA2�; X?@S=Y\E Z=S=AY=YH [>[[YVYH[[A EW FXS=�==E==@ [Y F=Z==?=F £@H=�RQE=?¥B
7; FXS=�==E\ HXF=UE =S_REA [>VSAY[[A FV@VS G[YSVV?VV GR_ >]^F]E EVS EVSVV?VV A=?==Y=E �^=SA=F £Q?ARE=?¥B ; FQQ?QEAQQ [Y QSHYQY�QF FXS=�==E\ AX?\E 7 REH`?^=Y\E FX^WA EVSA EW RY?VF [>VSAYRUE HQQ E]S]]A EW RY?VF [>VSAYRUE HQQEQQ@ [Y F=Z==?=F £A=?==SRUEFA== [Y E]Y]]Y]F¥�>VSAY[[ARUE VESRUE X?@S=Y\S ¿X=@@QE\ X?@S=Y GX~X Øµ�ºº��Ã Ó��Õ�ººSV} EV?YVAVS;
t FXS=�==EA ¿X=@@QE\ �?Q�`@@RUE k [>VSAVY RY?VF Z=S=AY=Y A=?==F HQZ¶½·QSQQ? HQAQ?FQUYQSAQEQ2

Pt(k) =
(λt)k

k!
· e−λt £®;�8¥



¸Æ Á����º����� ���Â���������� ���� �¨���������
�[EAB λ EW X?@S=Y\E V?TRZ GX~X EVS} FXS=�==EA RY?VF [>VSAY[[ARUE AXEbA=} HQQ;°� ξ−¯`QZ`H? H=?F=YHH=U @=E=Z@=?S[U FVZ}RSAVF[[E G=US; <QYQZ}RH XHbSXXA\E Z=S=AY=Y EW

P (ξ = k) = qk−1 ·p = (1−p)k−1 · p, k = 1, 2, . . .

HQZ¶·QSQQ? QYAQF ξ−@=E=Z@=?S[U FVZ}RSAVF[[ERUS S`QZ`H? H=?F=YHH=U SVEV;¯`QZ`H? H=?F=YH\E HQQE [>[[YVYH[[A2
M(ξ) = 1/p , D(ξ)=q/p2 =(1 − p)/p2. £®;��¥

<`?EXYYRUE @F`ZRUE E]F�]YA A [>VSAYRUS �^=SA=F F[?HVY FRU@VE HX?_RYH\EHQQ S`QZ`H? H=?F=YHH=U G=UE=;¸� ξ−¯R�?S`QZ`H? H=?F=YHH=U @=E=Z@=?S[U FVZ}RSAVF[[E G=US; <QYQZ}RHXHSXXA\E Z=S=AY=Y EW
P (ξ = m) =

Cm
M · Cn−m

N−M

Cn
N�[EABm = 0, 1, 2, . . . ,min(m,M), m ≤ N, n ≤ N HQZ¶·QSQQ? HQAQ?FQUYQSAQF

ξ−@=E=Z@=?S[U FVZ}RSAVF[[ERUS SR�?S`QZ`H? H=?F=YHH=U SVEV;¯R�?S`QZ`H? H=?F=YH\E HQQE [>[[YVYH[[A2
M(ξ) = n · M

N
, D(ξ) =

nm

N − 1

(
1 − M

N

)
·
(
1 − n

N

)
. £®;�7¥

¯R�?S`QZ`H? H=?F=YH EW F[YVVE =^=F @H=HR@HRaH ]?S]E FV?VSYVSAVEV;»� ξ EW RYHSVST H=?F=YHH=U @=E=Z@=?S[U FVZ}RSAVF[[E GQY
M(ξ) =

∞∫

−∞

x · f(x)dx =

+∞∫

0

t ·me−mtdt = m ·
+∞∫

0

te−mtdt =
1

m
,

D(ξ) = M(ξ2) − [M(ξ)]2 =

+∞∫

0

t2me−mtdt−
( 1

m

)2

=

=
2

m2
− 1

m2
=

1

m2
, σ(ξ) =

√
D(ξ) =

1

m
.
¤[SEV^VY2

M(ξ)=1/m , D(ξ)=1/m2, σ(ξ)=1/m. £®;� ¥
Æ� ¼V?V^ ξ EW [a, b] FV?TRZ AVV? }RSA H=?F@=E @=E=Z@=?S[U FVZ}RSAVF[[EGQY

M(ξ) =

∞∫

−∞

x · f(x)dx =

b∫

a

x · dx

b− a
=
a+ b

2
,



Æ�° k���� �������Ã� ���� �¨��������� ¸ª

D(ξ)=

+∞∫

−∞

(x−Mξ)2 f(x)dx=

b∫

a

(
x− a+b

2

)2
dx

b−a=
(b−a)2

12
,

σ(ξ) =

√
(b− a)2

12
=

(b− a)

2
√

3
=

√
3

6
(b− a).

¤[SEV^VY2
M(ξ)=

a+ b

2
, D(ξ)=

(b− a)2

12
, σ(ξ)=

(b− a)

2
√

3
. £®;�¡¥

LYHSVST H=?F=YHH=U @=E=Z@=?S[U FVZ}RSAVF[[E EW ¿X=@@QE\ �?Q�`@@RUE[`A £ £®;�8¥ HQZ¶·QS [>p ¥ [>VSAVY =EF XA== �^=SA=F F[?HYVF FXS=�==E\ REbH`?^=Y\E X?H\S HQAQ?FQUYEQ; q?]EFRU HQFRQYAQYAB ¿X=@@QE\ �?Q�`@@H �S r[>VSAVY �^=SA=F F[?HYVF FXS=�==E\ REH`?^=Y\E X?H\S RYV?FRUY@VE FVZ}RS½AVF[[ERUS r�������� �������H=U @=E=Z@=?S[U FVZ}RSAVF[[E SVEV; D?bY=ESRUE H=?F=YH\E E�SH EW
f(x)=

λr ·xr−1

(r − 1)!
·e−λx, x > 0, r=1, 2, . . . £®;�­¥

HQZ¶·QSQQ? HQAQ?FQUYQSAQEQ; KXF=UE HQFRQYAQYAB r = 1 [`A D?Y=ESRUEH=?F=YH EW RYHSVST H=?F=YH GQYEQ; D?Y=ESRUE H=?F=YH\E HQQE [>[[YVYH[[A2
M(ξ)=r/λ, D(ξ)=r/λ2. £®;�®¥

ª� ¼V?V^ ξ EW a, σ2 �=?=Z`H?[[A G[FRU FV^RUE H=?F=YHH=U @=E=Z@=?S[UFVZ}RSAVF[[E GQY £HQ^TQQ? N(a, σ2) SV} HVZAVSYVEV¥

M(ξ) =

+∞∫

−∞

x · 1√
2πσ

exp

[
−(x− a)2

2σ2

]
dx = a,

D(ξ) =

+∞∫

−∞

(x− a)2 · 1√
2πσ

exp

[
−(x− a)2

2σ2

]
dx = σ2, σ(ξ) = σ.

M(ξ)=a, D(ξ)=λ2, σ(ξ)=σ. £®;�«¥
KXF=UYG=YB f(x) =

1

0.1 ·
√

2π
· exp

[
− (x− 7)2

23 · (0.1)2

] SV@VE H=?F=YH\E E�SH G[FRU
FV^RUE H=?F=YHH=U @=E=Z@=?S[U FVZ}RSAVF[[ERU �=?=Z`H?[[A EW
M(ξ) = 7, D(ξ) = (0.1)2, σ(ξ) = 0.1 GQYEQ;¼V?V^ VEV @=E=Z@=?S[U FVZ}RSAVF[[ERU FX^WA 3σ½RUE A[?ZRUS FV?VSYV^VY
P (|ξ − 7| < 3 · 0.1) = P (6, 7 ≤ ξ ≤ 7.3) ≈ 0.9973 GX~X ξ @=E=Z@=?S[UFVZ}RSAVF[[E [6.7; 7.3] FV?TZVV@ XHS== =^=F EW �?=aHRaH G=?=S S=?�==S[U[>VSAVY GQYEQ;



¸È Á����º����� ���Â���������� ���� �¨���������
L�5 8 - - � - � - q 
 u v � q ' q % � � / / � 
 � 
 / � � � � ' ' �

� �� � 1 - 1 � � � �
k �������� ����Ã ������o νk = M(ξk) FVZ}RSAVF[[ERUS ξ @=E=Zb@=?S[U FVZ}RSAVF[[ERU k V?VZGRUE =EFE\ ZQZ`EH SVEV; ¤R@a?`H @=E=Zb@=?S[U FVZ}RSAVF[[ERU FX^WA

νk =
n∑

i=1

xk
i · pk, (k = 1, 2, . . .) £®;�9¥

HQZ¶·QSQQ? GQAQF G= FV?V^ ξ H=@?=YHS[U @=E=Z@=?S[U FVZ}RSAVF[[E GQY

νk =

+∞∫

−∞

xk · f(x)dx £®;�¬¥
KXF=UE HQFRQYAQYA ν1 = M(ξ), ν2 = M(ξ2) GQYQF HXY

D(ξ) = M(ξ2) − (Mξ)2 = ν2 − ν2
1 .

k �������� ��Ù��� ������o µk = M [(ξ − Mξ)k] FVZ}RSAVF[[ERUS ξ@=E=Z@=?S[U FVZ}RSAVF[[ERU k V?VZGRUE H]^RUE ZQZ`EH SVEV; µk
EW AR@a?`H@=E=Z@=?S[U FVZ}RSAVF[[ERU FX^WA2

µk =
n∑

i=1

[xi −M(ξ)]kpi, k = 1, 2, . . . £®;78¥
H=@?=YHS[U @=E=Z@=?S[U FVZ}RSAVF[[ERU FX^WA2

µk =

∞∫

∞

[x−M(ξ)]k · f(x)dx £®;7�¥
HQZ¶·QSQQ? HX@ HX@ QYAQEQ;KXF=UE HQFRQYAQYA µ1 =M(ξ −Mξ)=0, µ2 =M(ξ −Mξ)2 =D(ξ),
µ3 =ν3−3ν1−ν2 + 2ν3

1 , µ4 =ν4−4ν3ν1+6ν2ν1−3ν4
1
G=UF\S F=?XXY} GQYEQ;Á����º����� ���Â���������� ����o ¤R@a?`H @=E=Z@=?S[U FVZ}RSAV½F[[ERU F=ZSRUE RF Z=S=AY=YH=U XHS\S ZQQA SVEV; K=@?=YHS[U @=E=Z@=?S[UFVZ}RSAVF[[ERU FX^WA E�SH\E ÅXEa� EW F=ZSRUE RF XHS== =^=F �VSRUS H[[ERUZQQA SVEV; ¢]?]]? FVYGVYB S`QZ`H? XHS==?== H=?F=YH\E ZX?XUE Z=a@RZXZ\E=G@�R@@ ~Z; 7 G= QYQE ZQQAHQU H=?F=YH G=UF==@ S=AE= Z=a@RZXZS[U Z]?HY]]ZRERZXZH=U H=?F=YH Q?_RE G=UE=;Á����º����� ���Â���������� ������o

P (ξ < me) = P (ξ > me)
E]F�YRUS F=ES=F me

XHS\S ξ @=E=Z@=?S[U FVZ}RSAV½F[[ERU Z`AR=E SVEV; ¯`QZ`H? XHS==?==B H=?F=YH\E ZX?XUS==? F�>S==?Y=SA@=EA[?@RUE H=YG=US F=S=@Y=E FX^==F _XYXXE AVV? Q?_RF �VSRUE =G@�R@@ ~Z;



Æ�̧ Ò��� �������� ������µµ� �� �µº�� ���� �¨��������� ¸Ê
¤VV?F H=YG=UEXXA HVE�[[ XT?==@ P (ξ <me) = P (ξ >me) = F (me) = 0.5

; wVSZQQAHQU G]S]]A HVS_ FVZHVU H=?F=YH\E FX^WA ZQQA G= Z`AR=E FQ·? A=^Fb�=E=; KXF=UYG=YB FV^RUE H=?F=YH\E ZQQA G= Z`AR=E EW a G=UE=;Àº��������� ����� ��ºÕ�ºº��� ���ii�Õ����o
¼V?V^ H=?F=YH\E ZX?XU x = M(ξ) _XYXXE\ FX^WA HVS_ FVZHVU G=U^=Y XSH=?F=YH\S HVS_ FVZHVU SVEV; KVS_ FVZHVU GR_ H=?F=YH\E FX^WA H[[ERUHVS_ FVZH H=?F=YH==@ �YS=SA=F �YS==S A=?==F 7 [>[[YVYHVV? HQAQ?FQUYEQ;

A =
µ3

σ3
£®;77¥

FVZ}RSAVF[[ERUS H=?F=YH\E =@RZZ`H?RUE £HVS_ FVZRUE¥ aQVÅÅR�R`EH SVEV;K=?F=YH\E ZX?XUE RFVEF FV@VS AXEA}RUEF== =YW H=YA Q?_R} GXUS VEV FVZ½}RSAVF[[E RYV?FRUYEV;
E =

µ4

σ4
− 3 £®;7 ¥

FVZ}RSAVF[[ERUS Va@�`@@RUE aQVÅÅR�R`EH SVEV; Da@�`@@RUE aQVÅÅR�R`EHH=?F=YH\E ZX?XUE QS�QZ\S RYV?FRUYEV;
¼V^RUE H=?F=YH\E FX^WA A = E = 0 G=UE=; L}RYFVE Z=H`=Z=HRa AXEA=}BAR@�`?@HVU GQYQ^T HVS_ FVZRUE G= Va@�`@@RUE aQVÅÅR�R`EHXXA EW ]]? ]]?G=UF @=E=Z@=?S[U FVZ}RSAVF[[ERU E�SH\E ÅXEa�RUS A=?==F FQ·? >X?S==?F=?XXY=^;£PX?=S ®;�B PX?=S ®;7¥

A < 0 A > 0

0 Mξ

f(x)

x

A = 0

PX?=S ®;�2

E > 0

E < 0

f(x)

xMξ0

E = 0

PX?=S ®;72





ö ÷ � ø � s

t � W ü S ø � g ø ø � � � � � � � � � ü � ÷ ý
S ø � g � � � ø S ÷ ÷ �

N�þ ` ' ] � � - q � - - � � � � � � q � � � t � v � - q � u t � - � � � �
� � � � u v � � � � � 1 � r � / / � & s

KX?_RYH\E A[EA 7 GQYQE H[[EVV@ QYQE @=E=Z@=?S[U FVZ}RSAVF[[E RYV?TGQYEQ; LUZA FQ·? GX~X FVA FVAVE @=E=Z@=?S[U FVZ}RSAVF[[ERUS >V?VS =^T[>VF _==?AY=S= S=?A=S;
¼V?V^ ξ1 G= ξ2 @=E=Z@=?S[U FVZ}RSAVF[[ERU FX^WA ξ1 < x, ξ2 < y G=UF[>VSAY[[A >V?VS �^=SA=F Z=S=AY=Y P (ξ1 < x, ξ2 < y) HQAQ?FQUYQSA@QE GQY

ξ1, ξ2
@=E=Z@=?S[U FVZ}RSAVF[[ERU V?VZGVYVSA@VE FQ@\S FQ·? FVZ}VV@H @=½E=Z@=?S[U FVZ}RSAVF[[E SVEV; ¤X?\E x G= y½RUE FX^WA HQAQ?FQUYQSA@QE

F (x, y) = P (ξ1 < x, ξ2 < y) £«;�¥
ÅXEa�RUS FQ·? FVZ}VV@H @=E=Z@=?S[U FVZ}RSAVF[[ERU H=?F=YH\E ÅXEa�GX~X F=ZH\E H=?F=YH\E ÅXEa� SVEV;

¼Q·? FVZ}VV@H @=E=Z@=?S[U FVZ}RSAVF[[ERU H=?F=YH\E ÅXEa�RUE S`Q½Z`H? XHS= EW2 @=E=Z@=?S[U �VSB M(x, y) �VSH Q?QUHQU H[[EVV@ >[[E AQQAFV@VSH Q?_RF H]S@S]YS[U ZX}RA £PX?=S «;�¥ XE=F Z=S=AY=Y\S RYV?FRUYEV;K=?F=YH\E ÅXEa�RUE HQAQ?FQUYQYHQQ@

�;
0 ≤ F (x, y) ≤ 1.7; F (x, y)½FX^W@=ST G[?VV?VV [Y GXX?=F ;
lim

x→−∞
F (x, y)=F (−∞; y)=0

lim
y→−∞

F (x, y)=F (x,−∞)=0.

M(x, y)

ξ1

ξ2

0

PX?=S «;�2
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lim
x→ +∞
y → +∞

F (x, y) = 1, ]]?]]? FVYGVY2 F (+∞; +∞) = 1.

4.) P (a ≤ ξ1 ≤ b; c ≤ ξ2 ≤ d) = F (b; d) − F (a; d) − F (b; c) + F (a; c). £«;7¥
T=E=?XXAH=U GQYQF EW Z]?AE];
¼V?V^ ξ1 G= ξ2 HX@ G[? EW AR@a?`H @=E=Z@=?S[U FVZ}RSAVF[[E[[A GQY (ξ1, ξ2)EW AR@a?`H @=E=Z@=?S[U FVZ}RSAVF[[ERU @R@H`Z GQYEQ; KXF=UYG=Y ξ1½RUEGQYQZ}RH XHSXXA EW x1, x2, . . . xn

G ξ2½RUE GQYQZ}RH XHSXXA EW y1, y2, . . . ymGQY FQ·? FVZ}VV@H @=E=Z@=?S[U FVZ}RSAVF[[E £ξ1; ξ2¥½RUE GQYQZ}RH XHSXXAEW £xi; yj
¥ £i = 1, n, j = 1,m) FQ@XXA GQYEQ; ¼Q·? FVZ}VV@H @=E=Z@=?S[UFVZ}RSAVF[[E £xi, yj

¥ FQ@ XHS== =^=F Z=S=AY=Y\S pij
½SV} HVZAVSYV`; ¢]?]]?FVYGVYB

pij = P (ξ1 = xi, ξ2 = yj), (i = 1, n, j = 1,m) £«; ¥
¤R@a?`H @=E=Z@=?S[U FVZ}RSAVF[[ERU @R@H`ZRUE H=?F=YH\E FXXYRUS A=?==FFVYGV?RUE F[@EVSHVV? RYV?FRUYEV;

ξ1 \ ξ2 y1 y2 . . . yj . . . ym pi

x1 p11 p12 . . . p1j . . . p1m p1

x2 p21 p22 . . . p2j . . . p2m p2;;;
xi pi1 pi2 . . . pij . . . pim pi;;;

. . . . . .
xn pn1 pn2 . . . pnj . . . pnm pn

qj q1 q2 . . . qj . . . qm
∑
pi =

∑
qj = 1

�[EA
m∑

j=1

pij = pi (i = 1, n) £«;¡¥
n∑

i=1

pij = qj (j = 1,m) £«;­¥
n∑

i=1

m∑

j=1

pij =
n∑

i=1

pi = 1 £«;®¥
m∑

j=1

n∑

i=1

pij =
m∑

j=1

qj = 1 £«;«¥
¼Q·? FVZ}VV@H @=E=Z@=?S[U FVZ}RSAVF[[E £ξ1, ξ2¥½RUE XHS= �Z=? EVS £D¥ZX}RA F=?¶�=Y=SA=F [>VSAYRUE Z=S=AY=Y EWB ϕ(x, y) SV@VE @]?]S GR_ XHbS=H=U ÅXEa�VV@ £D¥ ZX}==? =^@=E FQ·?YQ@QE REH`S?=YH=U HVE�[[ GQY £ξ1, ξ2¥
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V?VZGVYVSA@VE FQ@\S FQ·? FVZ}VV@H H=@?=YHS[U @=E=Z@=?S[U FVZ}RSAVF[[ESVEV;

P ((ξ1, ξ2) ∈ D) =

∫

(D)

∫
ϕ(x, y)dxdy £«;9¥

ϕ(x, y)½RUS FQ·? FVZ}VV@H @=E=Z@=?S[U FVZ}RSAVF[[ERU E�SH\E ÅXEa� GX~XF=ZH\E H=?F=YH\E E�SH SV} EV?YVEV;
¼Q·? FVZ}VV@H @=E=Z@=?S[U FVZ}RSAVF[[ERU H=?F=YH\E E�SH EW�¥ ϕ(x, y) ≥ 0, ∀(x, y) ∈ R2.7¥ ∫

R2

∫
ϕ(x, y)dxdy = 1.

 ¥ ϕ(x, y) =
∂2F (x, y)

∂x∂y
T=E=?XXA\S F=ES=E=;

¼V?V^ £D¥ ZX}RUS (D) = {(ξ1, ξ2)| − ∞ < ξ1 < x, −∞ < ξ2 < y} SV} =^G=Y
P ((ξ1, ξ2) ∈ D) = P (ξ1 < x, ξ2 < y) =

∫
(D)

∫
ϕ(x, y)dxdy =

x∫
−∞

y∫
−∞

ϕ(x, y)dxdy

GX~X H=?F=YH\E ÅXEa�RUS =_RSY=^=Y2
F (x, y) =

x∫

−∞

y∫

−∞

ϕ(x, y)dxdy £«;¬¥

¼Q·? FVZ}VV@H H=@?=YHS[U @=E=Z@=?S[U FVZ}RSAVF[[ERU H=?F=YH\E ÅXEa�
F (x, y)½RUS ZVA@VEVV? ξ1 G= ξ2 @=E=Z@=?S[U FVZ}RSAVF[[E HX@ G[?RUE H=?½F=YH\E G= E�SH\E ÅXEa�RUS QY} GQYEQ;KXF=UYG=YB F1(x)½EW ξ1½RUE H=?F=YH\E ÅXEa� GQY

F1(x)=P (ξ1 < x)=P (ξ1 < x,−∞ < ξ2 < +∞) =

=

x∫

−∞

+∞∫

−∞

ϕ(x, y)dxdy =

x∫

−∞




∞∫

−∞

ϕ(x, y)dy


 dx

DEAVV@ E�SH\E ÅXEa� f1(x)

f1(x) =

+∞∫

−∞

ϕ(x, y)dy £«;�8¥

�[ETYVE ξ2½RUE FX^WA F2(y) =
y∫

−∞

(
+∞∫
−∞

ϕ(x, y)dx

)
dy GX~X

f2(y) =

+∞∫

−∞

ϕ(x, y)dx £«;��¥
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ξ1, ξ2
@=E=Z@=?S[U FVZ}RSAVF[[ERU FX^WA

P (ξ1 < x, ξ2 < y) = P (ξ1 < x) · P (ξ2 < y) £«;�7¥
E]F�]Y GR`YVSAV} G=U^=Y F=Z==?=YS[U FVZ}RSAVF[[E[[A SVEV; ¢]?]]? FVYbGVYB F=ZH\E H=?F=YH\E ÅXEa� EW @=E=Z@=?S[U FVZ}RSAVF[[E HX@ G[?RUEH=?F=YH\E ÅXEa�[[ARUE [?}^V?HVU HVE�[[ G=U^=Y HVASVV?RUS F=Z==?=YS[USVEV;

ϕ(x, y)½F=ZH\E H=?F=YH\E E�SH G[FRU H=@?=YHS[U @=E=Z@=?S[U FVZ}RSAV½F[[ERU @R@H`ZRUE FX^WA £«;�7¥ E]F�]YRUS GRT^VY
ϕ(x, y) = f1(x) · f2(y)

£«;� ¥
�[EAB f1(x) − ξ1

@=E=Z@=?S[U FVZ}RSAVF[[ERU E�SH\E ÅXEa�B
f2(y) − ξ2

@=E=Z@=?S[U FVZ}RSAVF[[ERU E�SH\E ÅXEa�;
Mξ1, Mξ2½Z=H`Z=HRa AXEA}XXA EW @R@H`ZRUE @=?ERY\E H]^RUE aQQ?ARE=H\SRYV?FRUYVF G]S]]A A=?==F HQZ¶·QSQQ? HQAQ?FQUYQSAQEQ;¤R@a?`H @=E=Z@=?S[U FVZ}RSAVF[[ERU @R@H`ZRUE FX^WA2

M(ξ1) =
n∑

i=1

m∑
j=1

xipij =
n∑

i=1

xipi

M(ξ2) =
m∑

j=1

n∑
i=1

yjpij =
m∑

j=1

yjqj

£«;�¡¥

K=@?=YHS[U @=E=Z@=?S[U FVZ}RSAVF[[ERU @R@H`ZRUE FX^WA2
M(ξ1) =

+∞∫
−∞

+∞∫
−∞

x · ϕ(x, y)dxdy =
+∞∫
−∞

x · f1(x)dx

M(ξ2) =
+∞∫
−∞

+∞∫
−∞

y · ϕ(x, y)dxdy =
+∞∫
−∞

y · f2(y)dy

£«;�­¥

�[EA ϕ(x, y)½F=ZH\E H=?F=YH\E E�SH;
D(ξ1), D(ξ2)½AR@�?`@[[A EW @=E=Z@=?S[U �VSRUEOX G=OY HVEFYVSRUE A=SXXF@=?ERY\S RYV?FRUYVF G= A=?==F HQZ¶·QSQQ? QYEQ;¤R@a?`H @=E=Z@=?S[U FVZ}RSAVF[[ERU @R@H`ZRUE FX^WA22

D(ξ1) =
n∑

i=1

m∑
j=1

(xi −Mξ1)
2pij =

n∑
i=1

(xi −Mξ1)
2pi

D(ξ2) =
m∑

j=1

n∑
i=1

(yj −Mξ2)
2pij =

m∑
j=1

(yj −Mξ2)
2qj

£«;�®¥

K=@?=YHS[U @=E=Z@=?S[U FVZ}RSAVF[[ERU @R@H`ZRUE FX^WA2
D(ξ1)=

+∞∫
−∞

+∞∫
−∞

(x−Mξ1)
2ϕ(x, y)dxdy=

+∞∫
−∞

(x−Mξ1)
2f1(x)dx

D(ξ2)=
+∞∫
−∞

+∞∫
−∞

(y−Mξ2)
2ϕ(x, y)dxdy=

+∞∫
−∞

(y−Mξ2)
2f2(y)dy

£«;�«¥
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#�Ô��$ª�� w�SH\E ÅXEa� ϕ(x, y) =

1

π2(1 + x2)(1 + y2)
,

(D) = {(x, y) | 0 ≤ x ≤ 1, 0 ≤ y ≤ 1} GQY�;¥ P ((ξ1, ξ2) ∈ D) =?7;¥ MR@H`ZRUE H=?F=YH\E ÅXEa� F (x, y)½RUS HX@ HX@ QY;��= KQAQ?FQUYQYH ·@QQ?
P (0 ≤ ξ1 ≤ 1, 0 ≤ ξ2 ≤ 1) =

1

π2

1∫

0

1∫

0

dxdy

(1 + x2)(1 + y2)
=

=
1

π2

1∫

0

dy

1 + y2

1∫

0

dx

1 + x2
=

1

π2
(èì6uQy|10)(èì6uQx|10) =

1

16
.

¦�= F (x, y) = P (ξ1 < x, ξ2 < y) =
1

π2

x∫

−∞

dx

1 + x2

y∫

−∞

dy

1 + y2
=

=
1

π2

(èì6uQx+
π

2

)
·
(èì6uQy +

π

2

)

¼V?V^ (X,Y ) @R@RH`ZRUE E�SH\E ÅXEa� EW
ϕ(x, y)=

1

2πσxσy

√
1−ρ2

· exp
[
− 1

1−ρ2

(
(x−a)2

2σ2
x

−ρ(x−a)(y−b)
σxσy

+
(y−b)2

2σ2
y

)]

£«;�9¥£σx > 0, σy > 0, ρ½HQSHZQY¥ HQZ¶·QSQQ? RYV?FRUYVSAVF GQY £X,Y )−RUS FQ·?FVZ}VV@H FV^RUE H=?F=YHH=U SVEV; �[EA2 σx, σy
EW AXEA=} a^=A?=H F=>=UYbHXXAB (a, b) EW @R@H`ZRUE @=?ERY\E H]^B ρ½aQ??`Y��RUE aQVÅÅR�R`EH;¼V?V^ FV^RUE H=?F=YHH=U @R@H`ZRUE X,Y ½FVZ}RSAVF[[E[[A aQ??`Y�� F=bZ==?=YS[U GQY £ρ = 0¥ @R@H`ZRUE H=?F=YH\E E�SH A=?==F FVYGV?HVU GQYEQ;

ϕ(x, y) =
1

2πσxσy

exp

[
−(x− a)2

2σ2
x

− (y − b)2

2σ2
y

] £«;�¬¥
£«;�9¥ ®è £«;�¬¥ HQZ¶·QSQQ? HQAQ?FQUYQSAQF S=A=?SXXS EQ?Z=YW H=?F=YH\ES=A=?SXX SVEV; £«;�¬¥ S=A=?SXXSRUE H[^_ERU _XS=Z EW

(x− a)2

σ2
x

+
(y − b)2

σ2
y

= c2, (c = const) £«;78¥
FVYGV?HVU GQYEQ; DASVV? EW cσx, cσy

B F=S=@ HVEFYVS[[A G[FRU VYYR�@RUSA[?@YVF G= @=?ERY\E VYYR�@[[A SV} EV?YVSAVEV; σx = σy = σ HQFRQYAQYA@=?ERY\E VYYR�@[[A
(x− a)2 + (y − b)2 = (cσ)2 £«;7�¥
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SV@VE HQU?SXXA GQYQF HXY ]S]SA@VE FV^RUE H=?F=YH\S AXSXU EQ?Z=YW H=?F=YHSVEV; ¤XSXU EQ?Z=YW H=?F=YH\E E�SH A=?==F FVYGV?HVU GQYEQ;

ϕ(x, y) =
1

2πσ2
exp

[
−(x− a)2

2σ2
− (y − b)2

2σ2

]
. £«;77¥

N�2 ` ' ] � � - q � - - � � � � � � � 1 � t � v � � � � � 1 � r � � u I
_ - -

#�Ô��$ª�¦ £¼=^HS=UE ZX} AVV?F }RSA H=?F=YH;¥
Ω½H]S@S]Y]S H=YG=UH=U F=^HS=UE ZX} G=US; Ω½ZX} AVV? @=E=Z@=?S[U �VS[[½ARUE E�SH EW HQSHZQYB Ω½RUE S=AE= HVSHVU HVE�[[ G=UF H=?F=YH\S FQ·?FVZ}VV@H }RSA H=?F=YH SVEV; ¢]?]]? FVYGVYB

ϕ(x, y) =

{
c FV?V^ (x, y) ∈ Ω
0 FV?V^ (x, y) /∈ Ω

c−HQSHZQY\S ∫
Ω

∫
ϕ(x, y)dxdy = 1 E]F�]Y]]@ QYEQ;

∫

Ω

∫
ϕ(x, y)dxdy =

∫

Ω

∫
cdxdy = c · SΩ = 1 → c =

1

SΩ

.

SΩ −Ω ZX}RUE H=YG=U; ¼V?V^ G½EW Ω½RUE �Z=? EVSVE FV@VS GQY @=E=Z@=?S[U�VS (x, y) G ZX}RA XE=F Z=S=AY=Y P ((x, y) ∈ G) =
∫
(G)

∫ 1

SΩ

dxdy =
1

SΩ

· SG,

SG
½G ZX}RUE H=YG=U; LUEF[[ P ((x, y) ∈ G) =

SG

SΩ

.#�Ô��$ª�° £<~ÅÅ`E\ GQAYQSQ¥
¼QQ?QEAQQ a >=UH=U �=?=YY`YW _XYXXEXXA

d
2

sin α
d

x
α

a

PX?=S «;72

H=H=SA@=E F=^HS=U ?XX d½X?HH=U >[[ F=�}VV;¼V?V^ d < a GQY >[[ �Z=? EVSVE _XYXXE\SQSHQY} XE=F Z=S=AY=Y\S QY;¤=?==F FQ·? @=E=Z@=?S[U FVZ}RSAVF[[½ERUS Q?XXY¶�; x½>[[ERU SQYQQ@ F=ZSRUEQU? Q?_RF _XYXXE F[?HYVF >=U; α½>[[ G=XS _XYXXE\ FQQ?QEAQF ]E�]S £PX?=S «;7¥;
x, α½FVZ}RSAVF[[E[[A F=Z==?=YS[U G]S]]A }RSA H=?F=YHH=U GQYQF EW RYV?FRU;
x½EW [0,

a

2
] >=^@=?HB α EW [0, π] >=^@=?H }RSA H=?F=YHH=U; LUZA @=E=Z@=?S[U

�VS (x, α)½RUE GQYQZ}RH G=U?Y=Y\E ZX} EW Ω = {(x, α) | 0 ≤ x ≤ a

2
, 0 ≤

α ≤ π} SV@VE HVS_ ]E�]SH GQYEQ; (x, α)½SV@VE @R@H`ZRUE H=?F=YH\E E�SH\EEW ϕ(x, α) = ϕ1(x) · ϕ2(α) HXY
ϕ(x, α) =

{ 2

a
· 1

π
, FV?V^ 0 ≤ x ≤ a

2
, 0 ≤ α ≤ π

0, GX@=A HQFRQYAQYA
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P[[ �Z=? EVS _XS=Z\S QSHQY} XE=F G=U?Y=Y\E ZX} EW G GQYEQ; P]^F]E
x ≤ d

2
sinα [`A AVV?F E]F�]Y GR`YEV £PX?=S «; ¥; ¢]?]]? FVYGVYB

G =

{
(x, y) ∈ Ω | x ≤ d

2
sinα

}
.

a
2

π

Ω
d
2

x

α

G

0

PX?=S «; 2

SΩ =
a

2
· π =

aπ

2
,

SG =
π∫
0

d

2
sinαdα=−d

2
cosα|π0 =d,

p =
SG

SΩ

=
2d

aπ
.
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4�þ x % v 
 / 1 1 u v � � � � � � 1 �
K=?F=YH\E ÅXEa� EW F (x) = 1 − exp

{
−
(
x− a

b

)c} FXXYR=? RYV?FRUYVSAVF
H=?F=YH\S Ë`UGXYYRUE H=?F=YH SVEV; a, b, c− �=?=Z`H?[[A; w�SH\E ÅXEa½�RUS GRT^VY

f(x) =
c

b

(x− a

b

)c−1

· exp
{
−
(
x− a

b

)c}

�[EAB x ≥ a, b > 0, c > 0.
ξ−Ë`UGXYYRUE H=?F=YHH=U GQY Z=H`Z=HRa AXEA=} EW2

M(ξ) = a+ b · Γ
(
1 +

1

c

)
.

�[EA2 Γ(x) =
+∞∫
0

e−t · tx−1dt GX~X ¯=ZZ= ÅXEa� SV} EV?YVEV;
KXF=UE HQFRQYAQYA Γ(n+ 1) = n!, n ∈ N

;
4�2 O � q q � � � � � � 1 �

f(x) =
1

Γ(α+ 1) · βα+1
· xα · e−x/β, (x > 0)

E�SH G[FRU H=?F=YH\S ¯=ZZ= H=?F=YH SVEV; �[EAB β > 0, α > −1 E]F�YRUSF=ES=F �=?=Z`H?[[A; ¼V?V^ ξ EW S=ZZ= H=?F=YHH=U GQY H[[ERU Z=H`Z=HRaAXEA=} G= AR@�?`@ A=?==F HQZ¶·QSQQ? HQAQ?FQUYQSAQEQ;
M(ξ) = β(α+ 1), D(ξ) = β2(α+ 1).
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4�1 � % � � � � � � � 1 �
ξ @=E=Z@=?S[U FVZ}RSAVF[[ERU H=?F=YH\E E�SH

f(x) =
Γ(α+ β + 2)

Γ(α+ 1) · Γ(β + 1)
· xα · (1 − x)β, (0 < x < 1)

HQZ¶·QSQQ? HQAQ?FQUYQSAQF GQY H[[ERUS <`H= H=?F=YH SVEV;�[EA2 α > −1, β > −1.
O=H;AXEA=} G= AR@�`?@ EW2

M(ξ) =
α+ 1

α+ β + 2
, D(ξ) =

(α+ 1)(β + 1)

(α+ β + 2)2(α+ β + 3)
.

4�5 ` u I& � � � � � � (
χ2, � � � � � 1 �

ξ1, ξ2, . . . , ξn
F=Z==?=YS[U @=E=Z@=?S[U FVZ}RSAVF[[E[[A G]S]]A ξi(i = 1, n)G[? EW a = 0, σ2 = 1 �=?=Z`H?[[A G[FRU FV^RUE H=?F=YHH=U G=US;KVS^VY2 χ2(n) = ξ2

1 +ξ2
2 + · · ·+ξ2

n
FVZ}RSAVF[[ERUS n T]Y]]ERU >V?VS G[FRU χ2H=?F=YHH=U @=E=Z@=?S[U FVZ}RSAVF[[E SVEV; χ2(n)½ @=E=Z@=?S[U FVZ}RSAV½F[[ERU H=?F=YH\E E�SH

f(x) =
1

2n/2 · Γ
(n

2

) · x(n/2)−1 · e−x/2, (x ≥ 0)

FVYGV?HVU G=UE=; DEV RYV?FRUYVY α =
n

2
− 1, β = 2 G=UF [`RUE ¯=ZZ=

H=?F=YH\E HXF=UE HQFRQYAQY ~Z;
χ2(n) H=?F=YH\E Z=H`Z=HRa AXEA=} G= AR@�`?@ EW2

M(χ2(n)) = n, D(χ2(n)) = 2n.

Ï]Y]]ERU >V?VS n½RUE �E> G[?RUE XHS=EA H=?F=YH\E E�SH\E ÅXEa�RUS A=?==FS?=ÅRaH A[?@YV^; Ï]Y]]ERU >V?VS n G= p=1−α RHSVF Z=S=AY=Y\E �E> G[?RUE

n = 2

0.1

0.2

0.3

0.4

0.5

0 5 10 15 20 25 30 40

χ2

35

f(χ2
n)

n = 6 n = 18

PX?=S 9;�2XHSXXA=A F=?S=Y>=F χ2(n)½\E H=GYR�\S >QFRQ@QE G=UA=S £F=^@?=YH\E H=GYÚ¡ ½RUS [>¥;



È�» a��������Ä ������� Æ�
Ï]Y]]ERU >V?SRUE RF XHSXXA=A £n > 30¥ χ2(n) H=?F=YH N(n, 2n) H=?F=YHX?XX ERUYEV; LUZA �?=aHRa HQQ�QQEA n > 30 [`A χ2(n) H=?F=YH\S a=n, σ2 =

2n �=?=Z`H?[[A G[FRU FV^RUE H=?F=YH==? @QYWAQS; K=?F=YH\E ÅXEa�RUES?=ÅRa AVV? Q?_RF p Q?ARE=HH=U �VSRUE =G@�R@@ xp
½S p½V?VZGRUE a^=EHRYWSVEV; ¼R½a^=A?=H H=?F=YH\E p½V?VZGRUE a^=EHRYRUS χ2

p(n) SV^VY n > 30 [`AVASVV? a^=EHRYXXA\S N(0, 1) H=?F=YH\E a^=EHRY==? QY} GQYEQ2
χ2

p(n) ≈ 1

2

(
Up +

√
2n− 1

)2

�[EAB Up
½EW N(0, 1) H=?F=YH\E a^=EHRYW;<=S= V?VZGRUE a^=EHRYRXA\E FX^WA RY[[ E=?RU^TY=YH=U A=?==F HQZ¶·QSFV?VSYVEV;

χ2
p(n) ≈ n

(
1 − 2

9n
+ Up

√
2

9n

)3

.

4�K b ' t � ' � q � 1 c � � � � � 1 �
¼V?V^ V`?VS HQAQ?FQUYQSA@QE @=E=Z@=?S[U FVZ}RSAVF[[E ξ½RUE FX^WA ln ξ½@=E=Z@=?S[U FVZ}RSAVF[[E a, σ2 �=?=Z`H?[[A G[FRU FV^RUE H=?F=YHH=U GQYH[[ERUS YQSEQ?Z=YW H=?F=YHH=U SVEV;¢]?]]? FVYGVYB ξ ∼ N(a, σ2) : a = M(ln ξ), σ2 = D(ln ξ).¾QSEQ?Z=YW H=?F=YH\E E�SH A=?==F FVYGV?HVU GQYEQ;

f(x) =





1√
2πσx

· exp
[
−(lnx− a)2

2σ2

]
, x ≥ 0

0 x < 0

¾QSEQ?Z=YW H=?F=YH\E �=?=Z`H?[[A2
M(ξ) = ea+σ2/2, D(ξ) = e2a+σ2 · (eσ2 − 1).

4�L B � c y � % � � u v � � � � � � 1 �
ξ, ξ1, ξ2, . . . , ξk

@=E=Z@=?S[U FVZ}RSAVF[[E HX@ G[? a=0 G= AX?\E σ2 �=?=Z`H½?[[AHVU FV^RUE H=?F=YHH=U G=US; ξ EW GX@A==@== £ξi½G[?VV@¥ F=Z==?=YS[U;¼=?RE ξi @=E=Z@=?S[U FVZ}RSAVF[[E[[ARUE AQHQ? _XS=Z=E F=Z==?=YS[U n½FVZ}RSAVF[[E G=UA=S SV`; KVS^VY £n ≤ k¥
T =

ξ√
1

n
(ξ2

1 + ξ2
2 + · · · + ξ2

k)
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FVZ}RSAVF[[ERUS n½T]Y]]ERU >V?VS G[FRU MHW~A`EHRUE H=?F=YHH=U SVEV;
t−H=?F=YH SV} EV?YVF EW GRU; MHW~A`EHRUE H=?F=YH\E E�SH G= �=?=Z`H?[[A

Sn(x) =
1√
nπ

·
Γ
(n+ 1

2

)

Γ
(n

2

)
(
1 +

x2

n

)−(n+1)/2

, −∞ < x < +∞

M [Sn(x)] = 0, D[Sn(x)] =
n

n− 2HQZ¶·QSQQ? HQAQ?FQUYQSAQEQ; Ï]Y]]ERU >V?VS n G= p = 1 − a Z=S=AY=Y\E�E> G[?RUE XHSXXA=A MHW~A`EHRUE H=?F=YH\E ÅXEa�RUE H=GYR�\S >QFRQ@QEG=UA=S; £Ú« H=GYR�\S [>;¥
n → ∞ [`A MHW~A`EHRUE H=?F=YH EW EQz?ZTYQSA@QE EQ?Z=YW H=?F=YH X?XXERUYEV; MHW~A`EHRUE H=?F=YH\E E�SH x = 0 _XYXXE\ FX^WA HVS_ FVZHVUXTR? VEV H=?F=YH\E a^=EHRYRXA t1−p(n) = −tp(n) E]F�Y]]? FQYGQSAQEQ; n >
30 [`A tp(n) ≈ Up

HQZ¶·QSQQ? QYEQ; �[EA Up
EW N(0, 1) H=?F=YH\E a^=EHRYW;

4�N { u _ % � u v � � � � � � 1 � (|I� � � � � 1 � ,
χ2(n1)

n1

G= χ2(n2)

n2

SV@VE F=Z==?=YS[U @=E=Z@=?S[U FVZ}RSAVF[[ERU FX^WA
F (n1, n2) =

χ2(n1)/n1

χ2(n2)/n2

FVZ}RSAVF[[ERU H=?F=YH\S n1
G= n2

T]Y]]ERU >V?VSHVU
ÌR_`?RUE H=?F=YH SVEV; ÌR_`?RUE H=?F=YH\E E�SH G= HQQE [>[[YVYH[[A2

fF (x)=





0, x≤0

Γ
(n1 + n2

2

)

Γ
(n1

2

)
· Γ
(n2

2

)
(n1

n2

)n1/2 x(n1/2)−1

(
1 +

n1

n2

x
)(n1+n2)/2

, x>0

M [F (n1, n2)]=
n2

n2 − 2
, (n2 > 2).

D[F (n1, n2)]=
2n2

2(n1 + n2 − 2)

n1(n2 − 2)2(n2 − 4)
, (n2 > 4).

ÌR_`?RUE H=?F=YH\E p½V?VZGRUE a^=EHRYRUS Fp(n1, n2)
SV^VY HV? EW (1− p)V?VZGRUE a^=EHRYWH=U A=?==F F=?W�==S==? FQYGQSAQEQ;

Fp(n1, n2) =
1

F1−p(n2, n1)

N(0, 1), χ2(n), Sn(x), F (n1, n2)
H=?F=YHXXA A=?==F FQYGQQHQU GQYQF\S HVZAVS½YV`;

S2
n(x) = F (1, n), F (n,∞) =

χ2(n)

n
, χ2(1) = N(0; 1).
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<RA [[ERU ]ZE] >]^F]E EVS @=E=Z@=?S[U FVZ}RSAVF[[ERU H=?F=YH\E FXXYWH[[ERU �=?=Z`H?[[ARUE HXF=U @XA=Y@=E GRYVV; KXF=UE EVS @=E=Z@=?S[UFVZ}RSAVF[[ERU FX^WA TXF=Z �Z=? XHS== =^=F\S FVY} GQYQFS[U XT?==@ QYQE@=E=Z@=?S[U FVZ}RSAVF[[ERU ERUYGV?RUE FX^WA HQAQ?FQU >[UY FVY} GQYQFS[UZVH; ¯V^T QYQE @=E=Z@=?S[U FVZ}RSAVF[[ERU ERUYGV?B EVZVSAVF[[ERU HQQSQY_?QFQA HQAQ?FQU FXXYW >[U HQSHQYA >=FR?=SA=} R?AVS G=UE=; LUZA RFHQQE\ FXXYW EWB QYQE HQQE\ HX?_RYH\E AXEA=} [>[[YVYH[[A HQAQ?FQU E]F�½YRUE [`A �Z=? EVS HQQE XHS=EA QU?HQF HXF=U ]S[[Y@VE FVA FVAVE H`Q?`ZXXbA==@ HQSHQEQ;
��þ � % 
 r _ % �r � � - � s - � t - 1 
 u _
Ï`G\_`^\E HVE�VHSVY GR_ EW @=E=Z@=?S[U FVZ}RSAVF[[ERU XHS= ]]?RUEF]]AXEA=} XHS==@ F=>=UF F=>=UYH\E =G@=Y~H FVZ}RSAVF[[E �Z=? EVS V`?VSHQQEQQ@ FVH?VFS[U G=UF Z=S=AY=Y\S [EVY} GQYQF XX& SV@VE =@XXA=YA F=?RX]SE];

¼V?V^ @=E=Z@=?S[U FVZ}RSAVF[[E ξ½RUE AR@�`?@ H]S@S]Y]S GQY AX?\EV`?VS HQQ ε½SRUE FX^WA
P (|ξ −M(ξ)| ≤ ε) ≥ 1 − D(ξ)

ε2
£¬;�¥

HVE�VHSVY GR_ GR`YEV;
��2 � % 
 r _ % �r � � % ' � % q
¼V?V^ ξ1, ξ2, . . . , ξn SV@VE FQ@ FQ@QQ?QQ F=Z==?=YS[U @=E=Z@=?S[U FVZ}RSAVF[[½ERU AR@�`?@[[A EW }RSA >==SY=SA@=E (Dξi < C, i=1, n, C−const) GQY ∀ε > 0FX^WA

lim
n→∞

P

(∣∣∣
ξ1+ξ2+. . .+ξn

n
−M(ξ1)+M(ξ2)+. . .+M(ξn)

n

∣∣∣<ε
)

=1



Æ¸ Î� ����Ã �µµ��µ�
HVE�VHSVY F[TREHVU; KQ^TQQ? GRT^VY

lim
n→∞

P

(∣∣∣∣∣
1

n

n∑

i=1

ξi−
1

n

n∑

i=1

M(ξi)

∣∣∣∣∣ < ε

)
= 1 £¬;7¥

DEAVV@ F=?=F=A @=E=Z@=?S[U FVZ}RSAVF[[E HX@ G[? ]]?@ARUEF]] Z=H`Z=HRaAXEA}==@== RF �YS=SA=} GQYQF GQYQ^T @=E=Z@=?S[U FVZ}RSAVF[[ERU HQQ F�>bS==?S[U QY_?QFQA HVASVV?RUE =?RÅZ`HRa AXEA=} EW Z=H`Z=HRa AXEA}XXbA\E =?RÅZ`HRa AXEA}==@ G=?=S �YS=SA=FS[U G=UE=;¿?=aHRaH Ï`G\_`^RUE H`Q?`ZRUS A=?==F [EVYSVV FVYGV?VV? =_RSY=E=2
P

(∣∣∣∣∣
1

n

n∑

i=1

ξi−
1

n

n∑

i=1

M(ξi)

∣∣∣∣∣ < ε

)
≥ 1 − C

nε2.
£¬; ¥

KXF=UE HQFRQYAQYA M(ξi) = a, (i=1, n) GQY
M(ξ1) +M(ξ2) + · · · +M(ξn)

n
= a.

KVS^VY £¬;7¥ HQZ¶·Q lim
n→∞

P

(∣∣∣∣
1

n

n∑
i=1

ξi− a

∣∣∣∣ < ε

)
= 1 FVYGV?HVU GQYEQ;

�[ERUS H=UYG=?Y=^=Y2 :Z=? EVSVE ÅR>Ra FVZ}RSAVF[[ERU }REFVEV XHS= âaâ½S QYQF\E HXYA GR` GR`EVV@VV [Y F=Z==?=F HX?_RYHXXA FRU@VE SV`; ¼VZ}RYHG[?A HQAQ?FQU FVZ}VVERU =YA== S=?E=; LUZA FVZ}RYH G[?RUE [? A[ES ξi £i½HX?_RYH\E AXS==?¥ SV@VE @=E=Z@=?S[U FVZ}RSAVF[[E SV} [>VF HXY M(ξi)=
a, (i=1, n) ~Z; DEV FVZ}RYH[[A �Z=? EVS E=?RU^TY=YH=U FRUSAVEV; ¢]?]]?FVYGVYBD(ξ)=C, (i=1, n).

LUZA RF HQQE\ FXXYRUE E]F�]Y ·@QQ? HX?_RYH\EHQQ F[?VY�VVHVU RF G=UF=A FVZ}RYHRUE A[ES[[ARUE =?RÅZ`HRa AXEA=} EW}REFVEV XHS= âaâ½==@ G=?=S [Y �YS=SA=E=;
��1 � % � � / 1 1 u v � � % ' � % q �
¼V?V^ [Y F=Z==?=F HX?_RYH\E A[EA A½[>VSAVY EVS R}RY p Z=S=AY=YH=UbS==? RYV?AVS GQY H[[ERU �^=SA=F F=?W�=ESXU A=^H=Z} G= p Z=S=AY=Y\E �YbS=^=?B =G@=Y~H FVZ}RSAVF[[EVV?VV AX?\E V`?VS HQQ ε½SQQ@ G=S= G=UF Z=S=AbY=Y HX?_RYH\E HQQ F[?VY�VVHVU ]@]F]A EVSA FRTEVVE T QU?FQE G=U} GQYEQ;¢]?]]? FVYGVYB

lim
n→∞

P
(∣∣∣
m

n
− p
∣∣∣ ≤ ε

)
= 1 £¬;¡¥

<`?EXYYRUE H`Q?`ZRUS F�>S==?\E @QESQAQS XHS==?B G[F n½RUE FX^WA
lim

n→∞

m

n
=p G=UE= SV} QUYSQ} [Y GQYEQ; ¢]?]]? FVYGVYB ∣∣∣m

n
−p
∣∣∣<ε HVE�VHSVYGR_ >=?RZ n½RUE XHS=EA =YA=SA=F\S <`?EXYRUE H`Q?`ZA >]^_]]?T GQYEQ;�[EHVU FQYGQSAQE Z=S=AY=Y==?== ERUYVF ERUYVYHB G=?=S S=?�==S[U ERUYVF
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ERUYVYH[[A HQAQ?FQUYQSAAQS GRYVV;¿?=aHRaH £¬;¡¥ H`Q?`ZRUS A=?==F [EVYSVV FVYGV?VV? =_RSY=E=2

P
(∣∣∣
m

n
− p
∣∣∣ ≤ ε

)
≥ 1 − p(1 − p)

nε2
. £¬;­¥

��5 d / � � � ' � r � % ' � % q �
�Y F=Z==?=F HX?_RYH==? i½Y HX?_RYH G[?A A [>VSAVY �^=SA=F Z=S=AY=Y
pi (i=1, n) GQY

lim
n→∞

P

(∣∣∣
m

n
− p1 + p2 + · · · + pn

n

∣∣∣ ≤ ε

)
= 1. £¬;®¥

<`?EXYYRUE H`Q?`Z R}RY £HQSHZQY¥ E]F�YRUE [`A £HX?_RYH\E HQQ F=EbS=YHH=U RF G=UF=A¥ [>VSAYRUE A=^H=Z}RUE HQSH^Q?}RYH\S RYV?FRUY} G=UbS== GQY ¿X=@@QE\ H`Q?`Z R}RY GR_ £HQSH^Q?HQU GR_¥ ]]? ]]? E]F�YRUE [`AA=^H=Z}RUE HQSH^Q?}RYH\S RYV?FRUY} G=UE=;

��K b [ . / � ' � r � � % ' � % q
(̀ [ � t � � � r � t ' 1 � % ' � % q ,

¼V^RUE H=?F=YHH=UB H]@S]Y]S HQQE\ [Y F=Z==?=F @=E=Z@=?S[U FVZ}RSAVF[[½E[[ARUE ERUYGV? Z]E FV^RUE H=?F=YHH=U GQYQF\S F�YG=?F=E G=H=Y} GQYEQ;
¼VARUSVV? @=E=Z@=?S[U FVZ}RSAVF[[E HX@ G[? EW FV^RUE H=?F==S[U T HQAQ?bFQU E]F�]Y GR`YVSAVF [`A HVASVV?RUE ERUYGV? FV^RUE H=?F=YHH=U G=U} GQYEQ;�[EA ¾��XEQ^\E RF HQQE\ FXXYW F=?RX ]SE];

¼V?V^ ξ1, ξ2, . . . , ξn
SV@VE F=Z==?=YS[U @=E=Z@=?S[U FVZ}RSAVF[[ERUA=?==YY\E FX^WA�;¥ M=E=Z@=?S[U FVZ}RSAVF[[E G[? H]S@S]Y]S Z=H;AXEA=}B AR@�`?@HVU2£M(ξi)=ai, D(ξi)=σ2

i , i=1, n ¥7;¥3YW T @=E=Z@=?S[U FVZ}RSAVF[[ERU XHS= GX@=A @=E=Z@=?S[U FVZ}RSAVF[[½ERU XHSXXA==@ V?@ �YS==H=U GR_ GQYVASVV? @=E=Z@=?S[U FVZ}RSAVF[[ERU ERUYGV? η = ξ1+ξ2+ . . .+ξn
EW n−RUSF[?VY�VVHVU ]@]F]A n∑

i=1

ai
Z=H;AXEA=}B n∑

i=1

σ2
i
AR@�`?@ G[FRU @H=EA=?H FV^RUE

H=?F=YH X?XX ERUYEV; ¢]?]]? FVYGVYB

Fη(x)=P




n∑
i=1

ξi −
n∑

i=1

ai

√
n∑

i=1

σ2
i

< x




n→∞
−−−−−→ 1

2π

x∫

−∞

e−t2/2dt. £¬;«¥
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DEV HQFRQYAQYAB @=E=Z@=?S[U FVZ}RSAVF[[ERU A=?==Y=Y ξ1, ξ2, . . . , ξn−RUSF�>S==?H== FV^RUE H=?F=YHH=U SVEV;KXF=UE HQFRQYAQYA ξ1, ξ2, . . . , ξn EW (Mξi) = a, D(ξi) = σ2 SV@VE Z=H;AXEA=}BAR@�`?@ G[FRU EVSVE R}RY H=?F=YHH=UB [Y F=Z==?=F @=E=Z@=?S[U FVZ}RSAV½F[[ERU A=?==Y=Y GQY ∀x−RUE FX^WA

Fη(x)=P




n∑
i=1

ξi − na

σ
√
n

< x




n→∞
−−−−−→ 1

2π

x∫

−∞

e−t2/2dt.

�[EAB n∑
i=1

Mξi =na,
n∑

i=1

Dξi =nσ
2.

¼�>S==?\E SQY H`Q?`ZRUE Z]?AY]S EW IV G[YSRUE §3½A =^T [>@VE OX=^?½¾=�Y=@\E YQa=YW G= REH`S?=Y HQZ¶·Q GQYQF\S HVZAVSYV`;
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O=S=AY=Y\E QEQY\E =?SXXA AVV? HXYSXX?Y=@=E Z=H`Z=HRaRUE GR`V A==@=E@=YG=? GQY Z=H`Z=HRa @H=HR@HRa ~Z;M=E=Z@=?S[U [>VSAVYB �?Q�`@@RUE �Z=?T @XA=YS== _XXA G= _XXA GR_VV?@H=HR@HRa HX?_RYH AVV? HXYSXX?Y=A=S; O=H`Z=HRa @H=HR@HRa EW QEQY\EG= �?=aHRa A[SEVYH FRUF >Q?RYSQQ? @H=HR@HRa HX?_RYH\E ]S]SA]Y G= [?A[ES GQYQ^@?XXY=E @R@H`ZTRY}B @XA=Y} GXU QG¶`aHAQQ HQFR?@QE =?S=B Z=H`½Z=HRa >=S^=?\S @QESQE =^=F =@XXAY\S @XA=YA=S; ¢]?]]? FVYGVYB @=E=Z@=?S[U[>VSAYRUS =}RSY=F �^�=A S=?S=E =^@=E HX?_RYH\E @H=HR@HRa ]S]SAY[[ARUSG[?HSVFB GQYQ^@?XXY=FB _RE}YVF =?SXXA\S @XA=YE= SV@VE [S;MH=HR@HRa @XA=YS==E\ [EA@VE >Q?RYSQ EW VF QYQEYQSRUS H[[^?RUE =?S==?@XA=Y} H[[ERU H=?F=YH GQYQE HQQE [>[[YVYH[[ARUE Z=S=AY=YH T=E=?XXA\SH=UYG=?Y=F=A Q?_REQ; KQA?XXY=E FVYGVYB H[[^?RUE =?S\E HX@Y=Z}H=US==?@H=HR@HRa H==Z=SY=YXXA\S AV^_[[YVFB H=?F=YH\E [Y ZVAVSAVF �?=Z`H?[[AVA@H=HR@HRa [EVYSVV ]S]FB �?=Z`H?[[ARUE RHSVF >=^@?\S G=USXXY=FB @H=HR@HRaH==Z=SY=YXXA\S _=YS=FB @QESQE =^@=E >=S^=?H== aQ??`Y��B ?`S?`@@B AR@�`?b@RUE _RE}RYSVV FRUF �^A=Y ~Z;

þ3�þ � � � � � u v � � � t � � B � � � u � � u & � � � � � 1 � �
d ' 1 u t ' � � t u � � ' t � � q q �

M=E=Z@=?S[U [>VSAYRUS @XAY=F �^�=A H[[EHVU FQYGQQHQU �Z=? EVS @=E=Zb@=?S[U FVZ}RSAVF[[ERU G[F GQYQZ}RH XHSXXA\S EVS G[?TYVE =^T [>VF _==?AbY=S=H=U GQYQ^T �?=aHRaH VEV EW GQYQZ}S[U; DEV GV?F_VVYVV@ S=?=F [EA@VE=?S= GQY H[[^?RUE =?S= ~Z; K[[^?RUE =?S\E [EA@VE @=E== EWB @=E=Z@=?S[UFVZ}RSAVF[[ERU G[F GQYQZ}RH XHSXXA\S @XAY=F GR_ HVASVV?VV@ HQAQ?FQUHQQE\ XHSXXA\S H==ZS==? H]Y]]Y[[YVE =^T @XA=YS== �^XXY==A ERUH G[?VYAV½F[[ERU HXF=U A[SEVYH[[A S=?S=F=A Q?_REQ;
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KXF=UE HX?_RYH=A RYV?T GQYQF G[F GQYQZ}RH [? A[ES[[ARUE QYQEYQSRUSVF QYQEYQSB VF QYQEYQSRUE ERUH VY`Z`EHRUE HQQS VF QYQEYQSRUE FVZ}VV SVEV;DF QYQEYQS H]S@S]Y]S G= H]S@S]YS[U FVZ}VVHVU G=U} GQYEQ;DF QYQEYQSQQ@ H==ZS==? @QESQE =^@=E n½HQQE\ VY`Z`EH[[ARUS n½FVZ}VVHH[[^V? SVEV; K[[^V? EW GX�==YH=U G= GX�==YHS[U 7 �E> G=UE=;
ξ½@=E=Z@=?S[U FVZ}RSAVF[[ERUS @XAY=F >Q?RYSQQ? [Y F=Z==?=F HX?_RYbHXXA FRU@VE SV} @=E=�; KX?_RYH\E A[EA RYV?@VE @=E=Z@=?S[U FVZ}RSAVF[[½ERU XHSXXA\S

x(1), x(2), . . . , x(i), . . . , x(n)
£�8;�¥

SV`; £�8;�¥ EW n½FVZ}VVH H[[^V? G]S]]A H[[ERUS @H=HR@HRa �X^== SVEV; MH=HR@bHRa �X^== EW �==_A\E GQYQ^@?XXY=YH\E [EA@VE Z=H`?R=Y GQY} ]SE]; MH=HR@bHRa �X^==E\ XHSXXA\S V?VZGVY}B ]@]F A=?==YY==? EW G=U?YXXY¶�;
x1, x2, . . . , xi, . . . , xn

£�8;7¥
£�8;7¥ �X^==S AR@a?`H ^=?R=�\E �X^== SVEV; ¢]?]]? FVYGVYB V?VZGYVSA@VE@H=HR@HRa �X^==S AR@a?`H ^=?R=�\E �X^== SVEV; £�8;7¥ �X^==E\ xi

XHSXXA\S^=?R=EHXXA SV} EV?YVEV; Ë=?R=EHXXA AQHQ? HVE�[[ XHSXXA G=U} GQYQF G=
xi
XHS= ni

XA== RYV?@VE GQY ni
HQQS xi

XHS\E A=^H=Z} SVEV; DEV HQFRQYAQYA£�8;7¥ �X^== A=?==F FVYGV?HVU GQYEQ;
x1 x2 x3 . . . xi . . . xk

n1 n2 n3 . . . ni . . . nk

£�8; ¥
�[EAB k½^=?R=EH\E HQQB

n1 + n2 + · · · + ni + · · · + nk = n GX~X k∑

i=1

ni = n. £�8;¡¥
K[[^?RUE FVZ}VV n QYQE [`AB A=^H=Z}XXA\S HQQYQFAQQ =YA== S=?S=FS[UEHXYA xi

XHS\E A=^H=YH G[?A �VS ~ZXX >X?==@ F=?S=Y>XXY=F >=Z==? HQAQ?bFQU A[?@[[ARUS =_RSY=A=S; ;R_VVYGVYB A=^H=YHXXA\S ­B ­½==? EW G=S�=Y}HQQY¶· SV^VYB B B B B G V@^VY �8B �8½==? EW G=S�Y=} HQQY¶· SV^VYB B B B B B B B B SVF ZVH A[?@[[ARUS =_RSY=} GQYEQ;
ωi =

ni

n
£�8;­¥

HQQS xi
XHS\E RY?VF F=?W�=ESXU A=^H=Z} SVEV;

¼=?W�=ESXU A=^H=Z}XXA\E FX^WA
k∑

i=1

ωi =
k∑

i=1

ni

n
= 1 E]F�]Y GR`YEV; £�8;®¥
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ni

n1

n2

ni

0 x1 x2 xi xk

xi

PX?=S �8;�2

K[[^?RUE ^=?R=EHXXA G= A=^H=Z}XXbA\E F=Z==?Y\S H[[^?RUE @H=HR@HRaH=?F=YH SVEV; MH=HR@HRa H=?F=YH\S£�8; ¥ FVYGV?RUE F[@EVSHVV? [>[[YVFVV@S=AE= S?=ÅRa==? A[?@YVE [>[[YAVS;
OX HVEFYVSRUE A=SXX ^=?R=EHXX½A\S G=U?YXXY} OY HVEFYVSRUEA=SXX A=^H=Z}XXA\S G=U?YXXYG=Y
M1(x1, n1),M2(x2, n2), . . . ,Mk(xk, nk)aQQ?ARE=HXXA G[FRU F=^HS=UE �VS[[AA[?@YVSAEV;

DASVV? �VS[[ARUS AV@ A=?==Y=E FV?TZ[[AVV? FQYGQFQA [[@VF H=FR? _XS=½Z\S A=^H=Z}XXA\E �QYRSQE SVEV;�[ETYVE F=?W�=ESXU A=^H=Z}XXA\E �QYRSQE\S G=USXXY} GQYEQ;K=@?=YHS[U @=E=Z@=?S[U FVZ}RSAVF[[ERU FX^WA AR@a?`H ^=?R=�\E �X^===^T [>VF EW HQFR?QZ}S[U XT?==@ REH`?^=Y\E ^=?R=�\E �X^== =^T [>AVS;KX?_RYH\E [? A[EA @=E=Z@=?S[U FVZ}RSAVF[[E GQYQZ}RH XHSXXA== [a, b]FV?TRZ AVV? =^A=S G=US; M=E=Z@=?S[U FVZ}RSAVF[[ERU XHSXXA\S ∆x X?HbH=U [x0, x1], [x1, x2], . . . , [xk−1, xk]
SV@VE >=^@?XXA=A FX^==�;�[EA2 a=x0 < x1 < x2 < . . . xk−1 < xk =b, ∆x=xi−xi−1, i = (1, k).M=E=Z@=?S[U FVZ}RSAVF[[ERU XHS= i½? >=^@=?H £[xi−1, xi]

¥ ni
XA== RYV?@VEG=US; KVS^VY @=E=Z@=?S[U FVZ}RSAVF[[ERU ERUH RYV?@VE XHSXXA\E HQQ

n=
k∑

i=1

ni
GX~X k∑

i=1

ni

n
= 1 GQYEQ;

x1 −x0, x2 −x1, . . . , xk −xk−1
XHSXXA\S REH`?^=Y\E �YS=^?XXAB R = xk −x0

½RUS ^=?R=�\E A=Y=U� SV} HX@ HX@ EV?YVEV; i½? >=^@=?H RYV?@VE XHSXXA\EF=?W�=ESXU A=^H=Z}RUS p∗i =
ni

n
SV} HVZAVSYV`; KVS^VY H=@?=YHH=U @=E=Zb@=?S[U FVZ}RSAF[[ERU FX^WA G=USXXY@=E @H=HR@HRa H=?F=YH A=?==F FVYbGV?HVU GQYQF G= H[[ERUS REH`?^=Y\E ^=?R=�\E �X^== SVEV;

AXS==? REH`?^=YXXA A=^H=Z} F=?W�=ESXU
i ni

A=^H=Z} p∗i�
[x0, x1] n1 p∗17 [x1, x2] n2 p∗2;;; ;;; ;;; ;;;�

[xk−1, xk] nk p∗k

£�8;«¥

[xi−1, xi]
>=^@=? G[? AVV? ∆x=xi−xi−1,

p∗i
∆x

H=YXXA G[FRU HVS_ ]E�]SH G=U½SXXYG=Y >X?=S �8;7½A [>[[Y@VE _=H=Y@=E HVS_ ]E�]SH[[A [[@VF G= H[[ERUSF=?W�=ESXU A=^H=Z}XXA\E SR@HQS?=ZZ SV} EV?YVEV; DEV HQFRQYAQYA OYHVEFYVSRUE A=SXX A=^H=Z}XXARUS =^G=Y SR@HQS?=ZZ\E ERUH H=YG=U H[[^?RUEFVZ}VVHVU HVE�[[ G=UE=; ¼=?RE OY HVEFYVSRUE A=SXX F=?W�=ESXU A=^bH=Z}XXA\S =^G=Y SR@HQS?=ZZ\E ERUH H=YG=U EVSHVU HVE�[[ GQYEQ;
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xkxi0 x0

x

x1 xi−1 xk−1

p∗

i

∆x

p∗i

PX?=S �8;72

¯R@HQS?=ZZ\E EVS HVS_ ]E�]SHRUEH=YG=U p∗i ½HVU HVE�[[ XT?==@ SR@HQS?=ZbZ\E ERUH H=YG=U2
S =

k∑

i=1

p∗i =
k∑

i=1

ni

n
= 1. £�8;9¥

¼V?V^ OX HVEFYVSRUE A=SXXF REH`?^=½YXXA\E X?H EW � G=UF==? Z=@_H=G@QESQE =^@=E GQY OY HVEFYVSRUE A=SXXEVS} Z=@_H=G EW EVS} =}RSY=YH=EAF=?S=Y>=E= SV} HQQ�EQ;
¼V?V^ REH`?^=Y\E ^=?R=�\E �X^==S �QYRSQEQQ? A[?@YVF _==?AY=S= S=?^=YREH`?^=YXXA\S HVASVV?RUE AXEA}XXA==? @QYW} AR@a?`H ^=?R=�\E �X^==E\=ARY==? �QYRSQE\S G=USXXYE=;LEH`?^=Y\E ^=?R=�\E �X^==S G=USXXY=F=A REH`?^=Y\E X?H ∆x½RUS >]^]]?@QESQE =^=F EW @XAY=} GXU FVZ}RSAVF[[ERU SQY _RE} T=E=?\S F=?XXY=F=AHX@H=U; ∆x REH`?^=Y\E QEQ^THQU FVZ}VVS HQSHQQFQA MHV?A}`@RUE HQZ¶·QS=_RSY=} GQYEQ2

∆x =
xmax − xmin

1 + 3.322 · lnn
£�8;¬¥

�[EA2 xmax, xmin
EW F=ZSRUE RF G= F=ZSRUE G=S= XHS=H=U ^=?R=EHXXAB n½H[[^?RUE FVZ}VV; ¼V?V^ ∆x EW GXH=?F=U HQQ S=?^=Y H[[EA QU? Q?_RF G[FVYHQQS @QESQE =^E=B V@^VY H[[EHVU QU?QY�QQ XHS= G[FRU H[^VSHVU GR_ GXH=?½

F=US @QESQE =^E=; DFERU REH`?^=Y\E VFYVY x0
½RUS x0 =xmin−

∆x

2
SV} @QESQF

G= A=?==SRUE REH`?^=Y\E VFYVY x1 = x0+h½RUS VFERU REH`?^=Y\E H]S@S]YHVUA=^F=�@=E G=UF==?B SVF ZVH GX@=A REH`?^=YXXA\S G=U?YXXYE=; 3}RSY=YH\EXHSXXA\S HQQYQF �^�=A �Z=? EVS XHS= REH`?^=Y\E FX^==YH\E �VSHVU A=^F�½^=Y H[[ERUS =?\E REH`?^=YA EW Q?XXY=E HQQYEQ;
þ3�2 � / � _ u 1 � r � � � � � � 1 � r � / / � & s
ξ½�Z=? EVS @=E=Z@=?S[U FVZ}RSAF[[EB x ∈ R G=US;£ξ < x¥ [>VSAYRUE F=?W�=ESXU A=^H=Z}RUS HQAQ?FQUYQF ÅXEa�RUS HX?_RYH\EH=?F=YH\E ÅXEa� SVEV; ¢]?]]? FVYGVYB

Fn(x) def==== P ∗(ξ < x) £�8;�8¥
�[EAB Fn(x)½HX?_RYH\E H=?F=YH\E ÅXEa�B P ∗(ξ < x) EW (ξ < x) [>VSAYRUEF=?W�=ESXU A=^H=Z}; £�8;�8¥ HQZ¶·QS n½FVZ}VV@H H[[^?RUE FX^WA HQ^T GQYQEAVYSV?VES[U GRT^VY2

Fn(x) =
∑

xi<x

ni

n
£�8;��¥
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Fn(x) =





0 x ≤ x0
n1

n
x0 < x ≤ x1

n1 + n2

n
x1 < x ≤ x2

. . . . . . . . . . . . . . .
k−1∑
i=1

ni

n
xk−1 < x ≤ xk

1 x > xk

£�8;�7¥

KX?_RYH\E H=?F=YH\E ÅXEa�RUE XHSXXA\S FX?RZHY=SA@=E F=?W�=ESXU A=^bH=Z}XXA SVEV; KX?_RYH\E H=?F=YH\E ÅXEa� A=?==F T=E=?XXA\S F=ES=E=;�;
0 ≤ Fn(x) ≤ 17; Fn(x)½ [Y GXX?=F ÅXEa� G=UE=; ;
a G= b EW F=?S=Y>=E F=ZSRUE G=S= G= F=ZSRUE RF ^=?R=EHXXA GQY
x ≤ a [`A Fn(x) = 0, x ≥ b [`A Fn(x) = 1.DF QYQEYQSRUE H=?F=YH\E ÅXEa� F (x)½RUS HX?_RYH\E H=?F=YH\E ÅXEa�VV@�YS=F\E HXYA QEQY\E H=?F=YH\E ÅXEa� SV} EV?YVEV; <`?EXYYRUE RF HQQE\FXXYW ·@QQ? HX?_RYH\E H=?F=YH\E ÅXEa� Fn(x) EW QEQY\E H=?F=YH\E ÅXEa�

F (x)½Y[[ Z=S=AY=Y==?== ERUYEV; KX?_RYH\E H=?F=YH\E ÅXEa�RUE S?=ÅRaAR@a?`H @=E=Z@=?S[U FVZ}RSAVF[[ERU H=?F=YH\E ÅXEa�RUE S?=ÅRaRUE =ARbY==? G=USXXY=SA=E=;
K=@?=YHS[U @=E=Z@=?S[U FVZ}RSAVF[[ERU FX^WA Fn(x) ÅXEa�RUS QYQFAQQREH`?^=Y\E ^=?R=�\E �X^== G=USXXYE=; LEH`?^=Y\E AXEA}XXA\S REH`?^=YG[?RUE H]Y]]Y]ST GQYSQE @QESQE =^T aQQ?ARE=H\E F=^HS=U AVV?

(
xi−1 + xi

2
, Fn(x)

) �VS[[ARUS =YSXX? ZX?XUS==? FQYGQ^QY H=@?=YHS[U @=E=Zb
@=?S[U FVZ}RSAVF[[ERU HX?_RYH\E H=?F=YH\E ÅXEa�RUE S?=ÅRa G=USXXbY=SA=E= £PX?=S �8; ¥;

Fn(x)

x1x0 xk−1 xk

xi

PX?=S �8; 2
¼=?W�=ESXU A=^H=Z}XXA\E SR@HQS?=ZZ\S G=USXXY}B SR@HQS?=ZZ\E HVS_]E�]SH[[ARUE ]EA?[[AHVU HVE�[[
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XHS= G[FRU A=?==F ÅXEa�RUS G=USXXY¶�;

f ∗(x) =





p∗1
∆x

FV?V^ x ∈ [x0, x1]

p∗2
∆x

FV?V^ x ∈ [x1, x2]

. . . . . . . . .
p∗k
∆x

FV?V^ x ∈ [xk−1, xk]

£�8;� ¥

DEV ÅXEa� EW HX?_RYH\E H=?F=YH\E E�SH\E ÅXEa� GQYQF G]S]]A S?=ÅRaRUSA[?@VY} [>[[YGVY2

xk

p∗

i

∆x

f∗(x)

xi

0x0 x1

∆x
xk−1

p∗i

PX?=S �8;¡2<`?EXYYRUE RF HQQE\ FXXYW ·@QQ? n½RUE F[?VY�VVHVU RF XHS=EA Fn(x)G= f ∗(x) ÅXEa�RUE S?=ÅRa EW F=?S=Y>=E QEQY\E H=?F=YH\E GQYQE E�SH\EÅXEa�RUE S?=ÅRaH=U QU?QY�QQ G=UE=;#�Ô��$�Ð�� ¢S]SA@]E A½H[[^?RUE XHSXXA==? ^=?R=�\E �X^==B F=?Wb�=ESXU G= FX?RZHY=SA@=E A=^H=Z}XXAB F=?W�=ESXU A=^H=Z}RUE �QYRSQE £SR@bHQS?=ZZ¥B HX?_RYH\E H=?F=YH\E ÅXEa� H[[ERU S?=ÅRaRUS HX@ HX@ G=USXXY;
A½H[[^V?7 ¡ 7 ¡       7 8 ® � 7   7 7 ¡     ­ �8 7 ¡   7 7     �       � � 7   � ¡   �« ¡   ¡ 7   7     � ¡   � ¡ ­   ¡ 7 ¡ ­  ® ¡ �   7 ¡ �   � 8 8 ¡ ® ¡ « ¡ �  

n= 79, xmin = 0, xmax = 7, R= xmax−xmin = 7−0 = 7 HXY AR@a?`H ^=?R=�\E�X^== G=USXXY¶�;
xi

A=^H=Z}RUE ni ni/n
FX?RZHY=SA@=EHQQ�QQ A=^H=Z}8 ¡ 8;8­8® 8;8­8®� �  8;�®¡® 8;7�­77 �¡ 8;�««7 8; ¬7¡  7¡ 8; 8 9 8;®¬®7¡ �® 8;787­ 8;9¬9«­   8;8 98 8;¬ ®«®   8;8 98 8;¬«¡«« 7 8;87­7 �;8888

∑ − «¬ �;8888 −
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ni

n

xi

0 1 2 3 4 5 76

0.1

0.2

0.3

PX?=S �8;­2

¯R@HQS?=ZZ\S G=USXXY=F\E HXYA [0, 7]FV?TZRUS ∆x = 1 X?HH=U REH`?^=YXXbA=A FX^==�; ¼=?W�=ESXU A=^H=Z}RUE�QYRSQE\S PX?=S�8;­½A [>[[YV^;

¼X?RZHY=SA@=E F=?W�=ESXU A=^H=Z}XXA==? HX?_RYH\E H=?F=YH\E ÅXEa½�RUS GRTR}B S?=ÅRa G=USXXYG=Y2

Fn(x) =





0 x ≤ 0
0.0506 0 < x ≤ 1
0.2152 1 < x ≤ 2
0.3924 2 < x ≤ 3
0.6962 3 < x ≤ 4
0.8987 4 < x ≤ 5
0.9367 5 < x ≤ 6
0.9747 6 < x ≤ 7
1 x > 7

Fn(x)

0 1 2 3 4 5 76

0.2

0.4

1

0.6

0.8

x

PX?=S �8;®2
#�Ô��$�Ð�¦ ¤=?==F H[[^?RUE FX^WA }R_VV½�8;�½A =^T [>@VE GQAYQS\SGQA¶·2

B½H[[^V?®­ «� ®« «  ®9 ®9 «7 ®9 ®« «8 «9 «¡ «¬ ®­ «7®­ «� «8 ®¬ ®¬ «® «� ®  «« «­ «8 «¡ ®­ «� ®9«¡ ®¬ ®¬ ®® «� ®¬ «  «¡ 98 ®¬ «  «® ®¬ ®¬ ®«®« «¡ ®9 «¡ ®8 «8 ®® «8 ®9 ®¡ «­ «9 «� «8 ®¬«  «­ «¡ «7 98 «7 ®¬ ®¬ «� «8 «  ®­ ®® ®« ®¬«� «8 «7 «® «7 «  ®¡ «¡ «� «® ®9 ®¬ «­ «® « «¡ «9 ®® «­ «7 ®¬ ®9 ®  «8 «8 «9 «® «  «  ®««� ®® ®® «7 ®¬ «� «� ®9 «7 ®¬ «  «  ®® «7 « «8 ®¬ «¡ «7 ®¬ «¡ «8 «¡ «7 «® «« ®® ®7 ®¬ «¡«® «¡ ®¬ ®¡ «­ «� «® ®9 ®9 «9 «� «� ®9 ®« «¡®9 9� «7 ®9 «7 «� «� «� ®¬ ®� «¡ ®® «8 «7 ®­®« «  «9 «  «� «­ «  «� «7 ®9 ®« ®¬ ®¬ «« ® «� «¡ ®« ®9 ®¬ «¡ ®¬ ®« «¡ ®® «¡ «¡ ®¬ «­ «8«  ®  «« «¡ «­
n = 200, xmin = 60, xmax = 81, R= xmax − xmin = 21 XTR? ∆x = 2 G=UF==?
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@QESQE =^T REH`?^=Y\E ^=?R=�\E �X^== >QFRQ·;

REH`?^=Y A=^H=Z}RUE ni ni/n
FX?RZHY=SA@=E

xi
HQQ�QQ A=^H=Z}

[59; 61[
� 8;88­ 8;88­

[61; 63[ 7 8;8�8 8;8�­
[63; 65[

« 8;8 ­ 8;8­8
[65; 67[

�® 8;898 8;� 8
[67; 69[ 7« 8;� ­ 8;7®­
[69; 71[

¡8 8;788 8;¡®­
[71; 73[

 9 8;�¬8 8;®­­
[73; 75[

 9 8;�¬8 8;9¡­
[75; 77[

�9 8;8¬8 8;¬ ­
[77; 79[

¬ 8;8¡­ 8;¬98
[79; 81[

  8;8�­ 8;¬¬­
[81; 83[

� 8;88­ �;8888
∑ − 788 �;8888 −

KX?_RYH\E H=?F=YH\E ÅXEa�\S QY} S?=ÅRa >X?^=Y2

0.1

0 59 63

x

8379

0.2

ni

n

PX?=S �8;«2

OX½HVEFYVSRUE A=SXX 59 ÷ 83XHSXXA\SB OY ½HVEFYVSRUE A=SXX
ni/n

A=^H=Z}RUE XHSXXA\S G=U?bYXXY} REH`?^=Y\E ^=?R=�\E�X^==E\ F=?W�=ESXU A=^H=Z}RUESR@HQS?=ZZ\S PX?=S �8;«½AA[?@YV^;

Fn(x) =





0 x ≤ 59
0.005 59 < x ≤ 61
0.015 61 < x ≤ 63
0.050 63 < x ≤ 65
0.130 65 < x ≤ 67
0.265 67 < x ≤ 69
0.465 69 < x ≤ 71
0.655 71 < x ≤ 73
0.845 73 < x ≤ 75
0.935 75 < x ≤ 77
0.980 77 < x ≤ 79
0.995 79 < x ≤ 81
1 x > 81

x

0 59 63 8379

0.8

1

Fn(x)

0.2

0.4

0.6

PX?=S �8;92
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þ3�1 � � � � � u v � � ' ' � � � � � 1 - 1 � � � �
:Z=? EVS @=E=Z@=?S[U FVZ}RSAVF[[ERU RYV?@VE XHSXXA==? >QFRQSA@QE n FVZ½}VVH H[[^V? x1, x2, . . . , xn

£�8;7¥ ]S]SA@]E G=US; <[F =}RSY=SA@=E XHSXXA\E=?RÅZ`HRa AXEA=}2
X =

1

n

n∑

i=1

xi
£�8;�¡¥

£�8;�¡¥½RUS H[[^?RUE AXEA=} SVEV;
¼V?V^ H[[^V? ^=?R=�\E �X^==S==? A]S]SA@]E GQY £�8;�¡¥ A=?==F FVYGV?HVUGQYEQ;

X =
1

n

k∑

i=1

xi · ni
£�8;�­¥

�[EAB xi
½^=?R=EHXXA £H=@?=YHS[U @=E=Z@=?S[U FVZ}RSAVF[[ERU HQFRQYAQYAREH`?^=Y\E AXEA=}¥B ni

½A=^H=Z}XXA £>=?RZ HQFRQYAQYA }RE SVEV¥;
¼V?V^ ^=?R=EHXXA RF HQQSQQ? RYV?FRUYVSAVF GQY HQQ�QQS F�YG=?TY=F >Q?RYbSQQ? £�8;�­¥ HQZ¶·QHQU Va^R^=Y`EH A=?==F HQZ¶·QS =_RSY=A=S;

X =
1

n

k∑

i=1

(
xi − C

m
· ni

)
·m+ C. £�8;�®¥

�[EAB m½>V?VS�VV ^=?R=EHXXA\E FQQ?QEAQF REH`?^=Y GX~X H=GYR�\E =YF=ZB
C½AX?\E HQSHZQY HQQ; £�8;�®¥ HQZ¶·QS ^=?R=�\E �X^== >]^F]E H=GYR�\EHQSHZQY =YF=ZH=U [`A FV?VSYVF G= F=ZSRUE RF A=^H=Z}H=U ^=?R=EH\S CHQQSQQ? @QESQE =^E=; �[ERU =ARY==? £�8;�¡¥ G= £�8;�­¥ HQZ¶·QS A=?==F G=UAbY==? F�YG=?TRY} GQYEQ;

X =
1

n

n∑
i=1

(xi − C) + C,

X =
1

n

k∑
i=1

(xi − C) · ni + C.

£�8;�«¥

�[EABC HQSHZQY\S @QESQE =^=FA== H[[^?RUE XHSXXA Q?_RF REH`?^=Y\E AXEbA=}H=U QU?FQE XHS==? @QESQEQ; £�8;�®¥ G= £�8;�«¥ HQZ¶·QSQQ? H[[^?RUE AXEAb}RUS GQAQF EW =G@QY~H FVZ}RSAVF[[EVV?VV F=?W�=ESXU G=S= HQQEXXA AVV?=}RYY=} GXUS==?== A=^XXH=U ~Z;
S2 =

1

n

n∑

i=1

(xi −X)2 =
1

n

n∑

i=1

x2
i −X

2
. £�8;�9¥

£�8;�9¥ FVZ}RSAVF[[ERUS H[[^?RUE AR@�`?@ SV} EV?YVEV; Ë=?R=�\E �X^==E\FX^WA H[[^?RUE AR@�`?@RUS GRT^VY2
S2 =

1

n

k∑

i=1

(xi −X)2ni =
1

n

k∑

i=1

x2
ini −X

2
. £�8;�¬¥
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K[[^?RUE AR@�`?@ QYQF HQZ¶·QS £�8;�®¥ HQZ¶·QE\ =ARY==? FX^R?S=^=Y2

S2 =
1

n

k∑

i=1

[(xi − C

m

)2

· ni

]
·m2 − (X − C)2. £�8;78¥

O]E £�8;�9¥B £�8;�¬¥ HQZ¶·QS HQQ�QQ FRUFVA F�YG=? G=UAY==? GRT^VY2
S2 =

1

n

n∑

i=1

(xi − C)2 − (X − C)2 £�8;7�¥

S2 =
1

n

k∑

i=1

(xi − C)2ni − (X − C)2 £�8;77¥

S =
√
S2 FVZ}RSAVF[[ERUS H[[^?RUE AXEA=} a^=A?=H F=>=UYH GX~X @H=EbA=?H F=>=UYH SVEV;DF QYQEYQSRUE HQQE [>[[YVYH[[ARUE EVS EW ZQQA G= Z`AR=E GQYQF\S GRAZVAVF GRYVV; ¼V?V^ AR@a?`H ^=?R=�\E �X^== =^T [>V} G=US== GQY F=ZSRUERF A=^H=Z}H=U ^=?R=EH EW H[[^?RUE ZQQA GQYEQ; ¼=?RE REH`?^=Y\E ^=?R=½�\E �X^==E\ FX^WA ZQQA\S A=?==F QU?QY�QQ HQZ¶·QSQQ? QYEQ;

M0 = x0 +m · ni − ni−1

(ni − ni−1) + (ni − ni+1)
£�8;7 ¥

�[EAB x0
½ F=ZSRUE RF A=^H=Z}H=U REH`?^=Y\E £ZQQA\E REH`?^=Y SVEV¥ VFYVYB

m½H=GYR�\E =YF=ZB ni
½F=ZSRUE RF A=^H=Z}B ni−1, ni+1

½F=ZSRUE RF A=^H=Z}G[FRU REH`?^=YH=U F]?_ REH`?^=Y\E A=^H=Z}XXA;¤R@a?`H ^=?R=�\E �X^== ]S]SA@]E [`AB FV?V^ H[[^?RUE FVZ}VV @QEASQUGQY ^=?R=�\E �X^==E\ SQY\E VY`Z`EH £̂ =?R=EH¥ EW HXF=UE H[[^?RUE Z`AR=EGQYEQ; LEH`?^=Y\E ^=?R=�\E �X^==E\ Z`AR=E\S A=?==F QU?QY�QQ HQZ¶·QbSQQ? QYEQ;
me = x0 +m

n/2 − (n1+n2+· · ·+ni−1)

ni

£�8;7¡¥
�[EAB x0

½SQY\E VY`Z`EHRUS =SXXY@=E REH`?^=Y\E £Z`AR=E\ REH`?^=Y SVEV¥VFYVYBm½H=GYR�\E =YF=ZB n½H[[^?RUE FVZ}VVB ni
½Z`AR=E\ REH`?^=Y\E A=^bH=Z};

#�Ô��$�Ð�° ¢ZE]F >[UYRUE ;R_VV½�8;�½A =^T [>@VE A½H[[^?RUE HQQE[>[[YVYH[[ARUS GQA;K[[^?RUE AXEA=} G= AR@�`?@RUS QYQF\E HXYA £�8;�®¥ G= £�8;78¥ HQZ¶·QS=_RSY=�; �[ERU HXYA m = 1, C = 3 GQYQF\S =EF==?=E A=?==F H=GYR�\S
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xi ni
xi−C
m

xi−C
m

ni

(xi−C
m

)2 (xi−C
m

)2

ni8 ¡ ½  ½�7 ¬  ®� �  ½7 ½7® ¡ ­77 �¡ ½� ½�¡ � �¡  7¡ 8 8 8 8¡ �® � �® � �®­   7 ® ¡ �7®     ¬ ¬ 7«« 7 ¡ 9 �®  7∑ «¬ ½ ½�  ½ �9¬
£�8;�®¥B £�8;78¥ HQZ¶·Q ·@QQ? H[[^?RUE AXEA=}2

X =
−13

79
· 1 + 3 = −0.16 + 3 = 2.84

H[[^?RUE AR@�`?@2 S2 =
189

79
·1− (2.84−3)2 = 2.3668 GQYEQ; KVS^VY H[[^?RUE@H=EA=?H F=>=UYH S =

√
2.3668 = 1.54

; ¼=?RE ZQQA G= Z`AR=E EW F=?S=Y>=E
M0 = 3, m0 = 3 GQYEQ;#�Ô��$�Ð�̧ ;R_VV�8;7½A =^T [>@VE B H[[^?RUE HQQE [>[[YVYH[[ARUS QY;DEV HQFRQYAQYA C = 70, m = 2 HXY £�8;�®¥B £�8;78¥ HQZ¶·QS FV?VSYVFVAA]F]ZHVU GQYSQF >Q?RYSQQ? A=?==F F[@EVSHRUS =_RSY=�;

REH`?
REH`?^=Y ^=Y\E ni

xi − C

m

xi−C
m

ni

(xi−C
m

)2 (xi−C
m

)2

niAXEA=};
[59, 61[
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[61, 63[
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[63, 65[

®¡ « ½  ½7� ¬ ® 
[65, 67[

®® �® ½7 ½ 7 ¡ ®¡
[67, 69[

®9 7« ½� ½7« � 7«
[69, 71[

«8 ¡8 8 8 8 8
[71, 73[

«7  9 �  9 �  9
[73, 75[

«¡  9 7 «® ¡ �­7
[75, 77[

«® �9   ­¡ ¬ �®¡
[77, 79[

«9 ¬ ¡  ® �® �¡¡
[79, 81[

98   ­ �­ 7­ «­
[81, 83]

97 � ® ®  ®  ®
∑ ½ 200 ½ � 7 ½ 9�9

¼[@EVSH =_RSY=E H[[^?RUE AXEA=} G= AR@�`?@RUS QYGQY2
X =

132

200
· 2 + 70 = 71.32, S2 =

818

200
· 4 − (71.32 − 70)2 = 14.6176,
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S =
√

14.6176 = 3.82
; ÖAQQ £�8;7 ¥B £�8;7¡¥ HQZ¶·QSQQ? H[[^?RUE ZQQA G=Z`AR=E\S QY¶·;

M0 = 69 + 2 · 40 − 27

(40 − 27) + (40 − 38)
= 69 + 2 · 13

13 + 2
= 70.7,

m0 = 71 + 2 · 100 − (1 + 2 + 7 + 16 + 27 + 40)

38
= 71, 4.

K[[^?RUE AXEA=} G= AR@�`?@ EW H[[^?RUE AVVA V?VZGRUE ZQZ`EHXXA\E HX½F=UE HQFRQYAYXXA GRYVV;K[[^?RUE q½V?VZGRUE =EFE\ ZQZ`EH A=?==F HQZ¶·QSQQ? GQAQSAQEQ;

νq = X
q

=
1

n

n∑

i8=1

xq
i =

1

n

k∑

i=1

xq
ini

£�8;7­¥

q = 0, q = 1, q = 2 [`A F=?S=Y>=E ν0 = 1, ν1 = X, ν2 = X
2

=
1

n

k∑
i=1

x2
ini

GQYEQ;
K[[^?RUE q½ V?VZGRUE H]^RUE ZQZ`EH2

µq =
1

n

n∑

i=1

(xi −X)q =
1

n

k∑

i=1

(xi −X)q · ni.
£�8;7®¥

µ0 = 1, µ1 = 0, µ2 = S2 G=UF\S GRA ZVAEV;K[[^?RUE q V?VZGRUE H]^RUE ZQZ`EH QYQF HQQ�QQS F�YG=?TRY=F >Q?RYbSQQ?
µq =

mq

n

k∑

i=1

(
xi − C

m
− X − C

m

)q

· ni
£�8;7«¥

HQZ¶·QS =_RSY=E=; £�8;7«¥ HQZ¶·QS _XXA FV?VSYVFS[USVV? AQHQ? EW >=A=Y}B
7 _=HH=U FV?VSYV} GQYEQ; �[ERU HXYA =EFE\ xi

^=?R=EH\S x′i =
xi − C

m^=?R=EH==? @QYW} x′i
^=?R=EHXXA\E FX^WA q V?VZGRUE H]^RUE ZQZ`EH µ′

q
½RUSQYQQA A=?== EW

µq = µ′
q ·mq £�8;79¥

HQZ¶·QSQQ? µq
½S QYAQS; LESV}B £�8;7«¥ HQZ¶·QS 7 _=HH=U FV?VSYVF EW H[[^?RUEAVVA V?VZGRUE H]^RUE ZQZ`EHXXA\SB AVVA V?VZGRUE F=?S=Y>=F =EFE\ ZQZ`EbHXXA==? QYQF GQYQZ}RUS QYSQ} GXU ~Z; DEV >Q?RYSQQ? q = 0, 1, 2, 3, 4HQFRQYAQY G[?A H[[^?RUE q V?VZGRUE H]^RUE G= =EFE\ ZQZ`EHXXA\E FQYbGQQS RYV?FRUYGVY2
µ0 = ν0 = 1, µ1 = ν1 − ν1 = 0,
µ2 = ν1 − (ν1)

2, µ3 = ν3 − 3ν1 · ν2 + 2(ν1)
3,

µ4 = ν4 − 4ν1 · ν3 + 6(ν1)
2 · ν2 − 3(ν)4.

£�8;7¬¥
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£�8;7«¥÷£�8;7¬¥ HQZ¶·QS �?=aHRaH FV?FVE =_RSY=F\S [>[[YVF >Q?RYSQQ?�8;7½? >[UYRUE }R_VVEA =^T [>@VE A½H[[^?RUE 2, 3, 4½? V?VZGRUE H]^RUEZQZ`EHXXA\S QY¶·;

xi ni
xi−C
m

xi−C
m

ni

(xi−C
m

)2 (xi−C
m

)2

ni

(xi−C
m

)3 (xi−C
m

)3

ni8 ¡ ½  ½�7 ¬  ® ½7« ½�89� �  ½7 ½7® ¡ ­7 ½9 ½�8¡
7 �¡ ½� ½�¡ � �¡ ½� ½�¡  7¡ 8 8 8 8 8 8¡ �® � �® � �® � �®­   7 ® ¡ �7 9 7¡®     ¬ ¬ 7« 7« 9�« 7 ¡ 9 �®  7 ®¡ �79∑ «¬ ½ ½«  ½ �9¬ ½ 7 

xi ni

(xi−C
m

)4 (xi−C
m

)4

ni8 ¡ 9�  7¡� �  �® 7897 �¡ � �¡  7¡ 8 8¡ �® � �®­   �® ¡9®   9� 7¡ « 7 7­® ­�7∑ «¬ ½ � ®­

x′i =
xi − C

m
^=?R=EHXXA\E FX^WA=EFE\ ZQZ`EHXXA\S QYGQY

ν ′1 =
1

n

k∑
i=1

x′ini =
−13

79
B

ν ′2 =
1

n

k∑
i=1

(x′i)
2ni =

189

79
,

ν ′3 =
1

n

k∑

i=1

(x′i)
3ni =

23

79
, ν ′4 =

1

n

k∑

i=1

(x′i)ni =
1365

79
.

K]^RUE ZQZ`EHXXA\S x′i ^=?R=EHXXA\E FX^WA £�8;7¬¥ HQZ¶·QSQQ? QYGQY2
µ′

2 = ν ′1 − (ν ′1)
2 ≈ 2.36 µ′

3 = ν ′3 − 3ν ′1 · ν ′2 + 2(ν ′1)
3 ≈ 1.45,

µ′
4 = ν ′4 − 4ν ′1 · ν ′3 + 6(ν ′1)

2ν ′2 − 3(ν ′1)
4 ≈ 17, 84.

£�8;79¥ HQZ¶·Q ·@QQ? =EFE\ H[[^?RUE H]^RUE ZQZ`EHXXA\S QYGQY
µ2 = µ′

2 · 12 ≈ 2.36, µ3 = µ′
3 · 13 ≈ 1.45, µ4 = µ′

4 · 14 ≈ 17.84 GQYEQ;K[[^?RUE  ½? V?VZGRUE H]^RUE ZQZ`EH\S @H=EA=?H F=>=UYH\E aXGA F=?W½�XXY@=E F=?W�==S H[[^?RUE =@RZZ`H?RUE aQVÅÅR�R`EH SVEV;

A =
µ3

S3
=

µ3√
(µ2)

3
=

k∑
i=1

(xi −X)3 · ni

n · S3
£�8; 8¥
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£�8; 8¥ HQZ¶·QEQQ@ [>^VYB ^=?R=�\E �X^==EA X½==@ G=S= ^=?R=EHXXA\E HQQA=^=ZS=UYG=Y A aQVÅÅR�R`EH @]?]S S=?E=; DEV HQFRQYAQYA >[[E ]?]]@S]Y=@RZZ`H?HVU G=UE= SV} �?RF G= �QYRSQE\ >[[E @=Y== G=?XXE==@== X?H G=UE=;
¼=?RE ^=?R=�\E �X^==EA X½==@ RF ^=?R=EHXXA\E HQQ A=^=ZS=UYG=Y A aQVÅbÅR�R`EH V`?VS S=?E=; DEV HQFRQYAQYA G=?XXE ]?]]@S]Y =@RZZ`H?HVU G=UE=SV} �?RF G= �QYRSQE\ G=?XXE @=Y== >[[EVV@VV X?H G=UE=;K[[^?RUE ¡½? V?VZGRUE H]^RUE ZQZ`EH\S @H=EA=?H F=>=UYH\E ¡½? >V?VSHF=?W�XXY@=E F=?W�==S  ½==? FQ?QSAXXY@E\S H[[^?RUE Va@�`@@ £Va@�`@@RUEaQVÅÅR�R`EH¥ SVEV;

E =
µ4

S4
− 3 =

µ4

µ2
2

− 3 £�8; �¥
¼V?V^ E < 0 GQY H=?F=YH\E ZX?XU âF=^HS=Uâ Q?QUHQUB E > 0 GQY âFX?�âQ?QUHQU G=UE=; ¼V^RUE H=?F=YH\E FX^WA A = E = 0 G=UF G= FV^RUE H=?½F=YH\E ZX?XUH=U F=?W�XXY=F >Q?RYSQQ? A, E aQVÅÅR�R`EH[[A\S =^T [>AVSGQYQF\S ®;¡½? >[UYA AX?A@=E GRYVV;
þ3�5 � � � � � 1 � r � � 1 q - � - t � - � . � � � q % � � � � � u v �

s - t - � � � - 1 - 1 �
LF HQQE\ FXXYWA [EAV@YVEB ZVAVSAVFS[U G=US== QEQY\E H=?F=YH\E ÅXEa�RUEQ?QEA =}RSY=SA@=E XHSXXA\E HX@Y=Z}H=US==? G=USXXY@=E HX?_RYH\E H=?½F=YH\E ÅXEa�RUS =^T GQYQF GQYQ^T �?=aHRaH RFV^TYVE F (x) ÅXEa�RUE =E=½YRHRa FVYGV? ZVAVSAVVA FVA FVAVE [Y ZVAVSAVF �?=Z`H?RUS =SXXY@=E G=UA=S;¢]?]]? FVYGVYB QEQY\E H=?F=YH\E ÅXEa�

F (x) = F (x, a1, a2, . . . , ak)
£�8; 7¥

FVYGV?HVU G=UE=; LUEF[[ VF QYQEYQSRUE H=?F=YH\E ÅXEa� F (x)½RUS QYQF=@XXA=Y a1, a2, . . . , ak
�=?=Z`H?[[ARUS [EVYVF =@XXA=YA _RY}REV; �EVYVFSVAVS EW =}RSY=YH\E H[[^?RUE XHSXXA==? VF QYQEYQSRUE H=?F=YH\E �=?=Z`H½?[[ARUS �S HQAQ?FQUY} GXU FV?VS GR_ F=?RE H[[ERU [EVYVYH SV} EV?YVSAVFQU?QY�QQ XHS\S QYQF\S FVY} GXU ~Z;

X SV@VE @=E=Z@=?S[U FVZ}RSAVF[[E AVV? HX?_RYH £=}RSY=YH¥ FRU@VE SV`;wVS XA==SRUE HX?_RYH\E XHSXXA x1, x2, . . . , xn
EW n FVZ}VV@H H[[^V? GQYQFG]S]]A HX@ G[? EW n FVZ}VVHVU H[[^?[[ARUE QYQEYQS =^T [>W`; i½Y H[[^?RUEHX@Y=Z}H=US==? QY@QE a �=?=Z`H?RUE [EVYVYHRUS ai

SV^VY H[[^?RUE G[?VYAV½F[[E @=E=Z@=?S[U XT?==@ ai
]]?]] @=E=Z@=?S[U FVZ}RSAVF[[E G=UE=; LUEF[[VF QYQEYQSRUE n FVZ}VV@H H[[^?RUE @=E=Z@=?S[U _RE} T=E=?\S HX@S=F\EHXYA =}RSY=YH\E XHS= G[?RUS @=E=Z@=?S[U FVZ}RSAVF[[E ZVHVV? [>EV; ¢]½?]]? FVYGVYB H[[^?RUE XHSXXA xi

G[? EW EVS R}RY £ VF QYQEYQSHQU =ARY¥H=?F=YHH=UB [Y F=Z==?=F @=E=Z@=?S[U FVZ}RSAVF[[E ~Z; KVS^VY VF QYQEbYQSRUE ai
�=?=Z`H?RUE [EVYVYH ai

EW H[[^?RUE XHSXXA==@ F=Z==?@=E ÅXEa�



�Ð�̧ É������Ã� �� �������� Ó������������� Õ���� ������� È�
GQYEQ;

ai = F (x1, x2, . . . , xn) £�8;  ¥
ÖAQQ X @=E=Z@=?S[U FVZ}RSAVF[[ERU H=?F=YH\E ÅXEa�RUE �Z=? EVS �=?=½Z`H? a=a(x1, x2, . . . , xn)½S [EVYVF >Q?RYSQ H=^W�; 3YR^== �=?=Z`H?RUE [EVYVY½HRUS F=>=UYHS[UB V?TRZHVUB >QFRZ}HQU SV} =ESRYE=;

a �=?=Z`H?RUE [EVYVYH a½RUE FX^WA
M(a) = a £�8; ¡¥

E]F�]Y GR`YVSAV} G=U^=Y a [EVYVYHRUS F=>=UYHS[U [EVYVYH SVEV; D@?VS HQ½FRQYAQYA £Ma < a, Ma > a¥ F=>=UYHH=U SVEV; ¿=?=Z`H?RUE [EVYVYH F=½>=UYHS[U G=UE= SVAVS EW XS �=?=Z`H?RUS [EVYVFVA @=E=Z@=?S[U GR_ G=UES\E£F[E G= G=S=}E==@ F=Z==?=F ¥ =YA== S=?==S[U GQYQF\S RYV?FRUYEV;
a [EVYVYH a �=?=Z`H?RUE F=>=UYHS[U [EVYVYH G=UF\E HXYA a XHS= H[[^?VV@H[[^V?H _RY}RFVA H[[ERU Z=H`Z=HRa AXEA=} EW a½RUE Q?TREA FVYGVY>VF·@HQU; �[ERUS RYV?FRUYVF FVZ}RSAVF[[E EW Da = M(a − a)2 ~Z; LUEF[[F=>=UYHS[U [EVYVYH[[A T [EVY} GXU �=?=Z`H?RUE }REFVEV XHS==@ �E> G[?VV?@=?ERE=; �[EHVU X�YA=E VF QYQEYQSRUE �E> G[?RUE H[[^?[[ARUE FX^WA a�=?=Z`H?RUE G[F GQYQZ}RH F=>=UYHS[U [EVYVYH[[ARUE AQH?QQ@ F=ZSRUE G=S=AR@�`?@HVU [EVYVYHRUS V?TRZHVU SVEV; ¢]?]]? FVYGVYBM(a1 − a)2 < M(a2 −

a)2 GQY a1
½S a2

½��6 V?TRZHVU SVEV; �EVYVYH V?TRZHVU G=UE= SVAVS EW XS T=bE=?H==B HXF=UE [EVYVYH F=ZSRUE G=S= @=E=Z@=?S[U =YA==H=U G=UE= SV@VE [S~Z; �EVYVYH G[?RUE FX^WA V?TRZHVU [EVYVYH Q?_RE G=UF EW =YG=S[U;
¼V?V^ a �=?=Z`H?RUE [EVYVYH a RF HQQE\ FXXYWA >=FR?=SA=} G=U^=Y a½S >QFRZ}HQU [EVYVYH SVEV; ¢]?]]? FVYGVYB lim

n→∞
P (|a − a| < ε) = 1 E]Fb�]Y GR`YVEV SV@VE [S; DEV EW H[[^?RUE FVZ}VV F[?VY�VVHVU RF G=UF=AB [YZVAVSAVF �=?=Z`H?RUS [EVYVFVA S=?=F =YA== G=S=@=F\S RYV?FRUYEV;

¼V?V^ a EW F (x, a) H=?F=YH\E ÅXEa� G[FRU @=E=Z@=?S[U FVZ}RSAVF[[ERUZ=H`Z=HRa AXEA=} ~ZXX V@^VY AR@�`?@ GQY HX?_RYH==? QY@QE H[[^?RUE AXEbA=}B V@^VY H[[^?RUE AR@�`?@RUS a½RUE [EVYVYH GQYSQE @QESQE =^E=;K[[^?RUE AXEA=} X =
1

n

n∑
i=1

xi
£�8;�¡¥ EW VF QYQEYQSRUE Z=H`Z=HRa AXEAb

}RUE F=>=UYHS[UB >QFRZ}HQU [EVYVYH GQYEQ; ¼=?RE H[[^?RUE AR@�`?@
S2 =

1

n

n∑
i=1

(xi −X)2 £�8;�9¥ EW VF QYQEYQSRUE AR@�`?@RUE F=>=UYHH=U GQYQ^T
>QFRZ}HQU [EVYVYH GQYEQ; K[[^?RUE AR@�`?@RUE Q?QEA

S2 =
n

n− 1
S2 =

1

n− 1

n∑

i=1

(xi −X)2 £�8; ­¥
[EVYVYHRUS =^G=Y VF QYQEYQSRUE AR@�`?@RUE F=>=UYHS[UB >QFRZ}HQU [EVYVYHGQYQF G= H[[ERUS H[[^?RUE >=@^=?Y=@=E AR@�`?@ SVEV;
n

n− 1
½aQVÅÅR�R`EHRUS <`@@`YRUE >=@^=? SVEV;
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DF QYQEYQSRUE Z=H;AXEA=} MX ZVAVSAV} GXU HQFRQYAQYA

S2
∗ =

1

n

n∑

i=1

(xi −MX)2 £�8; ®¥
[EVYVYH VF QYQEYQSRUE AR@�`?@RUE F=>=UYHS[UB >QFRZ}HQU [EVYVYH GQYEQ;DF QYQEYQS >]^F]E FV^RUE H=?F=YHH=U HQFRQYAQYA X, S2

∗
[EVYVYH[[A V?TRZ½HVU G=UE=; ¤VV? =^T [>@VE [EVYVYH[[A EW [Y ZVAVSAVF �=?=Z`H? a½S >]^F]ES=E� a HQQSQQ? [EVY} GXU HXY �VSVE [EVYVYH SV} EV?YVSAVEV;

þ3�K ` � q t u v � u � � � - � u v � / � c 
 � � u v � � t �
K=?F=YH\E [Y ZVAVSAVF �=?=Z`H?RUE [EVYVYHRUS QYQF �?=aHRaH ]?S]E EV^½HV?@VE =?SXXA\E EVS GQY F=ZSRUE RF [EVERU FX^W G[FRU =?S= ~Z; DEV =?S\E[EA@VE @=E== EWB n½FVZ}VV@H @=E=Z@=?S[U H[[^?RUE XHSXXA==?B F=ZSRUE RF[EVERU FX^W G[FRU SV} EV?YVSAVF ÅXEa�RUE XHS= F=ZSRUE RF G=UF==? H=?Fb=YH\E [Y ZVAVSAVF �=?=Z`H?[[ARUS QYQFQA Q?_REQ;M=E=Z@=?S[U FVZ}RSAVF[[E X½RUE QEQY\E H=?F=YH\E E�SH f(x, a) FVYbGV?HVU G=US; a [Y ZVAVSAVF �=?=Z`H?; K[[ETYVE n FVZ}VV@H H[[^?RUE XHSXXA
x1, x2, . . . , xn

ZVAVSAV} G=US; ¤X?\E G=S= V`?VS HQQ ε½S =^T £xi −
ε

2
, xi +

ε

2
¥

SV@VEB xi
�VSRUE ε

2
?=ARX@H=U Q?TE\S G=USXXY¶� £i = 1, n¥; KVS^VY @=E=Zb

@=?S[U FVZ}RSAVF[[E £xi −
ε

2
; xi +

ε

2
¥ >=^@?==@ XHS== =^=F Z=S=AY=Y QU?QYb�QQSQQ? f(xi, a) · ε GQYEQ; ¼V?V^ n XA== =}RSY=YH FRU@VE GQY �½? =}RSY=YbH\E [? A[E �½? >=^@=?H G=UFB 7½? =}RSY=YH\E [? A[E 7½? >=^@=?H G=UF SVFZVHTRYVE n½? =}RSY=YH\E [? A[E n½? >=^@=?H G=UF [>VSAY[[A >V?VS �^=SA=FZ=S=AY=Y GX~X F=ZH\E H=?F=YH\E E�SH EW

P (x1, x2, . . . , xn, a) = f(x1, a) · f(x2, a), . . . , f(xn, a) · εn £�8; «¥
GQYEQ; DEV ÅXEa� Va@H?`ZXZH=U G=UF >=UY_S[U E]F�]Y EW

∂P (x1, x2, . . . , xn, a)

∂a
= 0 £�8; 9¥

G]S]]A a �VS AVV? Z=a@RZXZH=U G=UF F[?VY�VVHVU E]F�]YRUS GRT^VY
∂P (x1, x2, . . . , xn, a)

∂a2
< 0 £�8; ¬¥

¼V?V^ FVA FVAVE �VS AVV? Z=a@RZXZH=U GQY HVASVV?RUE AQH?QQ@ ÅXEa� F=ZbSRUE RF XHS=H=US EW @QESQEQ;

L(x1, x2, . . . , xn, a) = Ln
P (x1, x2, . . . , xn, a)

εn
=

n∑

i=1

Lnf(xi, a)
£�8;¡8¥
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HQZ¶·QSQQ? HQAQ?FQUYQSAQF ÅXEa�RUS F=ZSRUE RF [EVERU FX^W G[FRU ÅXEa�SVEV;

∂L

∂a
=
∂(LnP )

∂a
=

1

P
· ∂P
∂a

, (P > 0) £�8;¡�¥
E]F�]Y GR`YVSAVF XT?==@ P (x1, x2, . . . , xn, a)

G= L(x1, x2, . . . , xn, a)
ÅXEa�RUEZ=a@RZXZ\E �VS[[A R}RY G=UE=; q?]EFRU HQFRQYAQYA L(x1, x2, . . . , xn, a)ÅXEa� a1, a2, . . . , ak

SV@VE k �=?=Z`H?==@ F=Z==?T GQYQF G]S]]A VEV HQFRQY½AQYA Va@H?`ZXZ Q?_RF E]F�]YRUS GRT^VY2
∂L(x1, x2 . . . , xn, a1, a2, . . . , ak)

∂aj

= 0 (j = 1, k) £�8;¡7¥
¼V?V^ X EW xi

XHSXXA\S pi(a) (i = 1, n) Z=S=AY=YH=U F[YVV} =^=F AR@a?`H@=E=Z@=?S[U FVZ}RSAVF[[E GQY F=ZSRUE RF [EVERU FX^W G[FRU ÅXEa�
L(x1, x2, . . . , xn, a) = pq1

1 (a)pq2

2 (a) . . . pqk

k (a) £�8;¡ ¥
FVYGV?HVU G=UE=; �[EAB qi (i = 1, k) EW H[[^V? AVF xi

XHS\E A=^H=Z};
#�Ô��$�Ð�Æ K[[^?RUE x1, x2, . . . , xn

XHSXXA==? f(x) = λe−λx E�SHG[FRU RYHSVST H=?F=YH\E �=?=Z`H? λ½S F=ZSRUE RF [EVERU FX^W G[FRU =?bS==? [EVY;
¼=ZSRUE RF [EVERU FX^W G[FRU ÅXEa�RUS GRT^VY

L(x1, x2, . . . , xn, λ) =
n∑

i=1

Ln(λe−λxi) = n · Lnλ− λ
n∑

i=1

xi

λ½==? ARÅÅ`?`E�R=YTRYG=Y2
∂L

∂λ
=
n

λ
−

n∑

i=1

xi = 0 ⇒ λ =
n

n∑
i=1

xi

=
1

X
GX~X X =

1

λ
.

¢]?]]? FVYGVYB H[[^?RUE AXEA}RUE X?^XX EW λ �=?=Z`H?RUE F=ZSRUE QEQ^TbHQU [EVYVYH GQYEQ;
#�Ô��$�Ð�ª ¼V^RUE H=?F=YHH=U @=E=Z@=?S[U FVZ}RSAVF[[ERU aB σ2�=?=Z`H?[[ARUS F=ZSRUE RF [EVERU FX^W G[FRU =?S==? [EVY;
¼=ZH\E E�SH

P (x1, x2, . . . , xn, a, σ
2) =

εn

(2πσ2)n/2
e
− 1

2σ2

n∑
i=1

(xi−a)2 XTR?

L(x1, x2, . . . , xn, a, σ
2) = −n

2
ln 2π − n

2
ln σ2 − 1

2σ2

n∑

i=1

(xi − a)2
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a G= σ2½==? ARÅÅ`?`E�R=YTRYG=Y2




∂L

∂a
=

−2

2σ2

n∑
i=1

(xi − a) = 0

∂L

∂σ2
=

−n
2σ2

+
1

2(σ2)2

n∑
i=1

(xi − a)2 = 0

KVS_RHSVY HX@ G[?VV@ a G= σ2½RUS QYGQY2
a =

1

n

n∑

i=1

xi = X, σ2 =
1

n

n∑

i=1

(xi −X)2 = S2

DEAVV@ [>^VYB H[[^?RUE AXEA=} G= H[[^?RUE AR@�`?@ EW FV^RUE H=?F=YH\E�=?=Z`H?[[ARUE F=ZSRUE QEQ^THQU [EVYVYH[[A GQY} G=UE=;
þ3�L d � � � q % � � u v � � � � � � � � � � - 1 - 1 � � � � t - � q � 9

t � � 1 � 1 � u � t - � � � � � � � �
KX?_RYH\E HQQ F[?VY�VVHVU RF G=UF=A �VSVE [EVYVYH [Y ZVAVSAVF �=?=Z`H½?RUE }REFVEV XHS==@ G=S= �YS=SA=F GQYQ^T HX?_RYH\E HQQ �]]E HQFRQYAQYA
a½RUE @=E=Z@=?S[U _RE} T=E=?==@ F=Z==?=E a, a XHSXXA\E FQQ?QEA ZVAVSAV½F[U� >]?]] S=?E=; �[EVV@ [EAV@YVE [Y ZVAVSAVF �=?=Z`H? a½S >]^F]E S=E� aXHS==? GR_ �Z=? EVS REH`?^=Y==? [EVYVF _==?AY=S= S=?A=S; LUZ [EVYVYHRUS>=^@?=E £REH`?^=Y=E¥ [EVYVYH SVEV;�Y ZVAVSAVF �=?=Z`H? a½RUE F=>=UYHS[U [EVYVYH a½S H[[^?RUE XHSXXA==?S=?S=E =^@=E SV`; a �=?=Z`H?RUS a½==? @QYRFQA S=?T GQYQF =YA==S [EVYVFRUEHXYA p½Z=S=AY=YH=US==? G=?=S S=?�==S[U �^=SA=F A=?==F [>VSAYRUE Z=S=AbY=Y==@ δ½XHS\S HQAQ?FQUY¶·;

P (|a− a| < δ) = p. £�8;¡¡¥
DEVF[[ δ HQQ EW [EVYSVVERU E=?RU^TY=Y\S RYV?FRUYEV; £�8;¡¡¥ E]F�]YRUSF=ES=F p Z=S=AY=Y\S RHSVF Z=S=AY=Y GX~X E=UA^=? SVEV; ¢]?]]? FVYGVYB [YZVAVSAVF �=?=Z`H? a EW (a− δ, a+ δ) >=^@?==@ XHS== =^=F Z=S=AY=Y ~Z; p EWX?WATRY=E ]S]SA@]E G=UF G]S]]A �?=aHRaH 0.9, 0.95, 0.99, 0.975, 0.999 SV@VEHQQEXXA\S RFV^TYVE =^A=S; LUEF[[ VF QYQEYQSRUE [Y ZVAVSAVF �=?=Z`H?
a½RUE }REFVEV XHS\S p Z=S=AY=YH=US==? =SXXY@=E >=^@?\S H[[ERU RHSVF >=b^@=?B p HQQS RHSVF Z=S=AY=YB α = 1 − p HQQS RHSVF H[^_RE SVEV;£�8;¡¡¥½]]@ P (a − δ < a < a + δ) = p GX~X P (a1 < a < a2) = p GQYEQ;
a1, a2

½S RHSVF >=^@?\E FRY[[A SVF G= VASVV? EW =}RSY=YH\E [? A[ESVV?HQAQ?FQUYQSAQF @=E=Z@=?S[U FVZ}RSAVF[[E ~Z; LHSVF >=^@?\E FRY a1, a2
½S RHSVF Z=S=AY=Y p½RUE HX@Y=Z}H=U QYQFAQQB H=?F=YH EW a GQYQE GX@=A [YZVAVSAVF �=?=Z`H?[[AVV@ F=Z==?=FS[UB >]^F]E H[[^?RUE XHS==@ F=Z==?@=E
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ÅXEa� ZVHVV? [>V} QYEQ;KXF=UYG=YB a [EVYVYHRUE H=?F=YH\E FXXYW ZVAVSAV} GXU GQY RHSVF >=^@?\EFRYRUS A=?==F E]F�]Y]]@ QYEQ;

P (a−δ<a<a+δ)=F (δ)−F (−δ)=

δ∫

−δ

f(x)dx=p. £�8;¡­¥
DEA }R_VV GQYSQ} aB σ2 �=?=Z`H? G[FRU FV^RUE H=?F=YHH=U @=E=Z@=?S[UFVZ}RSAVF[[ERU AR@�`?@ £σ2¥ ZVAVSAV} GXU HQFRQYAQYA H[[ERU Z=H`Z=HRaAXEA=} a½RUE RHSVF >=^@?\S FV?FVE G=USXXY=F\S =^T [>W`;
n FVZ}VV@H H[[^?RUE XHS= x1, x2, . . . , xn

HX@ G[? EW aB σ2 �=?=Z`H? G[FRU
FV^RUE H=?F=YHH=U HXYB X =

1

n

n∑
i=1

xi
FVZ}RSAVF[[E EW a, σ2

n
½�=?=Z`H?[[A

G[FRU FV^RUE H=?F=YHH=U G=UE= (X ∼ N(a,
σ2

n
)).

¼V^RUE H=?F=YHH=U FVZ}RSAVF[[ERU FX^WA P (|X−a| < δ) = 2Φ
( δ
σ

) G=UASRUS
=EF==?^=Y P (|X−a|<δ)=2Φ

(δ√n
σ

) E]F�]Y GR`YVEV;
�[EAB Φ(x)½¾=�Y=@\E ÅXEa�; δ

√
n

σ
= t SV^VY

P (|X − a| < δ) = 2φ(t) GX~X δ =
σt√
n
XTR? P

(
|X − a| < σt√

n

)
= 2Φ(t).

DEAVV@ P
(
X − σt√

n
< a < X +

σt√
n

)
= 2Φ(t) (∗)¯VHVY E]S]] H=Y==@ RHSVF Z=S=AY=Y p ]S]SA@]E HXY

P

(
X − σt√

n
< a < X +

σt√
n

)
= p.

LUZA Z=H`Z=HRa AXEA}RUE RHSVF >=^@=? EW ]X − σt√
n

; X +
σt√
n

[ GQYEQ;
�[EA t½XHS\S 2Φ(t) = p (∗∗) E]F�]Y]]@ QYQF G=

δ =
σt√
n

£�8;¡®¥
EW [EVYVYHRUE E=?RU^TY=Y ~Z;

#�Ô��$�Ð�È σ2 =4 AR@�`?@HVUB a SV@VE [Y ZVAVSAVF Z=H`Z=HRa AXEA=}½H=UB FV^RUE H=?F=YHH=U @=E=Z@=?S[U FVZ}RSAVF[[E AVV? ­ XA== HX?_RYH
FRU@VE A[ES F[@EVSHVA ]STVV; i :

� 7   ¡ ­
xi : ½7­  ¡ ½78 �8 7�M=E=Z@=?S[U FVZ}RSAVF[[ERU Z=H`Z=HRa AXEA}RUE RHSVF >=^@?\S p = 0.9RHSVF Z=S=AY=YH=U G=USXXY;
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K[[^?RUE AXEA}RUS QYGQY X =

1

5
(−25 + 34 − 20 + 10 + 21) = 4, 2Φ(t) = 0.9E]F�]Y G= ¾=�Y=@\E ÅXEa�RUE H=GYR�==@ t = 1.65 SV} QYAQEQ;

δ =
σt√
n

=
1.65 · 2√

5
= 1.47

KVS^VY Z=H`Z=HRa AXEA}RUE RHSVF >=^@=?
]
X − σt√

n
; X +

σt√
n

[
=] − 2.35; 5.47[ SV@VE REH`?^=Y GQYEQ;¤VV? =^T [>@VERU =ARY==?B VF QYQEYQS FV^RUE H=?F=YHH=U E]F�]YA H[[ERU�=?=Z`H?[[ARUE >=^@?=E [EVYVYHRUS FV?FVE G=USXXY=FB HVASVV? EW �Z=? H=?½F=YHH=U GQYQF\S A=?==F F[@EVSHVA F=?XXY=^;

��������������� ����������� ������������������� ����� ������ ������������������
σ2− �������� X X − σt√

n
< a < X +

σt√
n

X ∼ N(a,
σ2

n
)� σ2− ���������� X X − tŜ√

n
< a < X +

tŜ√
n

X − a

Ŝ

√
n ∼ Sn−1(t)

σ2 a− �������� S2
∗

nS2
∗

χ2
1−α/2

(n)
< σ2 <

nS2
∗

χ2
α/2

(n)
S2
∗ ∼ σ2

n
χ2(n)

σ2 a− ���������� Ŝ2 (n − 1)Ŝ2

χ2
1−α/2

(n − 1)
< σ2 <

(n − 1)Ŝ2

χ2
α/2

(n − 1)
Ŝ2 ∼ σ2

n − 1
χ2(n − 1)

�[EAB N
(
a,
σ2

n

)
− a;

σ2

n
�=?=Z`H?[[A G[FRU FV^RUE H=?F=YHB

Sn−1(t) − (n− 1) T]Y]]ERU >V?VS G[FRU MHW~A`EHRUE H=?F=YHB
χ2(n) − n T]Y]]ERU >V?VS G[FRU FR½a^=A?=H H=?F=YH;

¹���� �������Ã� p Ó���������� ¨�Ùº��� �������
<`?EXYYRUE @F`ZRUE E]F�]YA A [>VSAVY �^=SA=F Z=S=AY=Y p = P (A) ZVAVS½AVFS[U G=US; KX?_RYH\S n XA== A=^H=E FRUFVA A [>VSAVY k XA== �^=SA@=EGQY p∗ =

k

n
EW A [>VSAYRUE F=?W�=ESXU A=^H=Z} ~Z; KVS^VY p∗ EW [Y

ZVAVSAVF Z=S=AY=Y p½RUE �VSVE [EVYVYH GQYEQ (p∗ ≈ p)
; �Y ZVAVSAVF p Z=bS=AY=Y\E RHSVF >=^@=? (p1, p2)½S ]S]SA@]E (1 − α) RHSVF Z=S=AY=YH=US==?QYQF _==?AY=S= �?=aHRaH QYQEH== H==?=YA=E=; ¼V?V^ n > 50, np∗ >

5, n(1−p∗) > 5 E]F�]Y[[A GR`YVSAVF GQY Z =
p∗ − p√
pq/n

(q = 1−p)½@=E=Z@=?S[U
FVZ}RSAVF[[E N(0, 1)½H=?F=YHH=U G=UA=S; DEV [? A[ES =_RSY=E P (p1 < p <
p2) ≥ 1−α E]F�]YRUS F=ES=F p1, p2

FRY[[ARUS A=?==F HQZ¶·QSQQ? QY} GQYEQ;

p1,2 =
1

1 + t2/n

(
p∗ +

t2

2n
∓ t ·

√
p∗(1 − p∗)

n
+

t2

4n2

) £�8;¡«¥
�[EA t½S 2Φ(t) = 1 − α E]F�]Y]]@ QYEQ; P=?RZ HQFRQYAQYA

p1,2 ≈ p∗ ∓ t√
n

√
p∗(1 − p∗) £�8;¡9¥
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HQZ¶·QS =_RSY=F G= GREQZ H=?F=YHH=U @=E=Z@=?S[U FVZ}RSAVF[[ERU FX^WAH[[^?RUE FVZ}VVS HQAQ?FQUYQFQA RFV^TYVE FV?VSYVEV;#�Ô��$�Ð�Ê �UYA^V?YV@VE A`H=YXXA==@ �88 A`H=Y =^T _=YS=F=A �8
EW SQYQSAQY G=U^; KVS^VY ERUH A`H=YXXA\E AQHQ? SQYQSAQY A`H=Y\E V>YVFFX^RUE RHSVF >=^@?\S 1−α = 0.95 RHSVF Z=S=AY=YH=U G=USXXY;
n > 50, p∗ = 0.1, np∗ = 10, p∗(1 − p∗) = 0.09

; ¾=�Y=@\E ÅXEa�RUE H=GYR�=_RSY=E 2Φ(t) = 0.95 E]F�]Y]]@ t½S QYGQY t = 1.96
; £�8;¡«¥ HQZ¶·QSQQ? RHSVF>=^@?XXA\E FRYRUS QYGQY 0.055 < p < 0.174 GQYEQ;DEV GQAYQS\E FX^WAB âERUH G[HVVSAVF[[ERU AQHQ?FR SQYQSAQY A`H=YRUE FX^W£Z=S=AY=Y¥B H[[^V? AVF SQYQSAQY A`H=Y\E F=?W�=ES[U A=^H=Z}==@ 0.01½VV@RFS[USVV? F=>=UE=â SV} 0.95 Z=S=AY=YH=US==? G=HY=E FVYVFRUE HXYA H[[^?RUEFVZ}VV F=ZSRUE G=S=A== FVA G=UF ^V& SVASRUS HQSHQQ·;£�8;¡9¥ HQZ¶·QS =_RSY=E RHSVF >=^@?\E FRY[[ARUS A=?==F HVE�VHSVY GR_VV?RYV?FRUY} GQYEQ;

|p∗ − p| < t ·
√
p∗(1 − p∗)

n

¢S]SA@]E ·@QQ? |p∗ − p| ≤ 0.01 HXY t ·
√
p∗(1 − p∗)

n
≤ 0.01DEAVV@ H[[^?RUE FVZ}VVS QYGQY n ≥ (0.3 · 196)2 = 3457.44 GX~X H[[^?RUEFVZ}VV F=ZSRUE G=S=A==  ¡­9 G=UF=A AVV?F EQHQYSQQS FVY} GQYEQ SV@VE [S;Á����Âo n < 50 ~ZXX V@^VY n(1− p∗)B np∗ HQQEXXA\E =YW EVS EW ­½==@ G=S=GQY £�8;¡«¥B £�8;¡9¥ HQZ¶·QS [Y FV?VSYVEV;

Øµ�ºº��Ã �������Ã� λ Ó���������� ¨�Ùº��� �������
x EW λ �=?=Z`H? G[FRU ¿X=@@QE\ H=?F=YHH=U @=E=Z@=?S[U FVZ}RSAVF[[ERU=}RSY=SA@=E XHS= G=US; λ �=?=Z`H?RUE RHSVF >=^@?\E FRY[[A λ1, λ2

½\SQYQFAQQ ¿X=@@QE\ H=?F=YH F�>S==?H== χ2½H=?F=YH X?XX ERUYAVS GQYQF\S=_RSY=E=;

λ1 =
1

2
χ2

α/2(2x)

λ2 =
1

2
χ2

1−α/2(2x+ 2)

£�8;¡¬¥
¿?=aHRaH λ �=?=Z`H?RUE [EVYVYHRUS QYQFAQQ VFYVVA
x =

n∑
i=1

xi
FVZ}RSAVF[[ERU nλ ½�=?=Z`H?RUE RHSVF >=^@?\E FRY[[ARUS QYEQ;

nλ �=?=Z`H?RUE RHSVF >=^@?\E FRY[[A EW λ1 < nλ < λ2
GQY λ �=?=Z`H?[[ARUERHSVF FRY[[A

λ1

n
< λ <

λ2

n
£�8;­8¥

GQYEQ;
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#�Ô��$�Ð��Ð IREV A`H=Y\S HX?_RF �^�=A A A`H=Y\E FX^WA 7 V^A?VYB

B G= C A`H=YXXA\E FX^WA HX@ G[? EVS V^A?VY G[?HSVSA}VV; 3YW T A`H=Y\EFX^WA V^A?VY G[?HSVSAVF HQQ EW λ �=?=Z`H? G[FRU ¿X=@@QE\ H=?F=YHH=USV^VY �=?=Z`H?RUE RHSVF >=^@?\S p = 0.9 RHSVF Z=S=AY=YH=US==? G=USXXY;3}RSY=YH==? HQSHQQ@QE V^A?VYRUE `?]EFRU HQQ x =
n∑

i=1

xi = 4 XTR? £�8;¡¬¥
HQZW·Q GQYQE χ2(n) H=?F=YH\E H=GYR�\S =_RSY=^=Y χ2

0.05(8) = 2.73,
χ2

0.95(10) = 18.3 SV} QYAQEQ; KVS^VY nλ �=?=Z`H?RUE RHSVF FRY[[A
1.365 < 5λ < 9.15 HXY λ �=?=Z`H?RUE RHSVF >=^@=? EW 0.273 < λ < 1.83 GQYEQ;É��Ù���� ���Â��� ����
<RA [[EVV@ ]ZE] H[[^?RUE FVZ}VV n ]S]SA@]E [`A RHSVF >=^@?\S FV?FVEG=USXXY=F HXF=U =^T [>@VE; ¯VHVY =EFE==@== H[[^?RUE FVZ}VV �Z=? G=UF[`A _==?AY=S=H=U [? A[ESVV S=?S=E =^T GQYQF ^V& SV@VE =@XXYH S=?E=; LFHQQE\ FXXYW ·@QQ? F[?VY�VVHVU RF G=UF==? @QESQE =^T GQYQF GQYQ^T RESVF EWGQYQ^@?XXY=YH=EA RFVVFVE F[EA?VYHVU; LUZ XT?==@B �?=aHRaH F=ES=YHH=U[? A[E ]S]F]]? F=ZSRUE G=S= FVZ}VVS =_RSY=F\S V?ZVY>AVS; KXF=UYG=YBFV^RUE H=?F=YH\E Z=H`Z=HRa AXEA}RUE RHSVF >=^@?\S G=USXXY=F=A QY@QE£�8;¡®¥ HQZW·QS =_RSY=E H[[^?RUE FVZ}VVS HQSHQQ} GQYEQ2

n = t2
σ2

δ2
(2Φ(t) = p) £�8;­�¥

DEV HQZ¶·QEQQ@ [>^VY H[[^?RUE FVZ}VV EW σ2 G= t2 XHSXXA=A _XXA �?Qb�Q?�RQE=YB δ2 XHS=EA X?^XX �?Q�Q?�RQE=Y G=UE=; DEV HQZW·QS >]^F]E VFQYQEYQSRUE AR@�`?@ ZVAVSAV} G=UF=A =_RSY=F EW QUYSQZ}HQU; ¼V?V^ σ2 [YZVAVSAVF GQY H[[^?RUE FVZ}VVS
n = t2p

Ŝ2

δ2
£�8;­7¥

HQZ¶·QSQQ? QYEQ; tp XHS\S MHW~A`EHRUE H=?F=YH\E H=GYR�==@ QYEQ;
£�8;­�¥B £�8;­7¥ HQZ¶·Q EW FV^RUE H=?F=YHH=U @=E=Z@=?S[U FVZ}RSAVF[[ERUFX^WA GX�==YHH=U H[[^?RUE FVZ}VVS HQAQ?FQUYEQ; ¯VFAVV £�8;­�¥ HQZ¶·QZVAVSAV} GXU σ2 G= p Z=S=AY=Y==?B HX?_RYH �^XXY=F==@ ]ZE] H[[^?RUEFVZ}VVS X?WATRY=E HQAQ?FQUY} G=US== GQY £�8;­7¥ HQZ¶·Q =EFE\ @Q?RYH\EH[[^V? AVV? HXYSXX?Y=E H[[^?RUE FVZ}VVS HQAQ?FQUY} G=US==S==?== HX@ HX@�YS==H=U ~Z;

þ3�N B � � � u � � u & � � � q � t 1 � 1 _ � 1 t � � _ u � � � � � � � �
<=US=Y _RE}YVYB H`FERaB VARUE >=@SRUE GQAYQSXXA=A =^T [>V} GXU @=E=Zb@=?S[U FVZ}RSAVF[[ERU HQQE [>[[YVYH[[ARUE FQQ?QEA\E F=?W�== GQYQE H=?½F=YH\E FXXYRUE FVYGV?RUE HXF=U @H=HR@HRa H==Z=SY=Y AV^_[[YVF _==?AbY=S= �Z=SH S=?A=S; K==Z=SY=Y SVAVS EW V@^VY [EVE V@^VY FXA=Y G=UF �Z=?



�Ð�ªÁ����º��� ��������� Ô����� Ô��Â������ ÈÊ
EVS X?WATRY@=E A[SEVYH GRYVV; OVAVSAVFS[U G=US== H=?F=YH\E FXXYRUEFVYGV?RUE HXF=U ~ZXX V@^VY FVYGV? EW ZVAVSAV} GXU H=?F=YH\E FXXYRUE�=?=Z`H?[[ARUE HXF=U H==Z=SY=Y\S @H=HR@HRa H==Z=SY=Y SVEV; DEV HQAQ?bFQUYQYH\S [EAV@YVE @H=HR@HRa H==Z=SY=YXXA\S H=?F=YH\E �=?=Z`H?[[ARUEHXF=U H==Z=SY=YB H=?F=YH\E FXXYRUE HXF=U H==Z=SY=Y SV} `?]EFRUA EW 7=ESRY} GQYEQ; ;R_VVYGVYB â H`FERaB H`FEQYQSRUE =ARY E]F�]YA EVS R}RY=}RY [[?VS S[U�VHSV} G=US== =}RYTA\E F]A]YZ]?RUE G[HVVZ} FV^RUE H=?½F=YHH=U â SV@VE H==Z=SY=Y EW H=?F=YH\E FXXYRUE FVYGV?RUE HXF=U H==bZ=SY=Y ~Z; ¼=?RE â R}RY @XX?W Z=_REXXA AVV? >Q?QSA@QE EVS FVYGV?RUEA`H=YXXA\E AXEA=} FVZ}VV ]]? FQQ?QEAQQ [Y �YS=SA=E=â SV@VE H==Z=SY=YEW H=?F=YH\E �=?=Z`H?RUE HXF=U H==Z=SY=Y GQYEQ;
� ¡¢¡� £¤¥ß¤¦§¨Ý ©¤¥¤Üª§¥«¬Ý §­ß¤¬ ® «Ý¯àà¥
M=E=Z@=?S[U FVZ}RSAVF[[E X½RUE H=?F=YH\E ÅXEa� F (x, a) EW >]^F]E S=E�
a �=?=Z`H?VV@ F=Z==?@=E G=US;K=?F=YH\E [Y ZVAVSAVF �=?=Z`H?RUE HXF=U H==Z=SY=Y EW VESRUE G= ERUYZVYSV@VE 7 �E> G=UE=; a �=?=Z`H? HQAQ?FQU EVS XHS=H=U £a = a0

¥ SV@VE H==Z=SY=YEW VESRUEB a 6= a0
B a < a0

B a > a0
SV@VE H==Z=SY=YXXA\E =YW EW T ERUYZVYH==Z=SY=Y GQYEQ; ¼V?V^ [Y ZVAVSAVF �=?=Z`H? a HQAQ?FQU a0

SV@VE XHS=H=UHVE�[[ SV} [>VF [EAV@ G=US== GQY a = a0
SV@VE H==Z=SY=Y AV^_[[Y} GQYEQ;DEV H==Z=SY=Y\S HVS H==Z=SY=Y GX~X =EFE\ H==Z=SY=Y SV} EV?YVVA H0

SV}HVZAVSYV`; °=H`Z=HRa HQZ¶·QYYQQ? H0 : a = a0
SV} GRTEV; 3EFE\ H==bZ=SY=YH=U F=?_Y=F ~ZXX H[[ERU V@?VS H==Z=SY=Y\S ]?@]YA]ST H==Z=SY=YGX~X =YWH`?E=HR^ H==Z=SY=Y SV} EV?YVVA H1

SV`; DEV HQFRQYAQYA ]?@]YA]STH==Z=SY=Y H1
EW H1 : a 6= a0, H1 : a < a0, H1 : a > a0

SV@VE   �E> G=U}GQYEQ; <QAYQS\E _RE} T=E=?==@ F=Z==?XXY} VASVV?RUE =YW EVSRUS @QESQE=^E=; <RAERU >Q?RYSQ GQY VASVV? @H=HR@HRa H==Z=SY=YXXA\S @=E=Z@=?S[UH[[^?RUE XHSXXA==? _=YS=F=A Q?_REQ; DF QYQEYQSRUE H[[^?RUE @=E=Zb@=?S[U _RE} T=E=?==@ F=Z==?T @H=HR@HRa _=YS=YH\E A[EA FQ·? HQFRQYAQYAGX?XX _RUA^V? S=?S=@=E G=U} GQYEQ; ¢]?]]? FVYGVYB A=?==F FQ·? H]?YRUE=YA== S=?T GQYEQ; �[EA2�; P]^ H==Z=SY=Y\S FV?VS@VFS[U GQYSQF; DEV EW H0
H==Z=SY=Y [EVE G=UF=A

H1
H==Z=SY=Y\S F[YVVE >]^_]]?@]E SV@VE [S ~Z; LUZ =YA==S ã H]?YRUE =YbA== SVEV;

7; <X?XX H==Z=SY=Y\S F[YVVE >]^_]]?]F; ¢]?]]? FVYGVYBH1
H==Z=SY=Y [EVEG=UF=A H0

H==Z=SY=Y\S F[YVVE >]^_]]?@]E SV@VE [S; LUZ =YA==S ãã H]?YRUE=YA== SVEV;ã H]?YRUE =YA== S=?=F Z=S=AY=Y\S α SV} HVZAVSYVVA H==Z=SY=Y _=YbS=F RHSVF H[^_REB p = 1 − α HQQS @H=HR@HRa E=UA^=? SV} HX@ HX@ EV?bYVEV; ¿?=aHRaH H`FERaB VARUE >=@SRUE =@XXAYXXA\S _RUA^V?YVFVA RFV^TYVE
α = 0.05, α = 0.01½VV? F=?RE VZEVYVSB =E==S==F XF==E\ @XA=YS==EA α = 0.001SV} =^A=S;
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¤V^_[[Y@VE H==Z=SY=Y\S _=YS=F\E HXYA H=?F=YH\E }REFVEV GX~X QU?QYb�QQ XHS= EW X?WATRY=E ZVAVSAV} G=US== HX@S=UY=E @QESQE =^@=EB @=E=Zb@=?S[U FVZ}RSAVF[[ERUS =_RSY=A=S; DEV FVZ}RSAVF[[ERUS @H=HR@HRa _REb}[[? SVEV £K¥; ¢]?]]? FVYGVYB H0

H==Z=SY=Y\S _=YS=F [[?VS S[U�VHSVF@=E=Z@=?S[U FVZ}RSAVF[[ERUS @H=HR@HRa _RE}[[? SVEV; ã G= ãã H]?YRUE=YA== S=?=F Z=S=AY=YXXA G=S= G=UF==? _RE}[[?RUS @QESQE =^E=; %==_RA�Z=SH VESRUE H==Z=SY=Y =^T [>VF XT?==@H0
H==Z=SY=Y [EVE [`A _RE}[[?RUEH=?F=YH\S ZVAVSAV} G=US== SV} [>EV; K=?F=YH\E �=?=Z`H?RUE HXF=U _REb}[[?RUS RHSVF _RE}[[?B H=?F=YH\E FXXYRUE HXF=U _RE}[[?RUS >]^_]]?bYRUE _RE}[[? SV} EV?YVEV;KQAQ?FQU _RE}[[? @QESQE =^@E\ A=?== H[[ERU GQYQZ}RH G[F XHSXXA\EQYQEYQSRUS (V ) [Y QSHYQY�QF 7 AVA QYQEYQSH FX^==E= £V =D∪K, D∩K=∅

¥;3EFE\ H==Z=SY=Y\S F[YVVE >]^_]]?]F XHSXXA\E QYQEYQSRUS _RE}[[?RUEXHS\E ZX} £D¥B =EFE\ H==Z=SY=Y\S FV?VS@VFS[U G=UYS=F XHSXXA\E QYQEbYQSRUS _RE}[[?RUE a?RHRa ZX} £K ¥ SV} EV?YVEV;LHSVF H[^_RE α½RUE FX^WA a?RHRa ZX} K½S @QESQE =^=F QYQE �E>\EGQYQZ}XXA G=UA=S; LHSVF H[^_RE α EW a?RHRa ZX}RUE FVZ}VVS HQAQ?½FQUYEQ; IRE}[[?RUE XHS\E QYQEYQSH a?RHRa ZX}RUE G=U?Y=Y EW ]?@]YA]STH==Z=SY=YH1
½VV@ F=Z==?E=; KXF=UYG=YB =EFE\ H==Z=SY=Y H0 : a = a0

G]S]]A]?@]YA]ST H==Z=SY=Y EW H1 : a 6= a0
GQY a?RHRa ZX} K½S K : |t| > ε E]F�]YGR`YVSAV} G=UF==? @QESQ} =^E=; DEV ZX}RUS FQ·? H=YH ZX} SVF G= PX?=S�8;¬½A A[?@VY@VE HVS_ FVZH ZX} GQYEQ;

f(t/H0)

tε−ε
D = V \ K KK

p = 1 − α

α/2α/2

PX?=S �8;¬2
N?RHRa ZX}RUE AVV? G=US== >X?==@Y=@=E ZX} HX@ G[?RUE H=YG=U α/2½HQUHVE�[[ G=UE=; ¼V?V^ ]?@]YA]ST H==Z=SY=Y EW H1 : a > a0 (H1 : a < a0)

GQYHVS_ FVZH H=?F=YH\E FX^WA a?RHRa ZX} EW K : t > ε (K : t < ε) E]F�]Y]]?HQAQ?FQUYQSAQEQ; £PX?=S �8;�8B PX?=S �8;��¥DASVV? ZX}XXA\S EVS H=YH ZX}XXA SVF G= F=?S=Y>=E G=?XXE ]?]]@S]YB >[[E]?]]@S]Y a?RHRa ZX} SVEV; PX?==@Y=@=E ZX} HX@ G[?RUE H=YG=U α½H=U HVE�[[G=UE=;
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K
tε

H0 : a = a0 H1 : a > a0

f(t/H0)

D

α

p = 1 − α

PX?=S �8;�82

D
t−ε

H0 : a = a0 H1 : a < a0

f(t/H0)

K

α

p = 1 − α

PX?=S �8;��2K=?F=YH EW HVS_ FVZHVU GR_ GQYQ^T V`?VS E�SHH=UB _RE}[[?RUE ]?@]Y½A]ST H==Z=SY=Y EW H1 : a 6= a0
[`A a?RHRa ZX}RUS K : 0 < t < ε1

B ε2 < tE]F�]Y GR`YVSAV} G=UF==? @QESQE =^E=; LUZ ZX}RUS a^=>R HVS_ FVZH a?RbHRa ZX} SVEV; £PX?=S �8;�7¥

ε2ε1 t

f(t/H0)

DK K

α/2

p = 1 − α

α/2

PX?=S �8;�72

DASVV? >X?==@Y=@=E H=YG=UEXXA Z]E
α

2
½HQU HVE�[[ G=UE=; MH=HR@HRa _RUAb^V? S=?S=FA== FV?V^B _RE}[[?RUE=}RSY=SA@=E XHSXXA a?RHRa ZX}RAF=?W�=Y=SA=} G=U^=Y H==Z=SY=Y\SFV?VS@VFS[UBF=?RE _RE}[[?RUE =}RSY=SA@=EXHSXXA _RE}[[?RUE XHS\E ZX}RAF=?W�=Y=SA=} G=U^=Y H==Z=SY=Y\SF[YVVE >]^_]]?E];ÖAQQ AVV? H=UYG=?Y=@E\S Z=H`Z=HRa HVZAVSYVSVV =_RSY=E EVSHSV`; M=E=Zb@=?S[U FVZ}RSAVF[[E X AVV? HX?_RYH FRU}B n FVZ}VV@H H[[^?RUE XHSXXA

x1, x2, . . . , xn
½RUS QY@QE SV`; 3}RSY=YH\E A[EA H0

H==Z=SY=Y AV^_RSA@VEG]S]]A AVV?F H[[^?RUE XHSXXA==@ F=Z==?@=E T (x1, x2, . . . , xn, H0)
SV@VE _REb}[[? @QESQE =^@=E SV`; LHSVF H[^_RE α ]S]SA@]E G=US; KVS^VY a?RHRa ZX}

K EW PH0(T ∈ K) = α (∗) E]F�]Y]]? HQAQ?FQUYQSAQEQ; ¼V?V^ _RE}[[?RUE=}RSY=SA@=E XHS=2 T̃ = T (x1, x2, . . . , xn, H0) K
ZX}RA F=?W�=Y=SA=} G=U^=Y
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(T̃ ∈ K) H0
H==Z=SY=Y\S FV?VS@VFS[U; T̃ /∈ K GQY H0

H==Z=SY=Y\S F[YVVE>]^_]]?]F G= VEV HQFRQYAQYA H0
H==Z=SY=Y\S F=>=UFS[U SVEV;¢?@]YA]ST H==Z=SY=Y [EVE [`A _RE}[[?RUE XHS= a?RHRa ZX}RA F=?W�=Y=SbA=F Z=S=AY=Y £PH1(T ∈ K)¥½\S _RE}[[?RUE T=A=Y SVEV; ¢]?]]? FVYGVYB]?@]YA]ST H==Z=SY=Y [EVE G=UF=A HVS H==Z=SY=Y\S FV?VS@VFS[U GQYSQF Z=½S=AY=Y ~Z; K==Z=SY=Y _=YS=F �^�=A RHSVF H[^_RE G= H[[^?RUE FVZ}VV EWHQSHZQYB F=?RE a?RHRa ZX}== �E> G[?VV? @QESQE =^=F GQYQZ} G=US== XT?==@_RE}[[?RUE T=A=Y F=ZSRUE RF G=UF==? a?RHRa ZX}RUS @QESQE =^E=; IREb}[[?RUE T=A=Y FRTEVVE RF G=UF HXH=Z ãã H]?YRUE =YA== S=?=F Z=S=AY=YH]ARU TREVVE G=S= G=UE=; DEV XHS==? a?RHRa ZX}RUE QEQ^THQU G=U?Y=Y EW=YWH`?E=HR^ H==Z=SY=YH1

½RUS �=} @QESQE =^@E==@ F=Z==?A=S GQYQF\S A=FREHVZAVSYV`;

#�Ô��$�Ð��� OVAVSAV} G=US== σ2 AR@�`?@ G[FRU FV^RUE H=?F=YHbH=U @=E=Z@=?S[U FVZ}RSAVF[[ERU Z=H`Z=HRa AXEA}RUE HXF=U2 âO=H`Z=HRaAXEA=} EW a0
XHS=H=U HVE�[[ SV@VEâ H==Z=SY=Y\S p RHSVF Z=S=AY=YH=U _=YS=;

H0 : a = a0
¢?@]YA]ST H==Z=SY=Y\S H1 : a 6= a0

SV`;
T =

X − a0

σ/
√
n

ÅXEa�RUS @H=HR@HRa _RE}[[?VV? @QESQE =^G=Y H0
H==Z=SY=Y

[EVE [`A T EW EQ?ZTYQSA@QE FV^RUE H=?F=YHH=U G=UE=; ¢S]SA@]E RHSVFH[^_RE α½RUE FX^WA a?RHRa ZX} EW K : |t| > ε SV@VE HVS_ FVZHVU ZX}GQYEQ; OX}RUE FRY ε½S P (|t| < ε) = 2Φ(ε) = 1 − α E]F�]Y]]@ QYEQ; Φ(t)½EQz?ZTYQSA@QE FV^RUE H=?F=YH\E ÅXEa�;
¼V?V^ T̃ =

X − a0

σ/
√
n

XHS= K ZX}RA F=?W�=Y=SA=} G=U^=Y H0
H==Z=SY=Y\S

FV?VS@VFS[U;KXF=UE HQFRQYAQYAB σ2 = 16, n = 9, X = 18 G]S]]A a0 = 16 [`A H0
H==bZ=SY=Y\S α = 0.05 RHSVF H[^_REHVUSVV? _=YS=� SV^VY2 2Φ(ε) = 0.95 E]Fb�]Y ·@QQ? EQz?ZTYQSA@QE FV^RUE H=?F=YH\E H=GYR�==@ ε = 1.96 SV} QYAQEQ;

KVS^VY K : |t| ≥ 1.96 GX~X T̃ =
18 − 16

4/3
= 1.5 < 1.96 XTR? H0

H==Z=SY=Y
F=>=UFS[U G= F[YVVE >]^_]]?T GQYEQ SV@VE [S ~Z;
¼V^RUE H=?F=YHH=U VF QYQEYQSRUE �=?=Z`H?[[ARUE HXF=U >=?RZ H==Z=SY=Y\S_=YS=F _RE}[[? G= HVASVV?RUE H=?F=YHB a?RHRa ZX}RUS QYQF E]F�]Y >V?SRUSA=?==F F[@EVSHVEA [>[[YV^;
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±�²�³���� ´����´ H0

���������µ����� �������� ��������´ �±¶��� ���� ���· ��������� ������ µ��¶��� ������ ¸�¸� µ��¶������������ �������
H1 : a 6= a0

���
2Φ(ε)=1 − α.¹º X ∼ N(a, σ2) σ2− T =(X − a0)

√
n

σ
H1 : a > a0

��� T ∼ N(0, 1)

H0 : a = a0
�������� 2Φ(ε)=1 − 2α.

H1 : a < a0
���

2Φ(−ε)=1 − 2α.
H1 : a 6= a0

���
Sn−1(ε)=1 − α.»º X ∼ N(a, σ2) σ2−�� T =(X − a0)

√
n

Ŝ
H1 : a > a0

��� T ∼ Sn−1(t)

H0 : a = a0
�������� Sn−1(ε)=1 − 2α.

H1 : a < a0
���

Sn−1(−ε)=1 − 2α.
H1 : σ2 6= σ2

0
���

χ2
1−α/2; n

< χ2 <

< χ2
α/2; n

, (H0+)¼º X ∼ N(a, σ2) a− T =nS2
∗/σ2

0 H1 : σ2 > σ2
0
��� T ∼ χ2

n(t)

H0 : σ2 = σ2
0

�������� S2
∗ =

1

n

n∑
i=1

(xi − a)2 χ2 ≥ χ2
α; n , (H0−)

H1 : σ2 < σ2
0
���

χ2 ≤ χ2
1−α; n , (H0−)

H1 : σ2 6= σ2
0
���

χ2
1−α/2; n−1

< χ2 <

< χ2
α/2; n−1

, (H0+)½º X ∼ N(a, σ2) a−�� T =(n − 1)Ŝ2/σ2
0 H1 : σ2 > σ2

0
��� T ∼ χ2

n−1(t)

H0 : σ2 = σ2
0

�������� χ2 ≥ χ2
α; n−1 , (H0−)

H1 : σ2 < σ2
0
���

χ2 ≤ χ2
1−α; n−1 , (H0−)

H1 : a1 6= a2
���

X ∼ N(a1, σ2
x) σ2

x, σ2
y− 2Φ(ε)=1 − α.¾º Y ∼ N(a2, σ2

y) �������� T =
X − Y√
σ2

x

n1
+

σ2
y

n2

H1 : a1 > a2
��� T ∼ N(0, 1)

H0 : a1 = a2 σ2
x = Ŝ2

x n1, n2−�������� 2Φ(ε)=1 − 2α.

σ2
y = Ŝ2

y
���¶��

H1 : a1 < a2
���

2Φ(−ε)=1 − 2α.
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H1 : a1 6= a2 ¿ÀÁ

X ∼ N(a1, σ2

x) σ2

x, σ2

y−¿Â Sk(ε)=1 − α.ÃÄ
Y ∼ N(a2, σ2

y) ÅÆÁÆÇÁÆÈ T =(X − Y )/ H1 : a1 > a2 ¿ÀÁ T ∼ Sk(t)

H0 : a1 = a2 σ2

x = Ŝ2

x

√√√√ n1σ2

x + n2σ2

y

n1+n2 − 2

(
1

n1

+
1

n2

)
Sk(ε)=1 − 2α. k=n1+n2−2

σ2

y = Ŝ2

y n1, n2−É¿¿ÊËÌÍÎ H1 : a1 < a2 ¿ÀÁÈÆÅÏÆÆ Sk(−ε)=1 − 2α.

H1 : σ2

x 6= σ2

y ¿ÀÁ
X ∼ N(a1, σ2

x) a1, a2− F1−α/2(n1; n2) < F <

< Fα/2(n1; n2) , (H0+)ÐÄ
Y ∼ N(a2, σ2

y) ÅÆÁÆÇÁÆÈ T =
S2

∗1

S2

∗2

H1 : σ2

x > σ2

y ¿ÀÁ
H0 : σ2

x = σ2

y S2

∗1
=

1

n1

n1∑
i=1

(xi − a1)2 F > Fα(n1; n2) , (H0−) T ∼ F (n1; n2)

S2

∗2
=

1

n2

n2∑
i=1

(xi − a2)2 H1 : σ2

x < σ2

y ¿ÀÁ
F1−α(n1; n2)=1/Fα(n2; n1)
F < F1−α(n1; n2) , (H0−)

H1 : σ2

x 6= σ2

y ¿ÀÁ
X ∼ N(a1, σ2

x) a1, a2−¿Â F1−α/2(k1; k2) < F <

< Fα/2(k1; k2) , (H0+)ÑÄ
Y ∼ N(a2, σ2

y) ÅÆÁÆÇÁÆÈ T =
Ŝ2

x

Ŝ2
y

H1 : σ2

x > σ2

y ¿ÀÁ T ∼ F (k1; k2)

H0 : σ2

x = σ2

y a1 =X F > Fα(k1; k2) , (H0−) k1 =n1−1

a2 =Y H1 : σ2

x < σ2

y ¿ÀÁ k2 =n2−1.

F1−α(k1; k2)=1/Fα(k2; k1)
F < F1−α(k1; k2) , (H0−)�[EAB (H0+) EWH0

H==Z=SY=Y\S F[YVVE >]^_]]?E]B (H0−) EWH0
H==Z=SY=Y\SE��==E= SV@VE HQ^TRY@QE HVZAVSYVSVVB F (n1, n2)

EW n1
G= n2

T]Y]]ERU >V?S[[AG[FRU ÌR_`?RUE H=?F=YH £F ½H=?F=YH¥; ÌR_`?RUE H=?F=YH\E F[@EVSHRUSF=^@?=YH==@ [> £K=GYR� Ú9¥;
MH=HR@HRa H==Z=SY=Y _=YS=F �^�=A �Z=? EVS H0

H==Z=SY=Y\S F[YVVE>]^_]]?T G=US== EW H[[ERUS �S G=H=Y@=E SV@VE [S GR_B F=?RE H[[ERUS [S[U@bSVF G[?VE [EAV@ G=UFS[U SV@VE [S ~Z; ¢]?]]? FVYGVYB H0
H==Z=SY=Y @XA=YbS==E\ [? A[EA F=?_Y=FS[U SVASRUS Y EQHQYYQQ SV@VE [S; �[ETYVE H0

H==bZ=SY=Y\S FV?VS@VFS[U GQYSQ} G=US== EW H[[ERUS F[YVVE >]^_]]?]F G[?VE[EAV@YVY G=UFS[U SV@VE [S ~Z;DEV G[SAVV@ [EAV@YVE VESRUE H==Z=SY=Y\S F[YVVE >]^_]]?@ERU A=?== EVZVYH@XA=YS== _==?AY=S=H=U GQYQF\S HVZAVSYV`;Á����Âo K=?F=YH\E �=?=Z`H?[[ARUE HXF=U AVV?F _RE}[[?[[AVAB H0 :
a = a0

H==Z=SY=Y\S α½RHSVF H[^_REHVUSVV? F[YVVE >]^_]]?]F ZX} EW a�=?=Z`H?RUE 1−α RHSVF Z=S=AY=Y G[FRU RHSVF >=^@=?H=U A=^F�=E=; ¢?]]@bS]Y ZX} G[FRU RHSVF _RE}[[?H ]?]]@S]Y RHSVF >=^@=?B FQ·? H=YH ZX} G[FRURHSVF _RE}[[?H FQ·? H=YH RHSVF >=^@=? HX@ HX@ F=?S=Y>=E=; DEV G[FVEEW AV^_[[Y@VE H0
H==Z=SY=Y\S a �=?=Z`H?RUE RHSVF REH`?^=Y==? _=YS=FGQYQZ}RUS QYSQ} GXU ~Z;

¼V?V^ a �=?=Z`H?RUE a0
XHS= F=?S=Y>=F RHSVF REH`?^=Y==? FXTRSA=} G=U^=Y

H0
H==Z=SY=Y\S F[YVVE >]^_]]?E]; D@?VS HQFRQYAQYA H0

H==Z=SY=Y F=>=U½E=; H0 : a1 = a2
SV@VE H==Z=SY=Y _=YS=} G=US== GQY a1 − a2

�YS=^?\E RHSVFREH`?^=Y\S G=USXXYE=; <=USXXY@=E REH`?^=Y a1 − a2
�YS=^?\E HVS XHS\SFXTR} G=U^=Y H0

H==Z=SY=Y\S F[YVVE >]^_]]?E]; ¼=?RE AR@�`?@[[ARUEHVE�YRUE HXF=U H0 : σ2
x = σ2

y
H==Z=SY=Y\E FX^WA RHSVF REH`?^=Y EW AR@�`?b@[[ARUE F=?W�==E\ FX^WA G=USXXY=SA=F XT?==@ G=USXXY@=E RHSVF REH`?^=Y�=?=Z`H?[[ARUE EVSHVU HVE�[[ XHS\S FXTR} G=U^=Y H0

H==Z=SY=Y\S F[YVVE
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>]^_]]?E];
� ¡¢¡Ò £¤¥ß¤¦§¨Ý ß­­¦«¬Ý §­ß¤¬ ® «Ý¯àà¥
MXAY=} GXU @=E=Z@=?S[U FVZ}RSAVF[[ERU H=?F=YH\E FXXYW ZVAVSAVFS[UHQFRQYAQYA @H=HR@HRa �X^==E\ HX@Y=Z}H=US==? SR@HQS?=ZZ G=USXXY}B @=E=Zb@=?S[U FVZ}RSAVF[[E QEQY\E H=?F=YH\E �Z=? FXXYWH=U G=U} GQYQF HXF=UH==Z=SY=Y AV^_[[YEV; ¢]?]]? FVYGVYB QEQY\E H=?F=YH\E ÅXEa� EW @H=HR@bHRa _RE}[[? _==?A=F @H=HR@HRa H==Z=SY=Y G=UA=S; DEV H==Z=SY=Y\S _=YbS=FA== QEQY\E H=?F=YH\E E�SH\E ÅXEa� G= SR@HQS?=ZZ\S F=?W�XXY} [>VFS?=ÅRaRUE =?S\S FV?VSYV} GQYEQ; ;R_VVYGVYB FVZ}RYHRUE [? A[ESVV?>QFRQ@QE REH`?^=Y\E ^=?R=�\E �X^== =^T [>W`;
x : [−4;−3[ [−3;−2[ [−2;−1[ [−1; 0[ [0; 1[ [1; 2[ [2; 3[ [3; 4]
p∗ :

8;8�� 8;8­� 8;�¡8 8;7«8 8;7¡¡ 8;�«7 8;8¬8 8;877¯R@HQS?=ZZ\S G=USXXY}B S?=ÅRaH=U F=?W�XXYG=Y2 â@=E=Z@=?S[U FVZ}RSAV½F[[E FV^RUE H=?F=YHH=Uâ SV@VE H==Z=SY=Y\S AV^_[[Y} GQYQFQQ? G=UE=; ÖAQQH=?F=YH\E �=?=Z`H?[[ARUS QY¶·; �[ERU HXYA H[[^?RUE VY`Z`EH[[ARUS FV?T½ZRUE AXEA}XXA==? @QESQE =^T H[[^?RUE AXEA=} G= AR@�`?@RUS GQA¶·2
X=

1

n

n∑

i=1

xi =
1

n

k∑

i=1

nixi =
8∑

i=1

p∗ixi ≈ 0.171, S2 =
8∑

i=1

x2
i p

∗
i −X

2 ≈ 2.18675

¼=ZSRUE RF [EVERU FX^W G[FRU =?S= ·@QQ? FV^RUE H=?F=YH\E �=?=Z`H?[[A
a = X, σ2 = S2 G=UA=S XTR? S =

√
2.18675 ≈ 1.479

; KVS^VY QEQY\E H=?F=YbH\E E�SH\E ÅXEa�
F (x) =

1

1.479
√

2π
e−

(x−0.171)2

2·2.186752

GQYEQ;
y=f(x) ÅXEa�RUE XHSXXA\S FV?TZRUE >=F\E �VS[[A AVV? QY} H=GYR� >QFRQ½^QY

x : ½¡ ½  ½7 ½� 8 � 7   ¡
f(x) :

8;88¡ 8;87­ 8;8¬8 8;�¬¬ 8;7«¡ 8;7 ¡ 8;�7¡ 8;8¡7 8;889DEV H=GYR�==@ f(x) ÅXEa�\E S?=ÅRaRUS G=USXXY} ]ZE]F G=USXXY@=E SR@bHQS?=ZZH=U F=?W�XXY=F >=Z==? A[SEVYH S=?S=} GQYEQ;ÖAQQ FV^RUE H=?F=YH\E FXXYRUS _=YS=F FVA FVAVE �?=aHRa _RE}[[?[[½ARUS =^T [>W`;
�� Òµ���Â ��º��Ó� ��¨���� �Ô����� Ô��Â���

K[[^?RUE FVZ}VV RF GR_ £n < 120¥ [`AB âFV?V^ H[[^?RUE H=?F=YH EW FV^RUEH=?F=YHH=U QU?QY�QQ H=?F=YHH=U GQY
∣∣∣∣∣
X

σ
− 0.7979

∣∣∣∣∣ <
0.4√
n

(∗∗)
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E]F�]Y GR`YVSAVEVâ SV@VE VESRUE >]^Y]Z}]]? _=YS=} GQYEQ;
�[EAB X =

1

n

n∑
i=1

|xi −X| AXEA=} =G@QY~H F=>=UYHB
σ=S £>]^F]E FV^RUE H=?F=YHH=U E]F�]YA VEV HVZAVSYVSVVS FV?VSYVEV¥;;R_VVYGVYB EVS =ESRUE Q~XHEXXA\E ]EA?RUE FVZ}VVSVV? >QFRQSA@QE @H=HR@bHRa �X^== =^T [>W`;

Ú [Xi−1;xi] ni p∗i
£A=^H=Z}¥ xi

£REH;AXEA=}¥� l�®­G�®¬l ­ 8;89¬ �®«
7 l�®¬G�« l �  8;7 7 �«�  l�« G�««l �­ 8;7®9 �«­¡ l�««G�9�l �¡ 8;7­8 �«¬­ l�9�G�9­l ­ 8;89¬ �9 ® l�9­G�9¬m ¡ 8;8«7 �9«

K[[^?RUE �=?=Z`H?[[ARUS QY¶·;

X =
6∑

i=1

p∗ixi ≈ 175.93, S =

√√√√
6∑

i=1

p∗ix
2
1 −X

2 ≈ 5.55,

X =
1

56

56∑

i=1

|xi −X| ≈ 247

56
= 4.41

DASVV? FQYGQSAYXXA==? (∗∗) E]F�]YRUS _=YS=^=Y
∣∣∣∣
4.41

5.55
− 0.7979

∣∣∣∣ <
0.4√
56

GX~X
0.0032 < 0.0535 GQYEQ;LUZA H[[^?RUE H=?F=YH EW FV^RUE H=?F=YHH=U SV@VE H==Z=SY=Y\S F[YVVE>]^_]]?T GQYEQ;

¦� Î����Ù��Ã� �����Õ �Ô����� Ô��Â���
K[[^?RUE FVZ}VV 3 < n < 1000 [`A FV^RUE H=?F=YH\E FXXYRUS REH`?^=Y\EA=Y=U� =_RSY=E _=YS=} GQYEQ; LEH`?^=Y\E A=Y=U� R = xmax − xmin

½RUSQY@E\ A=?== R/σ F=?W�==S GQAQ} F=^@?=YH\E H=GYR�==@ £H=GY;Ú®¥ VEV F=?Wb�==E\ F=?S=Y>=F AVVAB AQQA XHSXXA\S QY} }R_EV; ¼V?V^ R/σ F=?W�== =YbA==E\ 0.1 Z=S=AY=YH=US==? AVVA G= AQQA F�>S==?\E FQQ?QEA Q?_R} G=U^=YFV^RUE H=?F=YH\E HXF=U H==Z=SY=Y\S VEV _RE}VV? F[YVVE >]^_]]?T GQYEQ;
KXF=UYG=YB ]ZE]F }R_VVEA R = 189 − 165 = 24. R/σ =

24

5.55
≈ 4.324, n =

56, p = 0.1 [`A H=GYR�==@ F=?S=Y>=F AVVA G= AQQA XHSXXA\S QYGQY ­;7  G=¡;8  GQYEQ; O=E=U HQFRQYAQYA 4.03 < 4.324 < 5.23 XT?==@ H[[^V? FV^RUEH=?F=YHH=U SV} [>V} GQYEQ;
°� É��Ù���� ��ºÕ�ºº �� �º��������� ���ii�Õ���� �Ô�����Ô��Â���
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K[[^?RUE FVZ}VV G=S= £n < 20¥ [`A FV^RUE H=?F=YH\E FXXYRUS Va@�`@@ G==@RZZ`H?RUE aQVÅÅR�R`EHXXA\E HX@Y=Z}H=US==? _=YS=} GQYEQ; K[[^?RUEVASVV? aQVÅÅR�R`EHXXA\S A=?==F HQZ¶·QSQQ? QYAQS GQYQF\S GRA ZVAVF GRYVV;

A =
1

nS3

n∑

i=1

(xi −X)3, E =
1

nS4

n∑

i=1

(xi −X)4 − 3

�[EA S2 H[[^?RUE AR@�`?@; DASVV? @=E=Z@=?S[U FVZ}RSAVF[[E HX@ G[?RUEAR@�`?@[[A EW F=?S=Y>=E
D(A) =

6(n− 2)

(n+ 1)(n+ 3)
£�8;­ ¥

D(E) =
24n(n− 2)(n− 3)

(n+ 1)2(n+ 3)(n+ 5)
£�8;­¡¥

HQZ¶·QSQQ? GQAQSAQEQ; ¼V?V^
|A| ≤ 3

√
D(A) £�8;­­¥

|E| ≤ 5

√
D(E) £�8;­®¥

E]F�]Y[[A GR`YVSAV} G=U^=Y XS H[[^?RUS FV^RUE H=?F=YHH=U SV} [>V} GQYEQ;¢ZE] =^T [>@VE }R_VVERU FX^WA A = 0.262, E = −0.861, D(A) = 0.098,
D(E) = 0.329 G= |E| ≤ 2.867, |A| ≤ 0.939 XTR? ]S]SA@]E H[[^V? FV^RUEH=?F=YHH=U G=UE=;

¸� Ø��º��Ã ��$�Ù����� (χ2) Ô��Â���
M=E=Z@=?S[U FVZ}RSAVF[[ERU H=?F=YH\E FXXYRUE HXF=U H==Z=SY=Y\S _=YbS=F=A �?=aHRaH ]?S]E FV?VSYVSAAVSB HQFR?QZ}HQU G]S]]A `?]EFRU =?S= EWN;¿R?@QE\ FR½a^=A?=H _RE}[[? ~Z; DEV _RE}[[?B HX?_RYH==? HQSHQQ@QEH=?F=YH\E FXXYW EW X?WATRY=E ]S]SA@]E ~ZXX V@^VY X?WATRY=E H]@]]Y} GXUH=?F=YH\E FXXYWH=U HQFR?QF V@VF HXF=U H==Z=SY=Y\S _=YS=E=;DFYVVA n FVZ}VV@H H[[^?VV? >QFRQSA@QE @=E=Z@=?S[U FV}RSAVF[[ERU ]]?T½Y]SA]F ZX}RUS k REH`?^=YA FX^==E=; LEH`?^=Y\E HQQS 8 < k < 20 G=U½F==? =^G=Y HQFR?QZ}HQU G]S]]A �?=aHRaH RFV^TYVE k = [1 + 3.2 lnn] HQZ¶·QbSQQ? QYAQS; �[EA [x] EW x HQQE\ G[FVY FV@VS; i½? REH`?^=YA F=?W�=Y=SbA=F H[[^?RUE VY`Z`EHRUE HQQS ni

SV`; �[ERU A=?== H[[^?RUE HX@Y=Z}H=USR@HQS?=ZZ\S G=USXXY=EB @=E=Z@=?S[U FVZ}RSAVF[[ERU H=?F=YH\E FXXYRUEFVYGV?RUE HXF=U H==Z=SY=Y AV^_[[Y}B H=?F=YH\E [Y ZVAVSAVF �=?=Z`H?[[½ARUS QYEQ; ¿=?=Z`H?[[ARUS QYQFAQQ F=ZSRUE RF [EVERU FX^W G[FRU =?S\SFV?VSYV} GQYEQ;MQESQE =^@=E H=?F=YH\E FXXYRUE HX@Y=Z}H=US==? @=E=Z@=?S[U FVZ}RSAVF[[E
i½Y >=^@?==@ XHS== =^=F Z=S=AY=Y pi

½S QYEQ; K[[^?VV? >QFRQSA@QE H=?F=YH G=
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@QESQE =^@=E H=?F=YH\E FQQ?QEAQF F=>=UYH\S HQAQ?FQUYQF\E HXYA χ2 SV}EV?YVSAVF A=?==F _RE}[[?RUS =^T [>AVS;

χ2 =
k∑

i=1

(ni − npi)
2

npi

=
k∑

i=1

n

pi

(p∗i − pi)
2 £�8;­«¥

O=H`Z=HRa @H=HR@HRaH AVV?F FVZ}RSAVF[[ERUS l= k−r−1 T]Y]]ERU >V?VSG[FRU χ2½H=?F=YHH=U SV} G=H=YA=S; �[EAB k½ REH`?^=Y\E HQQB n½H[[^?RUEFVZ}VVB r½@QESQE =^@=E H=?F=YH\E FXXYRUE �=?=Z`H?RUE HQQ;¢S]SA@]E RHSVF H[^_RE α G= χ2 H=?F=YH\E H=GYR�==@ AVV?F FVZ}RSAVF[[ERUQEQY\E XHS= χ2
l,α
½S QYEQ;

¼V?V^ χ2 ≤ χ2
1,α

E]F�]Y GR`YVSAV} G=U^=Y @QESQE =^@=E H=?F=YH\E FXXYRUSF[YVVE >]^_]]?E]; D@?VS HQFRQYAQY EW XS H[[^V? VEV H=?F=YH\E FXXYWAERU�VFS[US F=?XXYE=;
χ2½ _RE}[[?RUS H[[^?RUE FVZ}VV n ≥ 50÷150 G= ni ≥ 5÷8 [`A FV?VSYV^VYHQFR?QZ}HQU; ¼V?V^ =YW EVS i½? REH`?^=YA F=?W�=Y=SA=F VY`Z`EH[[ARUEHQQ ni < 5 G=U^=Y F]?_ >V?SVYAVV Q?_RF FQ·? GX~X FVA FVAVE REH`?^=YXX½A\S EVSHSVEV; DF QYQEYQS FV^RUE H=?F=YHH=U HQFRQYAQYA r = 2 G]S]]A X B

σ2 �=?=Z`H?[[A EW H[[^?VV? HQAQ?FQUYQSAQF\E S=AE= pi
½S QYQFAQQ A=?==FHQZ¶·QS =_RSY=E=;

pi = P (xi ≤ X ≤ xi+1) = Φ

(
xi+1 −X

σ

)
− Φ

(
xi −X

σ

)

#�Ô��$�Ð��¦ ¼=UYXXY} GXU S=ESRUE T=E=?\S XAR?A=F\E HXYA H[[ERUZ`F=ERa T=E=?\E H=?F=YH\E FXXYRUS ZVAVF _==?AY=S=H=U GQYAQS G=UE=; ­¯M Z=?aRUE S=ES @XA=Y} n = 374 XA== =}RSY=YH FRU@ERU A[EA S=ESRUEZ`F=ERa T=E=?XXA\E EVS GQYQF âX?@=F F�>S==? FV^RUE H=?F=YHH=Uâ SV@VEH==Z=SY=Y AV^_[[Y}VV; KX?_RYH==? X = 42.37aSÔZZ2 B σ = 0.94aSÔZZ2 SV}HQSHQQ@QE G]S]]A REH`?^=Y\E ^=?R=�\E �X^==S A=?==F F[@EVSHVEA ]S]^;Ú [xi;xi+1] ni�
[40; 41[ 787 [41; 42[

��7 
[42; 43[

�­¡¡
[43; 44[

« ­
[44; 45[

� ®
[45; 46] 7∑ ½  «¡

K=?F=YH\E FXXYRUE HXF=UVEVF[[ H==Z=SY=Y\S α = 0.01RHSVF H[^_REHVUSVV? _=YbS=�; LEH`?^=Y\E ^=?R=�\E�X^==E==@ F=?^=Y ®½? REH`?b^=Y\E =}RSY=YH\E XHS= ­½==@ G=S= XT?==@ ­B ® AXS==?REH`?^=YXXA\S EVSHSV`;
[xi;xi+1] [40; 41[ [41; 42[ [42; 143[ [43; 44[ [44; 46]

ni 78 ��7 �­¡ «  �­
¢S]SA@]E @=E=Z@=?S[U FVZ}RSAVF[[ERU XHS= FX^==YH\E REH`?^=Y HX@ G[?AF=?W�=Y=SA=F Z=S=AY=Y pi

½S QY¶·;
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p1 =P (40<X < 41) = Φ
(41−42.37

0.94

)
−Φ
(40−42.37

0.94

)
= 0.4940−0.4280 = 0, 066.�[ETYVE p2 =0.2762, p3 =0.3971, p4 =0.2128, p5 =0, 0417.

χ2 _RE}[[?RUE XHS\S QYQF\E HXYA A=?==F H=GYR�\S >QFRQF EW HQFR?QZ}bHQU G=UA=S;
Ú [xi ÷ xi+1] ni pi npi |ni − npi| (ni − npi)

2 (ni − npi)
2

npi�
[40; 41[ 78 8;8®® 7¡;«® ¡;«® 7�;­® 8;9«�

7 [41; 42[
��7 8;7«®7 �8 ;«8 9; 8 ®9;9¬ 8;®®¡ 

[42; 43[
�­¡ 8; ¬«� �¡9;­7 ­;¡9 7¬;8  8;�7«¡

[43; 44[
«  8;7�79 «¬;­¬ ®;­¬ ¡ ;¡  8;­¡®­

[44; 46]
�­ 8;8¡�« �­;®8 8;®8 8; ® 8;87 ∑ ½  «¡ 8;¬¬ 9  «7;�« ½ ½ χ2 = 2.231O=E=U HQFRQYAQYA REH`?^=Y\E HQQ k = 5B VF QYQEYQS FV^RUE H=?F=YHH=U SV}[>V} GXU HXY r = 2
; LUZA T]Y]]ERU >V?VS l = 5 − 2 − 1 = 2. χ2½H=?F=YH\EH=GYR�==@ α = 0.01, l = 2 G=UF [`RUE XHS\S QYGQY χ2

2;0.01 = 9.2, 2.231 < 9.2XTR?  ­¯M ½Z=?aRUE S=ESRUE âX?@=F F�>S==? FV^RUE H=?F=YHH=Uâ SV@VE H==bZ=SY=Y\S F[YVVE >]^_]]?T GQYEQ;
»� ���������ÙÃ� Ô��Â���

n XA==SRUE [Y F=Z==?=F HX?_RYH\E [? A[ESVV?B H=@?=YHS[U @=E=Z@=?S[UFVZ}RSAVF[[ERU HX?_RYH\E H=?F=YH\E ÅXEa� Fn(x)½RUS G=USXXY@=E SV`;KVS^VY HX?_RYH\E HQQ F[?VY�VVHVU RF [`A Fn(x) ÅXEa� VF QYQEYQSRUE H=?½F=YH\E ÅXEa� F (x) ÕYÕÕ ERUYAVS GQYQF\S GRA ZVAVF GRYVV; Ö?Q@\E Z=H`½Z=HRaT 3;w;NQYZQSQ?Q^ n→ ∞ [`ADn = max|Fn(x)−F (x)|√n FVZ}RSAVF[[E
F (x) ÅXEa�RUE FVYGV?VV@ F=Z==?=FS[USVV?

K(λ) =
+∞∑

k=−∞
(−1)ke−2k2λ2 £�8;­9¥

F�>S==?H=U G=UE= SV} G=H=Y}VV; £�8;­9¥ ÅXEa�RUS NQYZQSQ?Q^\E ÅXEa� SVEV;M=E=Z@=?S[U FVZ}RSAVF[[ERU H=?F=YH\E ÅXEa� G= NQYZQSQ?Q^\E ÅXEa�RUEHQAQ?FQUYQYHQQ@B F[?VY�VVHVU RF n G= AX?\E λ > 0 HQQE\ FX^WA
P (Dn < λ) ≈ K(λ) =

+∞∑

k=−∞
(−1)ke−2k2λ2 £�8;­¬¥

P (Dn ≥ λ) ≈ 1 −K(λ) = 1 −
+∞∑

k=−∞
(−1)ke−2k2λ2 £�8;®8¥

E]F�]Y[[A Z]?AE];£�8;®8¥ ÅXEa�RUE H=GYR�\S λ½RUE XHSXXA=A >QFRQ@QE G=UA=S; £H=GY;Ú­¥ÖAQQ QEQY\E G= HX?_RYH\E H=?F=YH\E ÅXEa�[[A\E FQQ?QEA\E F=>=UYH\SNQYZQSQ?Q^\E _RE}[[?VV? _=YS=F A=?==YY\S =^T [>W`; DFYVVA HX?_RYH\E
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H=?F=YH\E ÅXEa�RUE XHS= QEQY\E ÅXEa�VV@ F=>=UF F=ZSRUE RF =G@QY~H F=½>=UYH\S A=?==F HQZ¶·QSQQ? QYEQ;

D = max|Fn(x) − F (x)| £�8;®�¥
¤=?== EW

λ =
√
n ·D £�8;®7¥E]F�]Y]]@ λ½FVZ}RSAVF[[ERUS QYEQ; ¢S]SA@]E RHSVF H[^_RE α½A F=?S=Y>=F

λ½RUE QEQY\E XHS\S A=?==F H=GYR�==@ QYEQ;
α

8;8� 8;87 8;8­ 8;� 8;�­ 8;78 8;7­ 8; 
λ1−α

�;®  �;­7 �; ® �;77 �;�¡ �;8« �;87 8;¬«
α

8;¡ 8;­ 8;® 8;« 8;9 8;¬ 8;¬¬
λ1−α

8;9¬ 8;9  8;«« 8;«� 8;®¡ 8;­« 8;¡¡
¼V?V^ λ < λ1−α

E]F�]Y GR`YVSAV} G=U^=Y @=E=Z@=?S[U FVZ}RSAVF[[ERU Q½EQY\E H=?F=YH\E ÅXEa� F (x) FXXYWH=U G=UE=; NQYZQSQ?Q^\E _RE}[[?RUEA=^XX H=Y EW K(λ) Z=S=AY=Y X?WATRY=E @QESQE =^@=E H=?F=YH\E FXXYR=@F=Z==?A=SS[UA Q?_REQ;#�Ô��$�Ð��° M=E=Z@=?S[U FVZ}RSAVF[[ERU HX?_RYH\E [? A[ESVV?>QFRQ@QE @H=HR@HRa �X^== =^T [>W`;
Ú [xi;xi+1] xi =

xi + xi+1

2
ni p∗i�

[−20;−15[ ½�«;­ « 8;8 ­
7 [−15;−10[ ½�7;­ �� 8;8­­ 

[−10;−5[ ½«;­ �­ 8;8«­¡
[−5; 0[ ½7;­ 7¡ 8;�78­
[0; 5[ 7;­ ¡¬ 8;7¡­®
[5; 10[

«;­ ¡� 8;78­«
[10; 15[

�7;­ 7® 8;� 89
[15; 20[

�«;­ �« 8;89­¬
[20; 25[ 77;­ « 8;8 ­�8
[25; 30] 7«;­   8;8�­

K[[^?RUE �=?=Z`H?[[ARUS QYGQY

X =
10∑

i=1

p∗ixi = 4.30, σ =

√√√√
10∑

i=1

p∗i (xi −X)2 = 9.71

M=E=Z@=?S[U FVZ}RSAVF[[E FV^RUE H=?F=YHH=U G=UF HXF=U H==Z=SY=Y\S χ2G= NQYZQSQ?Q^\E _RE}[[?VV? A=^F=? _=YS=�; �[ERU HXYA A=?==F H=GYR�\S=_RSY=^=Y HQFR?QZ}HQU;
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Ú [xi;xi+1] ni npi nFn(x) nF (x) n|Fn(x)−F (x)| (ni − npi)
2

npi�
] −∞;−15[

« ¡;« « ¡;« 7;  �;�77 [−15;−10[
�� ¬;­ �9 �¡;7  ;9 8;7  

[−10;−5[
�­ �¬;­      ;« 8;« �;�9¡

[−5; 0[ 7¡  �;® ­« ®­;  9;  �;9�­
[0; 5[

¡¬ ¡8;  �8® �8­;® 8;¡ �;9«®
]5; 10[

¡�  9;¬ �¡« �¡¡;­ 7;­ 8;��«
[10; 15[ 7® 7¬;7 �«  �« ;« 8;« 8;789
[15; 20[

�« �­;® �¬8 �9¬;  8;« 8;887¬
[20; 25[

« «;« �¬« �¬« 8;8 8;8®�8
[25; +∞[

    788 788 8;8 8;88
½ 788 ½ ½ ½ nD = 8.3 χ2 = 6.642DEA pi

Z=S=AY=YXXA\S χ2 _RE}[[?H =^T [>@VE HQZ¶·QSQQ? QY@QE GQYEQ;KXF=UYG=YB
p2 = Φ

(−10 − 4.3

9.71

)
− Φ

(−15 − 4.3

9.71

)
= 0.0475, np2 = 200 · 0.0475 = 9.5 ,

χ2 =
10∑
i=1

(ni − npi)
2

npi

= 6, 642.
Ï]Y]]ERU >V?VS l = 10− 2− 1 = 7

;
χ2

7,0.05 = 14, 1
;

D�V@H EW 6.642 < 14.1 HXY =^T [>V} GXU @=E=Z@=?S[U FVZ}RSAVF[[ERUS FV^RUEH=?F=YHH=U SV} [>V} GQYEQ;ÖAQQ AVV?F H==Z=SY=Y\S NQYZQSQ?Q^\E _RE}[[?VV? _=YS=�;
nD = max n|Fn(x) − F (x)| = 8.3B λ =

nD√
n

= 0.59, α = 0.05 [`A ]ZE]F
F[@EVSHVV@ λ0.95 = 1.36 SV} QYAQEQ; 0.59 < 1.36 XTR? ]S]SA@]E @=E=Z@=?S[UFVZ}RSAVF[[E Z]E Y FV^RUE H=?F=YHH=U SVAVS EW A=FRE G=HY=SA=} G=UE=;

¼V^RUE H=?F=YH\E HXF=U AVV? =^T [>@VE _RE}[[?[[AVV@B Va@�`@@ G= =@RZbZ`H?RUE aQVÅÅR�R`EHRUS =_RSY=F _RE}[[? EW ZQZ`EHXXA\E FV?VSYVSVVS[>[[YVFVV@ S=AE= aQZ�W~H`? AVV? HQQ�QQS FRUFVA RFVVFVE HQFR?QZ}HQU;
¼=?RE NQYZQSQ?Q^\E _RE}[[?RUS FQ^Q? FV?VSYVEV; ¿?=aHRaH ERYVVA FV?VS½YVSAAVS HQFR?QZ}HQU _RE}[[? EW REH`?^=Y\E A=Y=U� =_RSY=F _RE}[[? G=
χ2 _RE}[[?[[A ~Z;





ö ÷ � ø � ùù

Ö � � × � ü � � ý � Ø � � g � � � ø ø

þþ�þ 8 u � . % � � u v � _ u � � u 1 t - - � u v
� � � � - � � � � � �

wVSVE >V?VS [UYTYVF �E> G[?RUE F[TRE >[UYVV@ F=Z==?@=E =}RSY=YHXXA\E [?A[ES GQYQ^@?XXY=FB SQY E]Y]] G[FRU F[TRE >[UY[[ARUS @QESQFB HVASVV?RUEE]Y]]YYRUS [EVYVFB ]]? FQQ?QEA EW }R_RF =?S\S AR@�`?@RUE _RE}YVYA =^T[>AVS; KX?_RYH=EA E]Y]]Y} GXU S=A==A E]F�Y[[ARUS Å=aHQ? GX~X F[TRE>[UY SV} EV?YVEV; KXF=UYG=YB t0 B =HZQ@Å`?RUE A=?=YHB H=H=Y�Y\E F[TBHQEQS H]F]]?]Z}RUE H]?]Y SVF ZVH `?]EFRU F[TRE >[UY[[AVV@ S=AE= HXF=UEHX?_RYH=EA E]Y]]Y]F �Z=?T �=?=Z`H?RUS [EA@VE F[TRE >[UY GQYSQE @QESQE=^T GQYEQ; ¯VFAVV E]Y]] EW ZVAVSAVF[U� G]S]]A F�E=} GQYQF HRUZ F[TRE>[UY[[ARUS @QER?FQEQ; KX?_RYH=EA F[TRE >[UY[[A EW FX^W@=} GQYEQ; DEVHQFRQYAQYA F[TRE >[UY EW �E> G[?RUE H[^_REA FX^W@=} G=UE= SVF GX~X V@^VYF[TRE >[UY FVA FVAVE H[^_REHVU G=UE= SV} �?WA=S;:Z=? T HX?_RYH\E FX^WAB @XA=Y} G=US== FVZ}RSAVF[[ERU AXEA=} XHS=EW [EA@VE F[TRE >[UYRUE HQQE G= T=E=?\E ]]?TY]YH]]@ F=Z==?=F==@ S=AE=@=E=Z@=?S[U F[TRE >[UY[[AVV@ F=Z==?E=; LEF[[ [EA@VE GQYQE @=E=Z@=?S[UF[TRE >[UY[[A =}RSY=YH\E AXEA=} XHS=EA FV?FVE E]Y]]Y]FRUS @XAY=F EWAR@�`?@RUE _RE}RYSVVERU [EA@VE GQAYQSQ ~Z;
IRE}RY} GXU F[TRE >[UYRUE HQQEQQ@ F=Z==?T EVS F[TRE >[UYHB FQ·?F[TRE >[UYHB QYQE F[TRE >[UYH _RE}RYSVV SV} =ESRY} [>EV; ¼VA FVAVEF[TRE >[UYRUE FX^WA AR@�`?@RUE _RE}RYSVV FRUF EW HQFR?QZ}HQU G=UA=S;MQESQAQS =?S=A >]^F]E S=E� F[TRE >[UYRUS ]]?TY]SAA]S ZVHVV? =^T [>V}BGX@A\S HQSHZQY SV} HQQ�AQS; MXA=YS==E\ RUZ =?S=AB F[TRE >[UY[[A EVSVE>V?VS ]]?TY]SA]F [`A HVASVV?RUE F=?RY�=E [UYTYVYRUS HQQ�Q} GQYAQSS[UXT?==@ ]?]]@S]Y ~Z; LUZ XT?==@ AR@�`?@RUE _RE}RYSVVEA H[[^?RUE ERUHAR@�`?@RUSB FQQ?QEAQQ [Y F=Z==?=F F[TRE >[UY[[AHVU X�YA@=E EVZVSAVF[[EA>=A=Y}B VASVV? EVZVSAVF[[E G[?RUE E]Y]]YYRUS FQQ?QEA EW F=?W�XXY=F >=bZ==? SQY E]Y]] G[FRU F[TRE >[UY[[ARUS @QESQE =^A=S; ;R_VVYGVYB �Z=? EVS
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FVZ}RSAVF[[E M ½RUE XHS\S FVZ}R} X SV@VE XHS= S=?S=E =^@=E G= FVZ}RY½HRUE �?Q�`@@H A, B SV@VE [Y F=Z==?=F @=E=Z@=?S[U F[TRE >[UY[[A E]Y]]YA]SSV`; KVS^VY F=>=UYH EW M −X = α+ β + γ GQYQF G= AR@�`?@RUS GQA^QY
D(M −X) = D(α+ β + γ) = Dα+Dβ +Dγ.

�[EA2
Dα−A F[TRE >[UYRUE E]Y]]B
Dβ−B F[TRE >[UYRUE E]Y]]B
Dγ−HQQ�QSAQQS[U [YA@VE GX@=A @=E=Z@=?S[U F[TRE >[UY[[ARUE E]Y]];
Dγ½S [YAVSAVY AR@�`?@ SVEV;DASVV? AR@�`?@ EW VF QYQEYQSRUE AR@�`?@RUE [EVYVYH[[A GQYQF G= A, BF[TRE >[UY[[ARUE E]Y]]S [EVYVFRUE HXYA Dα,Dβ AR@�`?@[[ARUS Dγ AR@b�`?@HVU F=?W�XXY} [>AVS;

¤R@�`?@RUE _RE}RYSVV FRUFRUE HXYA2�; 3}RSY=YH GX~X FVZ}RYHRUE [? A[ES[[A EW FV^RUE H=?F=YHH=UB F=Z==½?=YS[U @=E=Z@=?S[U FVZ}RSAVF[[E G=UF
7; ¼[TRE >[UY[[A >]^F]E AXEA=} XHSXXA\E ]]?TY]YH]EA E]Y]]Y]F G= =}RS½Y=YHXXA\E AR@�`?@ R}RY G=UFSV@VE [EA@VE _==?AY=SXXA\S F=ES=@=E G=UF ·@HQU; P]^F]E RUZ E]F�]YA S=?bS=E =^@=E Z=H`Z=HRa AXEA=} G= AR@�`?@RUE E]Y]]S [EVY}B RHSVF >=^@?XXA\SG=USXXY} GQYEQ;

þþ�2 X - t � � J u � � � v 1 � � u � . % � � u v � _ u � � u 1 t - - �

:Z=? EVS =^HQZ=H _XS=Z\E @XX?W Z=_REXXA AVV? R}RY H]?YRUE A`H=YXXA[UYA^V?YVAVS SV`; %==_A\E GQYQ^@?XXY=YH\S >]^ H]Y]^Y]FRUE HXYA @XX?WZ=_RE G[? AXEA=} FVZ}VV EW FQQ?QEAQQ R}RY G=UF A`H=YRXA S=?S=} T=A=}G=UE= XX&B [S[U ~X& SVASRUS ZVAVF _==?AY=S=H=U; DEV HQFRQYAQYA A`H=Y\EAXEA=} FVZ}VVEA E]Y]]Y]F [EA@VE F[TRE >[UY EW HVASVV?RUS [UYA^V?YV}GXU @XX?W Z=_REXXA ~Z;KVS^VY VEVF[[ F[TRE >[UY A`H=Y\E AXEA=} FVZ}VVEA FR? RF E]Y]]Y} G=UE=^V& DEV F[TRE >[UYRUE E]Y]]S =?RYS=} GQYQF XX& SV@VE =@XXAY\S @QER?FQ}GQYEQ; MXX?W Z=_RE G[? AVV? [UYA^V?YV@VE A`H=Y\E FVZ}VV FV^RUE H=?½F=YHH=U G]S]]A HVE�[[ AR@�`?@HVU SV`;
m HQQE\ @XX?W Z=_REH=U SV^VY GRAERU @QER?F@QE F[TRE >[UY m �E>\E XHS==^T GQYQF XT?==@ m½H[^_REHVU SV@VE [S; i½Y H[^_RE G[? AVV? ni (i = 1,m)=}RSY=YH FRU^VY ERUH =}RSY=YH\E HQQ N = n1 + n2 + · · · + nm

GQYQF G=F�YG=?\S GQAQ} H[^_RE G[? AVV? R}RYFVE n XA== =}RSY=YH FRU@VE SV`;KVS^VY H[[^?RUE ERUH N = m · n VY`Z`EHRUS =}RSY=YH\E Z=H?R� FVZVVF
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A=?==F Z=H?R�==? A[?@VY} GQYEQ;

X =




x11 x12 . . . x1n

x21 x22 . . . x2n

. . . . . . . . . . . .
xi1 xi2 . . . xin

. . . . . . . . . . . .
xm1 xm2 . . . xmn




£��;�¥

:Z=? T =}RSY=YH\E A[ES A=?==F FVYGV?HVU A[?@VY} GQYAQS SV`;
xij = µ+ γi + εij = βi + εij

£��;7¥
�[EA2

µ−`?]EFRU AXEA=}B
γi−F[TRE >[UYRUE i½Y H[^_ERU E]Y]]S]]? [[@@VE F=>=UYHB
εij−i½Y H[^_ERU =}RSY=YH\E £FVZ}RYHRUE¥ =YA==B
βi = µ+ γi−i½Y H[^_ERU =}RSY=YH\E AXEA=};

εij
EW HQQ�QSAQQS[U [YA@VE GX@=A @=E=Z@=?S[U F[TRE >[UY[[ARUE E]Y]]S]]?HQAQ?FQUYQSAQEQ; ¤R@�`?@RUE _RE}YVYRUE `?]EFRU GQAYQSQ ·@QQ? xij

FX^W½@=STRUE `?]EFRU F=>=UYH\S £=YA==S¥ γ F[TRE >[UYRUE E]Y]] G= GX@=A @=E=Zb@=?S[U F[TRE >[UYRUE E]Y]]S]]? HX@ HX@ HQAQ?FQUYQSAQF FQ·? EVZVSAVF[[EA>=AY=F ·@HQU; �[ERU HXYA `?]EFRU AXEA=} µ G= H[^_RE G[?RUE AXEA=} βi
½RUE [EVYVYH[[ARUS QYQF _==?AY=S=H=U;

i½? H[^_ERU =}RSY=YH\E AXEA}RUS xi
SV} HVZAVSYV^VY

xi =
1

n

n∑

j=1

xij
£��; ¥

GQYQF G= VEVF[[ AXEA}RUS G[YSRUE AXEA=} SV} EV?YVEV; wRUH =}RSY=YbH\E =?RÅZ`HRa AXEA=} EW `?]EFRU AXEA}RUE £µ½RUE¥ [EVYVYH GQYEQ; DEV[EVYVYHRUSX SV} HVZAVSYVVA �==_RA =}RSY=YH\E `?]EFRU AXEA=} SV} EV?bYV`;
X =

1

N

m∑

i=1

n∑

j=1

xij =
1

m

m∑

i=1

xi
£��;¡¥

K[[^?RUE VY`Z`EH[[A G= X AXEA}RUE �YS=^?\E a^=A?=HXXA\E ERUYGV?
Q =

m∑

i=1

n∑

j=1

(xij −X)2 £��;­¥
½\S A=?==F [Y F=Z==?=F FQ·? EVZVSAVF[[EA >=A=Y} GQYEQ;

Q =
m∑

i=1

n∑

j=1

(xij −X)2 = n

m∑

i=1

(xi −X)2 +
m∑

i=1

n∑

j=1

(xij − xi)
2
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¢]?]]? FVYGVY2

Q = Q1 +Q2.
£��;®¥

Q1 = n

m∑

i=1

(xi −X)2 £��;«¥
£��;«¥ ERUYGV?RUS G[YVS FQQ?QEA\E F=>=UYH\E a^=A?=HXXA\E ERUYGV? SV}EV?YVF G= G[YVS FQQ?QEA\E @=?ERY\S RYV?FRRUYEV;

Q2 =
m∑

i=1

n∑

j=1

(xij − xi)
2 £��;9¥

ERUYGV?RUS G[YVS AQHQ?FR F=>=UYH\E a^=H?=HXXA\E ERUYGV? SV} EV?YVF G=
i½Y H[^_ERU =}RSY=YHXXA\E FQQ?QEAQF @=?ERY\S RYV?FRUYEV; Q2

EW HQQ�QSbAQQS[U [YA@VE GX@=A @=E=Z@=?S[U F[TRE >[UY[[ARUE E]Y]]S HQAQ?FQUYQFG]S]]A [YAVSAVY @=?ERY SVEV; Q½S F=>=UYHXXA\E a^=A?=H\E G[HVE ERUYGV?GX~X `?]EFRU ERUYGV? SVEV;
Q G=Q1, Q2

ERUYGV?[[ARUS QY@EQQ?B HVASVV?RUE F=?S=Y>=F AR@�`?@[[A GQYQFH[[^?RUE AR@�`?@½S2 B G[YVS FQQ?QEA\E AR@�`?@ GX~X F[TRE >[UYRUE AR@�`?@½
S2

1
B G[YVS AQHQ?FR AR@�`?@ GX~X [YAVSAVY AR@�`?@ S2

2
½RUS HX@ HX@ QY} GQYEQ2

S2 =
1

mn− 1

m∑

i=1

n∑

j=1

(xij −X)2 £��;¬¥

S2
1 =

1

m− 1

m∑

i=1

(xi −X)2 =
Q1

m− 1
£��;�8¥

S2
2 =

1

m(n− 1)

m∑

i=1

n∑

j=1

(xij − xi)
2 =

Q2

m(n− 1)
£��;��¥

γ F[TRE >[UYRUE E]Y]]S HQAQ?FQUYQF\E HXYA ]S]SA@]E RHSVF H[^_RE α½RUEFX^WAB AXEA=} XHSXXA EW F[TRE >[UYRUE H[^_RE G[? AVV? HVE�[[ G=UF HXF=UH==Z=SY=Y\S _=YS=F ·@HQU; ¼V?V^ γ F[TRE >[UYRUE E]Y]] H[^_RE G[? AVV?R}RY G=U^=Y S2
1
G= S2

2
EW `?]EFRU AR@�`?@RUE [EVYVYH[[A GQYEQ; LUZVV@

H0 : S2
1 = S2

2
£��;�7¥

SV@VE H==Z=SY=Y\S _=YS=F=A F=ES=YHH=U; �[ERU HXY
F =

S2
1

S2
2

£��;� ¥
SV@VE _RE}[[?RUS @QESQE =^E=; 3EFE\ H==Z=SY=Y [EVE [`A @=E=Z@=?S[UFVZ}RSAVF[[E F EW k1 =m−1 G= k2 =m(n−1) T]Y]]ERU >V?VS G[FRU ÌR_`?bRUE H=?F=YHH=U G=UE=; ÌR_`?RUE H=?F=YH\E H=GYR�==@ α, k1, k2

½XHSXXA=A
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F=?S=Y>=F QEQY\E XHS= Fα;k1;k2

½RUS QYEQ;
¼V?V^ F > Fα;k1;k2

E]F�]Y GR`YVSAV} G=U^=Y H0
H==Z=SY=Y\S [S[U@SV}B γF[TRE >[UY ZVAVSAVF[U� E]Y]]Y} GXU HXF=U A[SEVYH S=?S=E=;

F < Fα;k1;k2

GQY H0
H==Z=SY=Y\S [S[U@SVF [EAV@S[U G]S]]A γ F[TRE >[UYRUEE]Y]]S HQQ�QFS[U G=U} GQYEQ; ¼[TRE >[UYRUE AR@�`?@RUS [YAVSAVY AR@�`?b@VA F=?W�XXY@=E F=?W�==S==? γ F[TRE >[UY FR? F[THVU E]Y]]Y} GXUS HQSbHQQEQ; K[^_RE G[? AVF HX?_RYH\E HQQ EW R}RY G=UF EVS F[TRE >[UYH AR@b�`?@RUE _RE}RYSVVERU [? A[ES A=?==F F[@EVSHVEA EVSHSVE F=?XXY=^;

AR@�`?@ a^=A?=HXXA\EERUYGV? T]Y]]ERU>V?VS AXEA=}a^èA?=H AR@�`?@RUE[EVYVYH
F[TRE>[UYRUE n·

∑
i

(xi−X)2 =Q1 m−1

∑
i

(xi −X)2

m− 1
S2

1 =
Q1

m−1

[YAVSAVY ∑
i,j

(xij − xi)
2 m(n− 1)

∑
i,j

(xij − xi)
2

m(n− 1)
S2

2 =
Q2

m(n−1)

`?]EFRU ∑
ij

(xij−X)2 =Q mn−1

∑
ij

(xij −X)2

mn− 1
S2 =

Q

mn−1

¼VARUSVV? F�YG=?\S GQAQ} H[^_RE G[? AVF HX?_RYH\E HQQS R}RY SV} HQQ�b@QE T SV@VE £��;­¥÷£��;9¥ HQZ¶·QSQQ? ERUYGV?[[ARUS QYQF EW H[^VSHVU G=UA=S;¿?=aHRaH RFV^TYVE H[[^?RUE XHSXXA==? Q G= Q1
ERUYGV?RUS QY} Q2

½\SHVASVV?RUE �YS=^?==? =^A=S; £��;­¥ G= £��;«¥ HQZ¶·QS FX^R?S=^=Y A=?==FFVYGV?HVU GQYEQ;

Q =
m∑

i=1

( n∑

j=1

x2
ij

)
− 1

mn

[
m∑

i=1

( n∑

j=1

xij

)]2 £��;�¡¥

Q1 =
1

n

m∑

i=1

( n∑

j=1

xij

)2

− 1

mn

[
m∑

i=1

( n∑

j=1

xij

)]2 £��;�­¥
n∑

j=1

x2
ij = Ri, Li =

n∑
j=1

xij
SV} HVZAVSYV^VY £��;�¡¥B £��;�­¥ HQZW·Q2

Q =
m∑

i=1

Ri −
1

mn

(
m∑

i=1

Li

)2 £��;�®¥

Q1 =
1

n

m∑

i=1

L2
i −

1

mn

(
m∑

i=1

Li

)2 £��;�«¥
FVYGV?HVU GQYEQ; K[[^?RUE ]S]SAY[[AVV@ F=Z==?T G=S= HQQEXXA AVV? =}RYbY=F _==?AY=S= S=?^=Y £��;�®¥ G= £��;�«¥ HQZW·QEA yij = xij − C £Ù¥ Q?YXXYS=



�ÐÈ Ò�ºÓ��º��� Ô��Â�����
FRU} F�YG=?TRY} GQYEQ; �[EAB C½VV? `?]EFRU AXEA}RUE Q?TRZ G=UF G[FVYHQQS @QESQE =^E=; KVS^VY £��;�®¥ G= £��;�«¥ HQZW·QS A=?==F G=UAY==? GRTR}GQYEQ;

Q =
m∑

i=1

Pi −
1

N

(
m∑

i=1

Ti

)2 £��;�9¥

Q1 =
1

n

m∑

i=1

T 2
i − 1

N

(
m∑

i=1

Ti

)2 £��;�¬¥
�[EA B N = mn, Pi =

n∑
j=1

y2
ij, Ti =

n∑
j=1

yij, (i = 1,m)LESV} F�YG=?TRY@=E\ A[EA AVV?F G[F ERUYGV?[[ARUS F[@EVSH =_RSY=E S=?==?GQAQ} GQYEQ £;R_VVS F=?¥;¿?=aHRaH HQFRQYAQF ]]? EVS F[EA?VY EW F[TRE >[UYRUE H[^_RE G[? R}RY½FVE HQQE\ VY`Z`EHHVU G=UF =YG=S[U G=UA=SH Q?_REQ; DEV HQFRQYAQYA AVV?=^T [>@VE HQZW·QEXXA FV?FVE ]]?TY]SA]FRUS HVZAVSYV`; i½Y H[^_ERU VY`b
Z`EHRUE HQQ ni

£i = 1,m¥ G= H[[^?RUE FVZ}VV N =
m∑

i=1

ni
GQYQF\S =EF==?=E

£��;�¬¥ HQZ¶·QS GRT^VY2
Q1 =

m∑

i=1

1

ni

Ti −
1

N

(
m∑

i=1

Ti

)2 £��;78¥

GQYQF G= Pi, Ti
ERUYGV?[[A Pi =

ni∑
j=1

y2
ij, Ti =

ni∑
j=1

yij
FVYGV?HVU GQYEQ;

K[[^?RUE AR@�`?@[[A
S2 =

Q

N
; S2

1 =
Q1

m− 1
; S2

2 =
Q2

N −m
£��;7�¥

GQYEQ;<X@=A HQZW·QEXXA FV^VV? F=AS=Y=SA=E=; £��;�9¥½£��;78¥ HQZW·QS FV?FVE =_RS½Y=F\S A=?==F }R_VVSVV? [>[[YW`;
#�Ô��$���� ¢S]SA@]E H[[^?RUE XHSXXA==? âF[TRE >[UYRUE AXEA=}XHSXXA HVE�[[â SV@VE H==Z=SY=Y\S RHSVF H[^_RE α = 0.05 [`A _=YS=;KX?_RYH\EHQQ ¼[TRE >[UYRUE H[^_RE� 7   ¡� −19 −31 −35 −317 −28 −33 −32 −27  −39 −35 −26 −28¡ −36 −25 −35 −35­ −44 −28 −30 −40® −39 −31 −17 −31
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¢S]SA@]E H[[^?RUE FX^WA N = 24, n = 6, m = 4

; ¼[TRE >[UYRUE H[^_REG[?RUE AXEA}RUS GQAQ} £x1 = −34.2, x2 = −30.5, x3 = −29.2, x4 = −32.0¥BA=?== EW H[^_RE FQQ?QEA\E £G[YVS FQQ?QEA\E¥ AXEA}RUS GQA^QY H[[^?RUE`?]EFRU AXEA=} x = −31.5 GQYEQ; C = −31 SV} @QESQE =^T A=?==F F[@bEVSHRUS >QFRQ`;

j
i

¼[TRE >[UYRUE H[^_RE ∑� 7   ¡
yj1 y2

j1 yj2 y2
j2 yj3 y2

j3 yj4 y2
j4� �7 �¡¡ 8 8 −4

�® 8 8
7   ¬ −2

¡ −1
� ¡ �®  −8

®¡ −4
�® ­ 7­   ¬¡ −5 7­ ®  ® −4 16 −4

�®­ −13
�®¬   ¬ � � −9

9�® −8
®¡ 8 8 �¡ �®¬ 8

Ti −19
  �� −6 −11

T 2
i /n

®8;7 �;­ 78;7 ® 9«;¬
Pi

¡«­ ®­ 77­ �77 ¬�«
£��;�9¥B £��;�¬¥ HQZ¶·QS =_RSY=E ERUYGV?[[ARUS QYGQY2

Q = 917 − 121

24
= 912.0, Q1 = 87.9 − 121

24
= 82.9, Q2 = 893.1

ÖAQQ £��;�8¥½£��;��¥ HQZ¶·QSQQ? AR@�`?@[[ARUE [EVYVYHRUS QY¶·;
S2

1 =
82.9

4 − 1
= 27.63; S2

2 =
829.1

24 − 4
= 41.46

£��;� ¥ ·@QQ? _RE}[[?RUE XHS= EW F =
27.63

41.46
= 0.67 GQYEQ; O=E=U HQFbRQYAQYA α = 0.05, k1 = 3, k2 = 20 XTR? H=GYR�==@ F0.05,3,20 = 3.10 SV}QYAQEQ;

F < 3.10 XT?==@ _RE}[[?RUE XHS= a?RHRa ZX}RA F=?W�=Y=SA=FS[U GQY}=EFE\ H==Z=SY=Y\S [S[U@SVF [EAV@S[U GQYEQ; LESVFYVV? =^T [>V} GXU F[TRE>[UYRUE E]Y]]S HQQ�QFS[U G=U} GQYEQ; KX?_RYH\E [? A[ES[[A R}RY AR@b�`?@ G[FRU FV^RUE H=?F=YH=U G=UF ·@HQU XT?==@ =EF==?=YH=U F=EA=} HQAQ?bFQU _=YS=YH EQHQYSQQE AVV? [EAV@YVE V�@RUE A[SEVYHVV S=?S=F _==?AY=bS=H=U GQYQF\S HVZAVSYV`;
þþ�1 ` ' ] � � � J u � � � v 1 � � u � . % � � u v � _ u � � u 1 9

t - -
¼V?V^ HX?_RYH\E [? A[EA FVA FVAVE F[TRE >[UY >V?VS E]Y]]Y} G=U^=Y QYQEF[TRE >[UYH AR@�`?@RUE _RE}RYSVV FRUF _==?AY=S=H=U G]S]]A VEV HQFRQY½AQYA F[TRE >[UY FQQ?QEA\E F=?RY�=E [UYTYVYRUS HQQ�QF XT?==@ EVS F[TRE>[UYH _RE}YVYVV@ QE�YQS �YS==H=U;



��Ð Ò�ºÓ��º��� Ô��Â�����
wVSVE >V?VS [UYTYVF FQ·? F[TRE >[UYRUE E]Y]]S HQQ�QF GQAYQSQ =^T [>W`;�[ERU HXYA R}RY H]?YRUE FVA FVAVE @XX?W Z=_REB EVS H]?YRUE FVA FVAVEFV@VS H[[FRU VA G=UA=S SV`; DASVV? @XX?W Z=_RE GQYQE H[[FRU VARUE FV@bS[[A [UYA^V?YVE S=?S=} GXU G[HVVSAVF[[ERU T=E=?H E]Y]]Y} GXU V@VF HXF=UGQAYQSQ EW FQ·? F[TRE >[UYH AR@�`?@RUE _RE}YVYRUE ERUHYVS GQAYQS\EEVS GQYEQ; ¤R@�`?@RUE _RE}YVY FRUF [EA@VE _==?AY=SXXA GR`YVSA@VE SV}@=E=�; MXX?W Z=_REXXA==@ [>[[YVF E]Y]]S A F[TRE >[UYB H[[FRU VARUEE]Y]]S B F[TRE >[UY GQYSQE @QESQ} =^W�; r HQQE\ @XX?W Z=_REB v H]?bYRUE H[[FRU VA G=UA=S SV^VY A F[TRE >[UY r H[^_REHVUB B F[TRE >[UY vH[^_REHVU GQYEQ;3}RSY=YH\E Z=H?R�\S A=?==F F[@EVSHVV? [>[[YV^; (i, j)½Y E[AVEA A G= BF[TRE >[UY[[ARUE F=?S=Y>=E i G= j½? H[^_ERU =}RSY=SA@=E XHS= xij

½S G=U?bYXXY@=E GQYEQ;
B Å=aHQ?\E H[^_RE

A Å=aHQ?\EH[^_RE B1 B2 · · ·Bj · · · Bv xi∗

A1 x11 x12 · · ·x1j · · · x1v x1∗

A2 x21 x22 · · ·x2j · · · x2v x2∗

Ai xi1 xi2 · · ·xij · · · xiv xi∗

Ar xr1 xr2 · · ·xrj · · · xrv xr∗

x∗j x∗1 x∗2 · · ·x∗j · · · x∗v X

¼�YG=?TY=F >Q?RYSQQ?B VFYVVA £i, j¥½Y E[AVEA =}RSY=YH\E >]^F]E S=E� xijXHS= G=UA=S SV`; K[[ETYVEA G=B F[TRE >[UY[[A FQQ?QEAQQ F=?RY�=E [UYTYVY[>[[YAVSS[U £F=Z==?=YS[U¥ SV`; A F[TRE >[UYRUE i½? H[^_ERU HX?_RYH\EAXEA}RUS βjA
B B F[TRE >[UYRUE j½Y H[^_ERU HX?_RYH\E AXEA}RUS βjBSV^VY �Z=?T HX?_RYH\S A=?==F FVYGV?HVU A[?@VY} GQYEQ;

xij = µ+ γi + gj + eij
£��;77¥�[EAB µ−`?]EFRU AXEA=}B

γi−A F[TRE >[UYRUE i½? H[^_ERU E]Y]]S]]? [[@VF F=>=UYHB
gj−B−F[TRE >[UYRUE j½Y H[^_ERU E]Y]]S]]? [[@VF F=>=UYHB
eij −xij

XHS\E =}RSY=YH\E =YA== £>]^F]E S=E� xij
=}RSY=YH\E [`A =YbA== HVSHVU HVE�[[¥; ¼[TRE >[UYRUE F=?RY�=E [UYTYVYRUS HQQ�QQS[U £��;77¥FVYGV?RUE >=S^=?\S _XS=Z=E >=S^=? SVEV;

µ, βiA, βiB
AXEA}XXA\E [EVYVYHRUS GQA^QY2

X =
1

rv

r∑

i=1

v∑

j=1

xij
£��;7 ¥
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xi∗ =
1

v

v∑

j=1

xij , i = 1, r £��;7¡¥

x∗j =
1

r

r∑

i=1

xij , j = 1, v £��;7­¥
¼Q·? F[TRE >[UYH AR@�`?@RUE _RE}RYSVVEAB H[[^?RUE `?]EFRU AR@�`?@RUS
A G= B F[TRE >[UY HX@ G[?RUE E]Y]]HVU X�YA@=E FV@S[[AB Z]E HQQ�QSAQQS[U[YA@VE GX@=A @=E=Z@=?S[U F[TRE >[UYRUE E]Y]]HVU X�YA@=E FV@VS SV@VE SX?b^=E EVZVSAVF[[EA >=A=YA=S; ¢]?]]? FVYGVY £��;®¥ HQZ¶·Q A=?==F FVYGV?HVUGQYEQ2

Q = Q1 +Q2 +Q3
£��;7®¥�[EA2

Q1 = v
r∑

i=1

(xi∗ −X)2 £��;7«¥
Q1

EW Z]?RUE AXEA}XXA G= `?]EFRU AXEA}RUE �YS=^?\E a^=A?=HXXA\E ERUYbGV? G]S]]A A F[TRE >[UYRUE ]]?TY]YH]]? HQAQ?FQUYQSAQEQ;

Q2 = r
v∑

j=1

(x∗j −X)2 £��;79¥
EW G=S=E\ AXEA}XXA G= `?]EFRU AXEA}RUE �YS=^?\E a^=A?=HXXA\E ERUYGV?G]S]]A B F[TRE >[UYRUE ]]?TY]YH]]? HQAQ?FQUYQSAQEQ;

Q3 =
r∑

i=1

v∑

j=1

(xij − xi∗ − x∗j +X)2 £��;7¬¥

Q3
EW a^=A?=HXXA\E [YAVSAVY ERUYGV? SV} EV?YVSAVF G= HQQ�QSAQQS[U [YA@VE@=E=Z@=?S[U F[TRE >[UY[[ARUE ]]?TY]YH]]? HQAQ?FQUYQSAQEQ; Q½S `?]EFRUERUYGV? SVEV;

¼=?S=Y>=F AR@�`?@[[ARUE [EVYVYHRUS GQA^QY2
S2 =

1

rv − 1

r∑

i=1

v∑

j=1

(xij −X)2 =
Q

rv − 1
£��; 8¥

S2
1 =

v

r − 1

r∑

i=1

(xi∗ −X)2 =
Q1

r − 1
£��; �¥

S2
2 =

r

v − 1

v∑

j=1

(x∗j −X)2 =
Q2

v − 1
£��; 7¥

S2
3 =

1

(r − 1)(v − 1)

r∑

i=1

v∑

j=1

(xij − xi∗ − x∗j +X)2 =
Q

(r − 1)(v − 1)
£��;  ¥
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¼Q·? F[TRE >[UYH AR@�`?@RUE _RE}RYSVVEA A G=B F[TRE >[UYRUE E]Y]]SHQQ�QFAQQ F[TRE >[UY HX@ G[?RUE AR@�`?@RUS [YAVSAVY AR@�`?@H F=?W�XXYE=;
KXF=UYG=Y A F[TRE >[UYRUE E]Y]]S HQQ�QFQA FA =

S2
1

S2
3

SV@VE _RE}[[?RUS
=_RSY=F G= VEV @=E=Z@=?S[U FVZ}RSAVF[[E r−1 G= (r−1)(v−1) T]Y]]ERU >V?VSG[FRU ÌR_`?RUE H=?F=YHH=U G=UE=; B F[TRE >[UYRUE E]Y]]S HQQ�QFAQQ v−1G= (r−1)(v−1) T]Y]]ERU >V?VS G[FRU FB =

S2
2

S2
3

SV@VE _RE}[[?RUS =_RSY=E=;
Ì=aHQ?XXA\E E]Y]]ERU HXF=U V�@RUE _RUA^V? S=?S=F =?S= EW EVS F[TRE>[UYH AR@�`?@RUE _RE}RYSVVHVU =ARY G=UE=; ¤VV? =^T [>@VEB H[^_RE G[?AVV?VV >]^F]E S=E� HX?_RYHH=U FQ·? F[TRE >[UYH AR@�`?@RUE _RE}YVYRUE[EA@VE [? A[ES A=?==F F[@EVSHVEA EVSHSVE F=?XXY=^;
¤R@�`?@ N^=A?=HXXA\E ERUYGV? Ï]Y]]ERU>V?VS

¤R6�`Y6[[ARUE[EVYVYH
AF[TRE>[UYRUE Q1 = v ·

r∑
i=1

(xi∗ −X)2 r − 1 S2
1 =

Q1

r − 1

BF[TRE>[UYRUE Q2 = r ·
v∑

j=1

(x∗j −X)2 v − 1 S2
2 =

Q2

v − 1

�YAVSAVY Q3 =
r∑

i=1

v∑
j=1

(xij−xi∗−x∗j+X)2 (r−1)(v−1) S2
3 =

Q3

(r−1)(v−1)q?]EFRU Q =
r∑

i=1

v∑
j=1

(xij −X)2 rv − 1 S2 =
Q

rv − 1

#�Ô��$���¦ <RAVEA A=?==F =}RSY=YH\E Z=H?R� ]S]SA@]E SV`;

B Å=aHQ?\E H[^_RE
A Å=aHQ?\EH[^_RE B1 B2 B3 xi∗

A1 1 2 3 2
A2 5 6 10 7
x∗j 3 4 6.5 4.5O=E=U HQFRQYAQYA r = 2, v = 3, n = rv = 6 GQYEQ; ¼[@EVSHRUE @[[YRUEG=S=E= G= Z]?RUE VY`Z`EH[[ARUS GQAQ} QY@QE GQYEQ; KXF=UYG=Y2 A Å=aHQb?\E A2

H[^_ERU FX^WA £Z]?RUE AXEA=}¥ i = 2, j = 1, 3 HXY
x2∗ =

5 + 6 + 10

3
= 7 SVF ZVH; q?]EFRU AXEA=} X = 4.5 £��;7«¥÷£��;7¬¥HQZ¶·QSQQ? Q1, Q2, Q3

ERUYGV?[[ARUS QYGQY2 Q1 = 37.5, Q2 = 3, Q3 = 53.5¤R@�`?@[[ARUE [EVYVYHRUS GQA¶·;
S2

1 =
37.5

1
= 37.5; S2

2 =
13

2
= 6.5, S2

3 =
3

1 · 2 = 1.5
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¯=?S=} =^@=E [? A[ES[[ARUS A=?==F F[@EVSHVA EVSHSV^VY2

¤R@�`?@ N^=A?=HXXA\EERUYGV?
Ï]Y]]ERU>V?VS

¤R6�`Y6[[ARUE[EVYVYH
A F[TRE>[UYRUE  «;­ �  «;­
B F[TRE>[UYRUE � ;8 7 ®;­
�YAVSAVYAR@�`?@  ;8 7 �;­q?]EFRUAR@�`?@ ­ ;­ ­ �8;«

ÖAQQ FA
B FB

_RE}[[?RUE XHSXXA\S GQAW·;

FA =
S2

1

S2
3

=
37.5

1.5
= 25, FB =

S2
2

S2
3

=
6.5

1.5
= 4, 3.

LHSVF H[^_RE α = 0.05 G= k1 = 1, k2 = 2 T]Y]]ERU >V?SRUE FX^WA ÌR_`?RUEH=GYR�\E XHSXXA\S QYGQY Fα,A = 18.5;
Fα,B = 19.0 GQYEQ; LUEF[[ FA > Fα,A; FB < Fα,B

F=?W�== GR`Y} G=US==XT?==@ A F[TRE >[UY @XA=Y} GXU FVZ}RSAVF[[EA ZVAVSAVF[U� E]Y]]HVUB BF[TRE >[UYRUE E]Y]]S HQQ�QFS[U G=U} GQYEQ SV@VE A[SEVYHRUS S=?S=} GQYEQ;<RA FQ·? F[TRE >[UYH AR@�`?@RUE _RE}RYSVVERU HXF=UE HQFRQYAY\S=^T [>YVV; <[? `?]EFRU HQFRQYAQYA A F[TRE >[UYRUE i½? H[^_REB B F[TRE>[UYRUE j½Y H[^_RE AVV? FRU@VE HX?_RYH\E HQQ ££xi, xj
¥FQ@ XHS\E HQQ¥ EVSGR_ FVA FVA G=U} GQYQF\E S=AE= VASVV? HQQEXXA ]]? ]]? G=U} GQYEQ; LUZHX?_RYH\S A=^H=YHH=U HX?_RYH GX~X >V?VS�VV HX?_RYH G[FRU =}RSY=YH£HX?_RYH¥ SVEV; �[EVV@ S=AE= A G= B F[TRE >[UY[[A FQQ?QEAQQ F=?RY�=E[UYTYVYHVU G=U} GQYEQ;q?]EFRU HQFRQYAQYA FQ·? F[TRE >[UYH _RE}RYSVVERU =}RSY=YH\E XHS\SA=?==F FVYGV?HVU GRTR} GQYEQ;

xijk = µ+ γi + gj + νij + eijk
£��; ¡¥

�[EAB µ−`?]EFRU AXEA=}B
γi−A F[TRE >[UYRUE i½? H[^_ERU E]Y]]HVU X�YA@=E F=>=UYHB
gj−B F[TRE >[UYRUE j½Y H[^_ERU E]Y]]HVU X�YA@=E F=>=UYHB
νij−A G= B F[TRE >[UYRUE F=?RY�=E [UYTYVYVV? [[@@VE F=>=UYHB
eijk−i G= j H[^_ERU FQ@ AVV?F >V?VS�VV HX?_RYHXXA\E =YA==;£��; ¡¥ >=S^=?\S _XS=Z=E GR_ >=S^=? SVEV;£i, j¥ H[^_ERU FQ@ G[? AVV? EVSVE R}RY n HQQE\ >V?VS�VV HX?_RYH FRU@VESV^VY FQ·? F[TRE >[UYH AR@�`?@RUE _RE}YVYRUE [EA@VE =ARYHS=Y

Q = Q1 +Q2 +Q3 +Q4
£��; ­¥
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FVYGV?HVU GQYEQ;�[EA2

Q =
r∑

i=1

v∑

j=1

n∑

k=1

(xijk −X)2 £��; ®¥

Q1 = nv
r∑

i=1

(xi∗∗ −X)2 £��; «¥

Q2 = nr
n∑

j=1

(x∗j∗ −X)2 £��; 9¥

Q3 = n

r∑

i=1

v∑

j=1

(xij∗ − xi∗∗ − x∗j∗ +X)2 £��; ¬¥

Q4 =
r∑

i=1

v∑

j=1

n∑

k=1

(xijk − xij∗)
2 £��;¡8¥

Q3
EW A G= B F[TRE >[UYRUE F=?RY�=E [UYTYVYRUS [EVYVF a^=A?=HXXA\EERUYGV?

Q4
EW GX@=A F[TRE >[UY[[ARUE E]Y]]S [EVYVF a^=A?=HXXA\E ERUYGV? ~Z;

xij∗ =
1

n

n∑
k=1

xijk − (i, j) H[^_ERU FQ@ AVV?F
>V?VS�VV HX?_RYH\E AXEA=}

xi∗∗ =
1

v

v∑
j=1

xij∗ − Z]?RUE AXEA=}
x∗j∗ =

1

r

r∑
i=1

xij∗ − G=S=E\ AXEA=}
X =

1

rv

r∑
i=1

v∑
j=1

xij∗ − `?]EFRU AXEA=}





£��;¡�¥

¼=?S=Y>=F AR@�`?@[[ARUE [EVYVYH G= T]Y]]ERU >V?SRUS A=?==F F[@EVSHVAF=?XXY=^;
¤R@�`?@ N^=A?=HXXA\E ERUYGV? Ï]Y]]ERU>V?VS

¤R6�`Y6[[ARUE[EVYVYH
A F[TRE>[UYRUE Q1 = v · n

r∑
i=1

(xi∗∗ −X)2 r − 1 S2
1 =

Q1

r − 1
B F[TRE>[UYRUE Q2 = r · n

v∑
j=1

(x∗j∗ −X)2 v − 1 S2
2 =

Q2

v − 1¼=?RY�=E[UYTYVYRUEQ3 =n
r∑

i=1

v∑
j=1

(xij∗−xi∗∗−x∗j∗+X)2 (v−1)(r− 1) S2
3 =

Q3

(r−1)(v−1)�YAVSAVYAR@�`?@ Q4 =
r∑

i=1

v∑
j=1

n∑
k=1

(xijk − xij∗)
2 rv(n− 1) S2

4 =
Q4

rv(n− 1)q?]EFRUAR@�`?@ Q =
r∑

i=1

v∑
j=1

n∑
k=1

(xijk −X)2 rvn− 1 S2 =
Q

rvn− 1
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IXS=Z=E GR_ >=S^=?\E FX^WA AR@�`?@RUE _RE}RYSVV FRUF A=?==Y=Y _XS=bZ=E >=S^=?H=U =ARY; ¼=?RE Q4
SV@VE _REV EVZVSAVF[[E S=?T R?@VEB Q3ERUYGV?RUE G[H�VEA ]]?TY]YH £xij
½RUE Q?QEA xij∗½S =^@=E¥ Q?@QE >V?VS QE�YQSG=UE=; Q4

ERUYGV? EW (i, j) H[^_ERU FQ@ AVV? FVA FVAVE >V?VS�VV HX?_RYHFRU@VEHVU FQYGQQHQU S=?T R?@VE G]S]]A GX@=A @=E=Z@=?S[U F[TRE >[UY[[ARUEE]Y]]S RYV?FRUYEV; LUZ XT?==@ A G= B F[TRE >[UYRUE E]Y]]S HQAQ?FQUYQFbAQQ VASVV? F[TRE >[UY HX@ G[?RUE AR@�`?@RUS @=E=Z@=?S[U F[TRE >[UYRUE
AR@�`?@H F=?W�XXYA=S; ¢]?]]? FVYGVYB FA =

S2
1

S2
4

, FB =
S2

2

S2
4

, FAB =
S2

3

S2
4

½SV@VE
_RE}[[?[[ARUS =^T [>V}B VASVV? XHSXXA\S H=GYR�\E XHS=H=U }R_RF >=bZ==? V�@RUE A[SEVYH S=?S=E=;

#�Ô��$���° wVFZVYRUE [UYA^V?H VV?@VE XH=@E\ T=E=?H E]Y]]Y} GXUF[TRE >[UY[[ARUS RY?[[YVF EW TXF=Y =T FQYGQSAQYHQU G=UA=S; ¤=?==F F[@bEVSHVEAB XH=@ H=@?=F =T==YY\E FVZ}VV EW Z=_RE\ HQFR?XXYS= G= H[[FRUVARUE FV@S[[AVV@ F=Z==?=F F=Z==?=Y ]STVV;
ÚÛÜÝÞßàáâÝãääåæßÞàçèÜÝÞ

K[[FRU VARUE FV@VS
B1 B2

A1
�¬8 7®8 �«8 �«8 �«8 �¬8 �­8 7�8 �­8 �­8

A2
�­8 7­8 778 �¡8 �98 7 8 �¬8 788 �¬8 788

A3
�¬8 �9­ � ­ �¬­ �¬­ �­8 �«8 �­8 �«8 �98

O=_RE\ HQFR?XXYS\E H[^_RE G[?A H[[FRU VARUE FV@VS G[?VV@ H=^ H=^\SH[[^V?YVE =^T H=@?=F =T==YY\S FVZ}}VV; K=@?=F =T==YY\E FVZ}VVEA AVV?F
7 F[TRE >[UY FR? RF E]Y]]HVU GQYQF\S HQAQ?FQUY;£��;¡�¥ HQZW·QSQQ? AXEA=} XHSXXA\S GQAQ} [? A[ES A=?==F F[@EVSHVEA [>[[YW`;

ÚÛÜÝÞßàáâÝãääåæßÞàçèÜÝÞ
K[[FRU VARUE FV@VS

B1 B2 xj∗∗

A1 x11∗ = 192 x12∗ = 170 x1∗∗ = 181

A2 x21∗ = 188 x22∗ = 202 x2∗∗ = 195

A3 x31∗ = 180 x32∗ = 164 x3∗∗ = 172

x∗j∗ x∗1∗ = 186.7 x∗2∗ = 178.7 X = 182.7

N^=A?=HXXA\E ERUYGV?RUS QYGQY2
Q1 = 2686.6, Q2 = 480, Q3 = 1860, Q4 = 22360, Q = 27386, 7

;KVS^VY AR@�`?@[[ARUE [EVYVYH2 S2
1 = 2686.7, S2

2 = 240, S2
3 = 930,
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S2
4 = 931.7, S2 = 944, 4. GQYEQ;
FA = 2686.7/931.7 = 2.88, FB = 240/931.7 = 0.26 FA

_RE}[[?RUE FX^WAT]Y]]ERU >V?S[[A EW k1 = 1, k2 = 24 HXY α = 0.05 RHSVF H[^_REHVU [`A
Fα,A = 4.26B FB

_RE}[[?RUE H=GYR�\E XHS= k1 = 2, k2 = 24 G= α = 0.05[`A Fα,B = 3, 40
; LUEF[[ Fa < Fα,A; FB < Fα,B

XTR? Z=_RE\ HQFR?XXYS\EH[^_RE G= H[[FRU VARUE FV@VS EW XH=@ H=@?=F =T==Y=YA E]Y]]Y]FS[U SV@VEA[SEVYHVEA F[?T G=UE=;3}RSY=YH\E Z=H?R�\E >=?RZ E[AE[[A HVE�[[ GR_ HQQE\ VY`Z`EHHVU[`AB ]]?]]? FVYGVY FQ@ H[^_RE G[? AVV? �YS==H=U HQQE\ >V?VS�VV HX?_RYHFRU@VE E]F�]YA AR@�`?@RUE _RE}YVY AVV? =^T [>@VEVV@ �YS==H=U =?S= G=?R½Y==? S[U�VHSVSAVEV; 3}RSY=YH\E Z=H?R�\E >=?RZ E[AE[[A FQQ@QE G=UF [`AT ]]?RUE QE�YQS �YS==H=U G]S]]A VEV FV@VSH AVV?F 7 HQFRQYAY\S =^T [>VVS[UGQYEQ;
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 � � � � � u � � u & � � q � � � � 1 �
	 % t � % � � u v � q / � / v � � / � � v ' v 1 t ' 1 �

<=US=YW `?H]E�RUE =YR^== [>VSAY[[ARUE FQYGQQ F=Z==?=Y ERUYZVY G]S]]A�E> G[? G=UF GQYQ^T HVASVV?RUS HQAQ?FQU G=UAY==? =ESRY} GQYAQS; K`FERaGQYQE G=US=YRUE _RE}YVF XF==EAB EVS FX^W@=F FVZ}RSAVF[[ERU XHS= G[?AE]S]] FVZ}RSAVF[[ERU HQAQ?FQU XHS= F=?S=Y>=F F=Z==?=Y GX~X ÅXEa�VE F=bZ==?Y\E HXF=U RFV^TYVE =^T [>AVS GRYVV; ¯VHVY HX@ G[?RUE [UYTYVY EW A=EbS==?== [Y ZVA?VSAVFB H]S@S]YS[U QYQE HQQE\ F[TRE >[UY[[ARUE [UYTYVYRUE[? A[EA �^=SAA=S [>VSAVY �?Q�`@@XXA GQARH `?H]E�]A G=UA=S; DEV HQFRQY½AQYA AVV?F ÅXEa�VE F=Z==?=Y XHS== =YA=F G]S]]A @XA=Y} GXU ÅR>Ra @R@H`Z�S HQAQ?FQU H]Y]^ G=UA=YA _RY}RFS[U F=?RE H[[ERU GQYQZ}RH G[F H]Y]^G=UAY\E =YW EVSA _RY}REV;LUEF[[ EVS FX^W@=F FVZ}RSAVF[[ERU HQAQ?FQU XHS=EA E]S]] FX^W@=F FVZ}RS½AVF[[ERU H=?F=YH F=?S=Y>=} G=U^=Y HVASVV?RUS @H=HR@HRa F=Z==?=YH=U SVEV;¢]?]]? FVYGVYB EVS FX^W@=F FVZ}RSAVF[[ERU XHS= E]S]] FX^W@=F FVZ}RSAV½F[[ERU H=?F=YH\E FXXYR=@ F=Z==?E= SV@VE [S; MXA=Y} GXU FX^W@=F FVZ}RS½AVF[[E F�E=YH=EA [Y ]?H]F ~ZXX V@^VY HQQ�QQYQQS[U F[TRE >[UY[[ARUEE]Y]]Y]YA Q?QFB H[[ETYVE H[[ERU XHSXXA\S FVZ}RFVA @=E=Z@=?S[U =YA==>=UY_S[U S=?T GQYAQS >V?VSHVU X�YA=E @H=HR@HRa F=Z==?Y\S =^T [>VF _==?AbY=S= S=?T G=US== ~Z; MH=HR@HRa F=Z==?=YH=U FVZ}RSAVF[[ERU }R_VV SV^VY2GQ?AQQ G= X?S=�\E FVZ}VVB F[ERU GR`RUE }RE G= ]EA?RUE FVZ}VVB X?S=ZY\EZ=@@ G= H[[ERU [?RUE Z=@@ SVF ZVH;¤VV?F HQAQ?FQUYQYHQQ@ [>^VY FQ·? FVZ}RSAVF[[ERU @H=HR@HRa F=Z==?Y\S@XAY=F\E HXYA FQ·? FVZ}VV@H H=?F=YH\E FXXYRUE =E=YRHRa FVYGV?RUS ZVAVF_==?AY=S=H=U GQY} G=UE=;¯VHVY F�>S==?Y=SAZ=Y FVZ}VVHVU H[[^?RUE XHSXXA==? FQ·? FVZ}VV@H H=?½F=YH\E FXXYRUS G=USXXY=F=A H[^VSHVU G]S]]A ZVAVSAVF[U� =YA== S=?=F=AF[?EV; LUZ XT?==@ �?=aHRaH ξ G= η @=E=Z@=?S[U FVZ}RSAVF[[ERU @H=HR@b



��È ������²Õ��� Ô��Â�����
HRa F=Z==?Y\S @XAY=F\E HXYA =YW EVSERUF EW XHS= E]S]]SRUEF]] E]F�]YHZ=H`Z=HRa AXEA}==@ F=Z==?=F F=Z==?Y\S =^T [>AVS; LUEF[[ EVS @=E=Zb@=?S[U FVZ}RSAVF[[ERU XHS= G= E]S]] @=E=Z@=?S[U FVZ}RSAVF[[ERU E]F�]YHZ=H;AXEA}RUE ÅXEa�VE F=Z==?Y\S aQ^=?R=� GX~X aQ??`Y�� F=Z==?=Y SVEV;NQ??`Y�� F=Z==?Y\S A=?==F HQZW·QSQQ? A[?@VY} GQYEQ;

M(η/ξ = x) = ϕ(x) £�7;�¥
M(ξ/η = y) = ψ(y) £�7;7¥�[EABM(η/ξ = x)−ξ EW x SV@VE XHS= =^=F [`RUE η @=E=Z@=?S[U FVZ}RSAVF[[½ERU Z=H`Z=HRa AXEA=}BM(ξ/η = y) − η EW y SV@VE XHS= =^=F [`RUE ξ @=E=Zb@=?S[U FVZ}RSAVF[[ERU Z=H`Z=HRa AXEA=};£�7;�¥ HVS_RHSVYRUS η½RUE ξ AVV?FB £�7;7¥ HVS_RHSVYRUS ξ½RUE η AVV?F ?`bS?`@@RUE HVS_RHSVY[[A £>=S^=?\E¥ SVEV; C`S?`@@RUE >=S^=?\E HVS_RHSVY EW@H=HR@HRa F=Z==?=YH=U FQ·? FVZ}RSAVF[[ERU aQ??`Y�� F=Z==?Y\S `?]EFRUFVYGV?VV? RYV?FRUY@VE HVS_RHSVY ~Z;

ϕ(x), ψ(y)½ÅXEa�[[ARUS ?`S?`@@RUE >=S^=?\E ÅXEa�[[AB HVASVV?RUE S?=ÅR½aRUS ?`S?`@@RUE >=S^=?\E ZX?XU SVEV;¤VV? HVZAVSYV@VE ·@QQ? £ξ, η¥ @R@H`ZRUE H=?F=YH\E FXXYRUE =E=YRHRaRYV?FRUYYRUS QYQF GQYQZ}S[U XT?==@ �?=aHRaH ?`S?`@@RUE >=S^=?\E ÅXEa½�[[ARUS HVASVV?RUE F=ZSRUE @=UE [EVYVYHVV? Q?YXXYA=S; ¢]?]]? FVYGVYBFQ·? FVZ}VV@H @=E=Z@=?S[U FVZ}RSAVF[[ERU =}RSY=SA@=E FQ@ XHSXXA £xi, yj
¥½VV? η½RUE ξ AVV?F ?`S?`@@RUE ZX?XU

yx = ϕ̂(x, b0, b1, . . . , bq)
£�7; ¥

½\S G=USXXYE=;�[EAB yx
EW ξ = x XHS= =^=F [`RUE η @=E=Z@=?S[U FVZ}RSAVF[[ERU E]Fb�]YH Z=H`Z=HRa AXEA=} £G[YSRUE AXEA=}¥B b0, b1, . . . , bq EW ?`S?`@@RUE ZXb?XUE �=?=Z`H?[[A; �[ETYVE ξ ½RUE η AVV?F ?`S?`@@RUE ZX?XU

xy = ψ̂(y, c0, c1, . . . , cq)
£�7;¡¥

½RUS G=USXXYE=; £�7; ¥ G= £�7;¡¥ ZX?XUS HX?_RYH\E ?`S?`@@RUE ZX?XUEXXASVF G= �==_RA HQ^TQQ?B ?`S?`@@RUE ZX?XUEXXA SV} EV?YVEV;
þ2�2 ê ' � � % 1 [ s u v � _ u � � u 1 t - - � u v � � � � - � 
 '� 9

1 ' t ' � ê ' � � % 1 [ s u v � & ' - / / u s u % � � �
M=E=Z@=?S[U FVZ}RSAVF[[E FQQ?QEA\E @H=HR@HRa F=Z==?Y\S aQ??`Y��RUEG= ?`S?`@@RUE _RE}YVYRUE =?S==? @XA=Y} VASVV? =?SXXA\E HX@Y=Z}H=UbS==? �?=aHRaH QYQE �E>\E GQAYQSXXA\S _RUAV} GQYAQS;NQ??`Y��RUE _RE}YVYRUE [EA@VE GQAYQSQ EW
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�� M=E=Z@=?S[U FVZ}RSAVF[[E[[ARUE FQQ?QEA\E aQ??`Y�� F=Z==?Y\E FVYGV½?RUS HQSHQQFG¦� NQ??`Y�� F=Z==?Y\E F[T £F[THVUB @XY¥ GX~X E�SH?=Y\S HQSHQQF �^A=Y~Z;
¼=Z==?Y\E FVYGV?RUS HQSHQQFAQQ aQ??`Y��RUE �E> G[?RUE £FQ@B F=ZH\EBHXF=UE¥ aQVÅÅR�R`EHXXA\E �VSVE G= >=^@?=E [EVYVYHRUS =_RSY=F\E S=AE=?`S?`@@RUE HVS_RHSVYA [EVYVYH ]SE]; NQ??`Y�� F=Z==?Y\E F[T £E�SH?=Y¥ EW@=E=Z@=?S[U FVZ}RSAVF[[ERU XHS= ]]?RUEF]] E]F�]YH Z=H`Z=HRa AXEA}==@@=?ERF @=?ERY\E FVZ}VVSVV? HQAQ?FQUYQSAQEQ; NQ??`Y��RUE _RE}YVYRUS2�� ¼X^W@=F FVZ}RSAVF[[E G[? @=E=Z@=?S[U G=UFB¦� M=E=Z@=?S[U FVZ}RSAVF[[E[[A EW F=ZH\E FV^RUE H=?F=YHH=U G=UFSV@VE FQ·? [EA@VE _==?AY=S= GR`YVSA@VE E]F�]YA �^XXYE=; ¢]?]]? FVYbGVYB HX?_RYH G= =}RSY=YH\E XHSXXA EW QYQE FVZ}VV@H FV^RUE H=?F=YHH=UVF QYQEYQSQQ@ @QESQSA@QEB @=E=Z@=?S[U FVZ}RSAVF[[E G=UF HQFRQYAQYA aQ?b?`Y��RUE _RE}RYSVVERU =?SXXA\S FV?VSYVEV SV@VE [S ~Z;ÖAQQ aQ??`Y��RUE _RE}RYSVVERU F=ZSRUE F�YG=? HQFRQYAQY GQYQF FQ·?FVZ}VV@H >=S^=?\S =^T [>W`;
ξ, η @=E=Z@=?S[U FVZ}RSAVF[[E[[A F=ZH\E FV^RUE H=?F=YHH=U G=US; ¼Q·?FVZ}VV@H F=ZH\E H=?F=YH\E E�SH\S `?]EFRU HQFRQYAQYA GRT^VY2

f(x, y) =
1

2πσξση

√
1 − ρ2

e−L(x,y)

L(x, y)=
1

2(1−ρ2)

[(x−aξ

σξ

)2

−2ρ
x−aξ

σξ

· y−aη

ση

+
(y−aη

ση

)2
] £�7;­¥

aξ, aη − ξ G= η½@=E=Z@=?S[U FVZ}RSAVF[[ERU Z=H`Z=HRa AXEA}XXAB
σξ, ση − ξ G= η½@=E=Z@=?S[U FVZ}RSAVF[[ERU AR@�`?@[[AB
ρ−VF QYQEYQSRUE aQ??`Y��RUE aQVÅÅR�R`EH;NQ??`Y��RUE aQVÅÅR�R`EH ρ½S A=?==F HQZ¶·QSQQ? QYEQ;

ρ =
Kξη

σξση

£�7;®¥
�[EAB

Kξη = M [(ξ −Mξ)(η −Mη)] £�7;«¥
Kξη−S ξ, η @=E=Z@=?S[U FVZ}RSAVF[[E[[ARUE aQ??`Y��RUE ZQZ`EH GX~X aQ½^=?R=� SV} EV?YVEV; £�7;­¥ HQZ¶·QEA Q?@QE H=^=E �=?=Z`H? EW ξ, η @=E=Zb@=?S[U FVZ}RSAVF[[ERU aQ??`Y�� F=Z==?Y\E HXF=U G[?VE ZVAVVYVY ]SE];
ρ−�=?=Z`H? EW ξ, η½@=E=Z@=?S[U FX^W@=STA\E VF QYQEYQS A=FW aQ??`Y�� F=½Z==?Y\E F[TRUS HQAQ?FQUYEQ; O=S=AY=Y\E QEQYAB ξ, η½@=E=Z@=?S[U FVZ}RS½AVF[[E[[A F=ZH\E FV^RUE H=?F=YHH=U [`A ?`S?`@@RUE >=S^=?\E HVS_RHSVYG[? A=?==F _XS=Z=E ÅXEa�VV? RYV?FRUYVSAVEV SV} G=H=YA=S;

ϕ(x) = aη + ρ
ση

σξ

(x− aξ)
£�7;9¥
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ψ(y) = aξ + ρ
σξ

ση

(y − aη)
£�7;¬¥

ρ · ση

σξ

G= ρ · σξ

ση

HQQS ?`S?`@@RUE aQVÅÅR�R`EH[[A SVEV; DEAVV@B @=E=Z@=?S[U
FVZ}RSAVF[[E FQQ?QEA\E F=Z==?=Y >]^F]E _XS=Z=E [`A aQ??`Y��RUE aQVÅbÅR�R`EH ρ EW F=Z==?Y\E F[TRUS £E�SH?=Y\S¥ RYV?FRUYEV SV@VE TXF=Y A[S½EVYH Z]?A]} GXU ~Z;NQ??`Y��RUE aQVÅÅR�R`EHRUE [EVYVYH EW H[[^?RUE aQ??`Y��RUE aQVÅÅRb�R`EH r G]S]]A H[[ERUS QYQF\E HXYA aξ, aη, σ

2
ξ , σ

2
η
�=?=Z`H?[[ARUE [EVYVY½HRUS QYQF _==?AY=S=H=U;

r =

n∑
i=1

(xi −X)(yi − Y )

nSξSη

£�7;�8¥
�[EAB X,Y−H[[^?RUE AXEA}XXAB Sξ, Sη−H[[^?RUE @H=EA=?H F=>=UYHXXA£X G[YSRUE �8; B �8;¡ AVA G[YSRUE HQZ¶·QS [>;¥
ρ½S FQ@ aQ??`Y��RUE aQVÅÅR�R`EHB r½RUS H[[^?RUE FQ@ aQ??`Y��RUE aQVÅÅRb�R`EH SV} EV?YVEV; DASVV? [EVYVYH[[ARUS £�7;9¥ G= £�7;¬¥ HQZ¶·QEA H=^RG=YF=?S=Y>=E η½RUE ξ AVV?FB ξ½RUE η AVV?F ?`S?`@@RUE HVS_RHSVY[[A S=?E=;

yx = Y + r
Sη

Sξ

(x−X) £�7;��¥

xy = X + r
Sξ

Sη

(y − Y ) £�7;�7¥
NQ??`Y��RUE aQVÅÅR�R`EHRUS =_RSY=F EW @=E=Z@=?S[U FVZ}RSAVF[[E FQQ?QEbA\E FQYGQQ F=Z==?Y\S HQSHQQF F=ZSRUE ]?S]E AVYSV? H=?F@=E =?S= ~Z;NQ??`Y��RUE aQVÅÅR�R`EH FVZ}RYHRUE EVS} G= HQQYY\E VFRUE @QESQYHQQ@F=Z==?=FS[U G]S]]A A=?==F T=E=?XXA\S F=ES=E=;�; K[[^?RUE FVZ}VV F[?VY�VVHVU RF [`A FQ@ aQ??`Y��RUE aQVÅÅR�R`EHRUEHQQE XHS= [−1, 1] >=^@=?H G=UE=; ¢]?]]? FVYGVYB

−1 ≤ r ≤ 1 £�7;� ¥
|r| EW �½A QU?HQF HXH=Z aQ??`Y�� F=Z==?=Y @XY==@ AXEA >V?VSB ZVAVSAVF[U�BF[THVUB G[? F[THVU SV@VE TRSYVYA ]]?TY]SA]E]; r > 0 [`A £_XXA F=Z==?=YbH=U¥ V`?VS aQ??`Y��B r < 0 [`A £X?^XX F=Z==?=YH=U¥ @]?]S aQ??`Y�� SVEV;D`?VS aQ??`Y��H=U [`A EVS @=E=Z@=?S[U FVZ}RSAVF[[ERU XHS= ]@]F]A E]S]]@=E=Z@=?S[U FVZ}RSAVF[[E AXEA}==?== ]@E]B @]?]S aQ??`Y��H=U [`A GXX?E=;£PX?=S �7;�B PX?=S �7;7B PX?=S �7; ¥
DEAVV@ [>^VYB aQ??`Y��RUE aQVÅÅR�R`EHRUE HVZAVS EW EVS @=E=Z@=?S[U FVZ½}RSAVF[[ERU E]F�]YH Z=H`Z=HRa AXEA=} E]S]] @=E=Z@=?S[U FVZ}RSAVF[[EVV½@VV F=Z==?=F TRSYVYRUE ]@]F GXX?=F\S >==} G=UE=;
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η

ξ0

PX?=S �7;�2 F[THVUBV`?VS aQ??`Y��

η

ξ0

PX?=S �7;72 @XYBV`?VS aQ??`Y��

η

ξ0

PX?=S �7; 2 @]?]SaQ??`Y��
¦� M=E=Z@=?S[U FVZ}RSAVF[[E G[?RUE G[F XHSXXA\S EVS R}RY HQQSQQ? ~ZXXV@^VY EVS R}RY HQQ A=FRE RFV@SV} G=S=@S=F=A aQ??`Y��RUE aQVÅÅR�R`EH]]?TY]SA]FS[U;°� r = ∓1 [`A @=E=Z@=?S[U FVZ}RSAVF[[ERU aQ??`Y�� F=Z==?=Y _XS=Z=EF=Z==?Y\S RYV?FRUYEV; ¢]?]]? FVYGVYB @=E=Z@=?S[U FVZ}RSAVF[[E[[A aQ?b?`Y�� F=Z==?=YS[UB HVASVV?RUE FQQ?QEA\E F=Z==?=Y `?ARUE _XS=Z=E ÅXEa½�VV? RYV?FRUYVSAVEV; DEV HQFRQYAQYA ξ, η @=E=Z@=?S[U FVZ}RSAVF[[ERUG=?=S G[F =}RSY=SA@=E XHSXXA ?`S?`@@RUE ZX?XU AVV? Q?_REQ; £PX?=S �7;¡BPX?=S �7;­ ¥

r ≈ 1

ξ0

η

PX?=S �7;¡2

η

0 ξ

r ≈ −1

PX?=S �7;­2
¸� r = 0 GQY @=E=Z@=?S[U FVZ}RSAVF[[E[[A aQ??`Y�� F=Z==?=YS[U G=UE=;DEV HQFRQYAQYA FX^W@=STA\E G[YSRUE AXEA}XXA `?]EFRU AXEA}XXAH=US==HVE�[[ GQYQF G= ?`S?`@@RUE _XS=ZXXA aQQ?ARE=H\E HVEFYVS[[AHVU �=?=YbY`YW GQYEQ;

Y

0 ξ

xy = X

X

yx = Y

η

PX?=S �7;®2

DEA @=EXXY=E FVYVFVAB aQ??`Y��F=Z==?=YS[U SVASRUS @=E=Zb@=?S[U FVZ}RSAVF[[ERU [Y F=bZ==?=F T=E=?H=U FQYW} QUYSQ}GQYQFS[U; ¼=Z==?=YS[U @=E=Z@=?S[UFVZ}RSAVF[[E[[A �Z=SH aQ??`Y��F=Z==?=YS[U G=UF GQYQ^T X?^XX]S[[YGV? EW [Y GR`YVSAVEV;
KXF=UYG=YB aQ??`Y�� F=Z==?=YS[U FVZ}RSAVF[[E[[A F=Z==?=YH=UB HVSVF½
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AVV G[? ÅXEa�VE F=Z==?=YH=U G=U} GQYQFQQ@ S=AE= _XS=Z=E GR_ aQ??`Y��£@H=HR@HRa¥ F=Z==?=YH=U G=U} GQYEQ; ;R_VVYGVYB PX?=S �7;«B�7;9½A r=0 G=

yx = Y

0 ξ

r ≈ 0
Y

η

PX?=S �7;«2

yx = Y

0 ξ

η

Y

PX?=S �7;92
η½RUE ξ AVV?F ?`S?`@@RUE _XS=Z =G@�R@@ HVEFYVSHVU �=?=YY`YW GQYQ^T aQ?b?`Y��RUE Q?E\ �VS[[ARUE G=U?Y=Y G= @=E=Z@=?S[U FVZ}RSAVF[[ERU FQQ?QEA_XS=Z=E==@ ]]? aQ??`Y�� F=Z==?=Y =}RSY=SA=} GXUS F=?XXY} G=UE=;PX?=S �7;« _XS=Z=E GR_ aQ??`Y�� £G=?=S ÅXEa�VE¥ F=Z==?Y\S A[?@VY} G=UbS== GQYB PX?=S �7;9 ξ ]]?TY]SA]F]A G[YSRUE AXEA}XXA EW ]]?TY]SA]FS[UGQYQ^T aQ??`Y��RUE Q?E\ �VS[[AB ?`S?`@@RUE _XS=Z==@ @=?ERF @=?ERY EW]]?TY]SA]F @H=HR@HRa F=Z==?Y\S RYV?FRUY} G=UE=; K[[^?RUE aQ??`Y��RUEaQVÅÅR�R`EH r EW VF QYQEYQSRUE aQ??`Y��RUE aQVÅÅR�R`EH ρ½RUE [EVYVYHXT?==@ H[[^?RUE FVZ}VV n FRTEVVE RF G=UF HXH=Z H]ARUTREVVE E=?RUE [EV½YVYH GQYEQ; ¤VV? HVZAVSYV@VE T=E=?XXA EW [EVE T=E=?H== ρ½aQVÅÅR�R`EHRUET=E=?XXA GQYQ^T n½RUE F[?VY�VVHVU RF XHS=EA r aQVÅÅR�R`EHQA AVYSV?[[Yb@VE FV?VS ~Z;
þ2�1 � � � � � u v � � ' � & ' � � % 1 [ s u v � & ' - / / u s u % � � �

ê ' � � % 1 [ s u v � � � 
 1 u s �
K[[^?RUE aQ??`Y��RUE aQVÅÅR�R`EHRUS £�7;�8¥ HQZ¶·QSQQ? GQAQF GQYQ^T �?=abHRaH FV?VSYVFVA HQFR?QZ}HQUS GQAQ} H[[ERU FX^R?S=@=E FVYGV?[[ARUS =_RS½Y=A=S; ¯VFAVV =EFE\ ZVAVVYY[[A �Z=? FVYGV?HVU ]S]SA@]E]]@ F=Z==?T =YWFVYGV?RUS =_RSY=F== @QESQEQ; ¼V?V^ H[[^?RUE FVZ}VV G=S= £=}RSY=YH\EHQQ �]]E¥ GQY A=?==F HQZ¶·QS =_RSY=F EW HQFR?QZ}HQU;

r =
XY −X · Y

SξSη

=
n
∑
xiyi −

∑
xi

∑
yi√

n
∑
x2

i − (
∑
xi)2 ·

√
n
∑
y2

i − (
∑
yi)2

£�7;�¡¥
#�Ô��$�¦�� (ξ, η) @=E=Z@=?S[U FVZ}RSAVF[[ERU @R@H`ZRUE XHSXXA [Y F=bZ==?=F �8 XA==SRUE HX?_RYH=EA A=?==F G=UAY==? RYV?TVV;£7;�G  ;8¥ £7;�G 7;9¥ £7;8G  ;8¥ £7;­G 7;8¥ £7;9G �;9¥£7;7G 7;­¥ £ ;7G �;­¥ £ ;7G �;�¥ £ ;7G �;8¥ £¡;«G�; ¥;K[[^?RUE aQ??`Y��RUE aQVÅÅR�R`EHRUS QY;
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£�7;�¡¥ HQZ¶·QS =_RSY=E aQ??`Y��RUE aQVÅÅR�R`EHRUS GQAQFQA A=?==F F[@bEVSHRUS >QFRQ} HQQ�QQ FRUF EW HQFR?QZ}HQU G=UA=S;

zX?_RYH\EAXS==? i xi yi xiyi x2
i y2

i� 7;�  ;8 ®; 8 ¡;¡� ¬;88
7 7;� 7;9 ­;99 ¡;¡� «;9¡  7;8  ;8 ®;8 ¡;88 ¬;88¡ 7;­ 7;8 ­;8 ®;7­ ¡;88­ 7;9 �;9 ­;8¡ «;9¡  ;7¡® 7;7 7;­ ­;­8 ¡;9¡ ®;7­«  ;7 �;­ ¡;98 �8;7¡ 7;7­9  ;7 �;�  ;­7 �8;7¡ �;7�¬  ;7 �;8  ;78 �8;7¡ �;88�8 ¡;« �;  ®;�� 77;8¬ �;®¬
∑ 79 78 ­�; ­ 9¡;­® ¡­;¡9

¼[@EVSHRUE @[[YTRUE Z]?E]]@ [>^VY∑
xi = 28,

∑
yi = 20,

∑
xiyi = 51.35,

∑
x2

i = 84.56,
∑
y2

i = 45.48 HXY £�7;�¡¥HQZ¶·Q ·@QQ? r=
−46.5

7.84 · 7.4 =−0.8 SV} QYAQEQ;K[[^?RUE FVZ}VV RF [`A ]S]SAY[[ARUS V?VZGVY}B G[YVSYVAVS; <[YVSYV@VEH[[^V? AR@a?`H G= REH`?^=Y\E G=U} GQYEQ; ¼V?V^ ERUH H[[^V?H xi
XHS= niXA== £i = 1, k¥B yj

XHS= nj
XA== £j = 1, s), (xi, yi

¥ FQ@ XHS= nij
XA== =}RSY=SA@=ESV^VY @=E=Z@=?S[U FVZ}RSAVF[[ERU XHSXXA\E HXF=U ZVAVVYYRUS A=?==F aQ?½?`Y��RUE H=GYR� FVYGV?VV? A[?@VY} GQYEQ; £H=GYR� �7;�¥

X
Y

y1 y2 · · · yj · · · ys ni =
s∑

j=1

nij

x1 n11 n12 n1j n1s n1

x2 n21 n22 n2j n2s n2;;; ;;; ;;; ;;; ;;; ;;; ;;; ;;;
xi ni1 ni2 nij nis ni;;; ;;; ;;; ;;; ;;; ;;; ;;; ;;;
xk nk1 nk2 nkj nks nk

nj =
k∑

i=1

nij n1 n2 · · · nj · · · ns n=
k∑

i=1

s∑
j=1

nij

�[EAB n =
k∑

i=1

ni =
s∑

j=1

nj =
k∑

i=1

s∑
j=1

nij.LEH`?^=Y\E ^=?R=�\E �X^==E\ HQFRQYAQYA xi, yj
XHSXXA\E Q?QEA F=?bS=Y>=F REH`?^=Y\E AXEA}XXA\S =^E=; M=E=Z@=?S[U FVZ}RSAVF[[ERU XHSXX½A\E HXF=U ZVAVVYVY aQ??`Y��RUE H=GYR� FVYGV?VV? ]S]SA@]E GQY aQ??`Y�b
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�RUE aQVÅÅR�R`EHRUS A=?==F HQZ¶·QSQQ? QYEQ;

r =

n
k∑

i=1

s∑
j=1

xiyjnij −
(

k∑
i=1

xini

)
·
(

s∑
j=1

yjnj

)

√

n
k∑

i=1

x2
ini −

(
k∑

i=1

xini

)2

·

√√√√n
s∑

j=1

y2
jnj −

(
s∑

j=1

yjnj

)2

£�7;�­¥

�YSV? GQYSQE VARUE >=@SRUE =SXXYS=H=U }R_VV =^T [>W`; DEVF[[ }R_VVSA=?==SRUE AVA G[YS[[AVA [?SVY}Y[[YVE =^T [>VF GQYEQ;
#�Ô��$�¦�¦ L}RY H]?YRUE ­8 [UYA^V?RUE [UYA^V?YVYRUE [EA@VE ÅQEA£@=� H]S¥½X B FQEQSH [UYA^V?YVF G[HVVSAVF[[ERU FVZ}VV £HQEE¥½Y A=?==FF[@EVSHVA ]S]SA]^; X G= Y ½FVZ}RSAVF[[ERU @H=HR@HRa F=Z==?Y\S @XAY=;£H=GYR� �7;7¥ëÞìíîÞïáÞìßÞâîðñîî

X

òÞàóãôèÛåääìßÞìäÞìÛñ
¼QEQSH [UYA^V?YVFG[HVVSAVF[[ERU FVZ}VV õÝöà

ni

÷çåæÝöÞìäÞìñääì
yj

«½�� ��½�­ �­½�¬ �¬½7  7 ½7«
xi

yj ¬ �  �« 7� 7­
78½7­ 77;­ 7 � ½ ½ ½   �8; 
7­½ 8 7«;­   ® ¡ ½ ½ �  � ;  8½ ­  7;­ ½   �� « ½ 7� �«;9 ­½¡8  «;­ ½ � 7 ® 7 �� 78; ¡8½¡­ ¡7;­ ½ ½ ½ � � 7 7 ;8wRUH nj

­ �� �« �¡   ­8 ø<[YSRUE AXEA}XXA
xj

7­;­ 7¬;   �;¬  ­;¡  ¬;7 ø ø
<[YSRUE AXEA}XXA SV@VE Z]? G=S=E\S V@ HQQ�^QY AVV?F ]S]SA]Y EW aQ?b?`Y��RUE H=GYR� FVYGV?VV? ]S]SA@]E ZVAVVYVY ~Z; <[YSRUE AXEA=} HX@G[?VV? HX?_RYH\E ZX?XU G=USXXYG=YBX B Y FVZ}RSAVF[[E[[A _XS=Z=E aQ?½?`Y�� F=Z==?=YH=U G=UF GQYQZ}HQU EW F=?=SA=} G=UE=; ÖAQQ VEV FQ·?FVZ}RSAVF[[ERU aQ??`Y�� F=Z==?Y\E aQVÅÅR�R`EHRUS QYW·;
5∑

i=1

xini = 22.5 · 3 + 27.5 · 13 + 32.5 · 21 + 37.5 · 11 + 42.5 · 2 = 1605

5∑
i=1

x2
ini = 22.532 · 3 + 27.52 · 13 + 32.52 · 21 + 37.52 · 11 + 42.52 · 2 = 52612.5

5∑
j=1

yinj = 9 · 5 + 13 · 11 + 17 · 17 + 21 · 14 + 25 · 3 = 846

5∑
j=1

y2
i nj = 92 · 5 + 132 · 11 + 172 · 17 + 212 · 14 + 252 · 3 = 15226

5∑
i=1

5∑
j=1

xiyinij = 22.5 · 9 · 2 + 22.5 · 13 · 1 + · · · + 42.5 · 25 · 1 = 27895.
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£�7;�­¥ HQZ¶·QSQQ? H[[^?RUE aQ??`Y��RUE aQVÅÅR�R`EHRUS QYGQY r = 0.74GQYEQ; NQ??`Y��RUE aQVÅÅR�R`EH �½A QU? S=?@=E HXY [UYA^V?YVYRUE [EA@VEÅQEA G= FQEQSH [UYA^V?YVF G[HVVSAVF[[ERU FVZ}VV FQQ?QEAQQ V`?VSB _XS=bZ=E aQ??`Y�� F=Z==?=YH=U H]ARUS[U VEVF[[ aQ??`Y�� F=Z==?=Y F[THVUA HQQ½�QSAQEQ;

þ2�5 ê ' � � % 1 [ s u v � & ' - / / u s u % � � u v � u � t - 1 � - v
- � - � u v t _ � 1 t � �

¿?=aHRaHB @=E=Z@=?S[U FVZ}RSAVF[[E FQQ?EA\E QEQY\E aQ??`Y��RUE aQVÅbÅR�R`EH [Y ZVAVSAVF HXY HVASVV?RUE F=Z==?Y\E F[TRUS HQSHQQFAQQ aQ??`Y�b�RUE aQVÅÅR�R`EHRUE �VSVE [EVYVYH GQYQF r½RUS =_RSY=E=; DF QYQEYQSQQ@=^@=E @=E=Z@=?S[U H[[^?RUE XHSXXA==? r½RUS QY} GXU XT?==@ H[[ERU ρ aQVÅbÅR�R`EHQQ@ �YS=SA=F [EA@VE �YS== EW r ]]?]] @=E=Z@=?S[U FVZ}RSAVF[[EG=UA=SH Q?_REQ; r = 0 S=?=F EW GRAERU @QER?FQ} GXU aQVÅÅR�R`EH ρ = 0G=UF\S EQHQY} GXU FV?VS GR_ ~Z; JYZ==? ξ G= η @=E=Z@=?S[U FVZ}RSAVF[[½E[[A aQ??`Y�� F=Z==?=YS[U SVASRUS T EQHYQFS[U GQYQF\S ]ZE]F >[UYA HVZAVS½YV@VE GRYVV;K[[ETYVE r 6= 0 S=?=F EW [EVFVV? ξ, η @=E=Z@=?S[U FVZ}RSAVF[[E[[ARUEFQQ?QEA _XS=Z=E aQ??`Y�� F=Z==?=Y Q?_RE G=UE= XX& [S[U ~X& SVASRUSEVS XHS=H=U _RUAVFS[U; LUZ XT?==@ @=E=Z@=?S[U FVZ}RSAVF[[E[[A aQ?b?`Y�� F=Z==?=YH=U V@VFRUS H=UYG=?Y=F\E HXYA H[[^?RUE aQ??`Y��RUE aQVÅbÅR�R`EH r½RUE RHSVYHVU T=E=?\S _=YS=F FV?VSHVU; ¢]?]]? FVYGVYB @=E=Zb@=?S[U FVZ}RSAVF[[E[[A aQ??`Y�� F=Z==?=YH=U G=UF HXF=U [EAV@YVYHVU A[S½EVYH S=?S=F=AB r½aQVÅÅR�R`EHRUE XHS= F=ES=YHH=U V@VFRUS HQSHQQF FV?VSHVU;�[ERU HXYA VF QYQEYQSQQ@ =^@=E @=E=Z@=?S[U FVZ}RSAVF[[E[[A _XS=Z=EaQ??`Y�� F=Z==?=YS[U G=UF HXF=U H0 : ρ = 0 SV@VE H==Z=SY=Y\S _=YS=E=;DEV H==Z=SY=Y\S _=YS=F\E HXYA A=?==F _RE}[[?RUS =^T [>EV;

t =
r

Sr

=
r
√
n− 2√

1 − r2
= r
√

(n− 2)/(1 − r2) £�7;�®¥
£�7;�®¥ _RE}[[? EW k=n−2 T]Y]]ERU >V?VS G[FRU MHW~A`EHRUE £t½H=?F=YH¥H=?F=YHH=U G=UE=; ¢S]SA@]E RHSVF H[^_RE α½RUE FX^WA MHW~A`EHRUE H=G½YR�\S =_RSY=E P (|t| ≥ tα,k)=α E]F�YRUS F=ES=F QEQY\E XHS= tα,k

½S QYEQ;
¼V?V^ |t| ≥ tα,k

E]F�]Y GR`YVSAV} G=U^=Y H0
H==Z=SY=Y\S FV?VS@VFS[U; ¢]½?]]? FVYGVYB H[[^?RUE aQ??`Y��RUE aQVÅÅR�R`EH HVSVV@ ZVAVSAVF[U� �YbS=SA=F XT?==@ @=E=Z@=?S[U FVZ}RSAVF[[E[[A aQ??`Y�� F=Z==?=YH=U SV@VEA[SEVYH FRU} GQYEQ SV@VE [S; DEV HQFRQYAQYA H[[^?RUE aQ??`Y��RUE aQVÅbÅR�R`EH r½RUS RHSVYHVU aQVÅÅR�R`EH SVF G]S]]A RHSVYHVU T=E=?H=U G=UE=SV} �?WA=S; |t| < tα,k

[`A H0
H==Z=SY=Y\S [S[U@SVF [EAV@YVYS[U HXY F[YVVE>]^_]]?E];
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K[[^?RUE aQ??`Y��RUE aQVÅÅR�R`EH RHSVYHVU HQFRQYAQYA VF QYQEYQSRUEaQ??`Y��RUE aQVÅÅR�R`EHRUE RHSVF >=^@?\S G=USXXY} GQYEQ; �[ERU HXYAH[[^?RUE aQ??`Y��RUE aQVÅÅR�R`EHRUE H=?F=YH\E FXXYRUS ZVAVF _==?AY=bS=H=U G]S]]A H[[ERU Z=S=AY=Y\E E�SH H[^VSHVU FVYGV?HVU G=UF G= ρ 6= 0 [`AHVS_ FVZS[U G=UF\E S=AE= n½RUS ]@]F]A FV^RUE H=?F=YH X?XX Z=_ ==}XXERUYAVS;LUZ XT?==@ r aQVÅÅR�R`EHRUE H=?F=YH\E FXXYRUE Q?QEAB @=UE @XAY=SA@=EH=?F=YHXXA ?XX ERUYAVS HX@S=UY=E @QESQE =^@=E ÅXEa�[[ARUS =_RSY=A=S;KXF=UYG=YB ÌR_`?RUE z FX^R?S=YH\S @QESQE =^A=S;

z =
1

2
ln
(1 + r

1 − r

) £�7;�«¥
ÌR_`?RUE z FX^R?S=YH EW2

M(z) =
1

2
ln
(1 + ρ

1 − ρ

)
+

ρ

2(n− 1)
£�7;�9¥

SV@VE Z=H`Z=HRa AXEA=}H=UB
σ2

z =
3

n− 3
£�7;�¬¥

SV@VE AR@�`?@HVU FV^RUE H=?F=YH X?XX ERUYEV;KVS^VY VF QYQEYQSRUE ρ aQVÅÅR�R`EHRUE RHSVF >=^@=?
th(z1) < ρ < th(z2)

FVYGV?HVU G=UE=; th(z1), th(z2)
XHSXXA\S H=GYR�==@£K=GYR� Ú¬¥ z1, z2

½\E A=?==F FQYGQSAYXXA=A QYEQ;
z1 =

1

2
ln
(1 + r

1 − r

)
− tα

1√
n− 3

z2 =
1

2
ln
(1 + r

1 − r

)
+ tα

1√
n− 3

£�7;78¥
�[EAB Φ(tα) = 1 − α, Φ(x)½¾=�Y=@\E ÅXEa�;K[[^?RUE aQ??`Y��RUE aQVÅÅR�R`EH RHSVYHVU GR_ HQFRQYAQYA VF QYQEYQSRUE
ρ �=?=Z`H?RUE RHSVF >=^@?\S G=USXXY=F HXF=U =@XXAY\S =^T [>VFS[U;

#�Ô��$�¦�° ¢ZE]F AVA G[YVSH =^T [>@VE }R_VVERUX,Y−@=E=Z@=?S[UFVZ}RSAVF[[E FQQ?QEA\EB H[[^?RUE aQ??`Y��RUE aQVÅÅR�R`EH RHSVYHVU V@VFbRUS _=YS=}B QEQY\E aQVÅÅR�R`EH ρ−RUE RHSVF >=^@?\S G=USXXY; LHSVFH[^_RE α = 0, 05
;

£r = 0.74 SV} QY@QE GRYVV;¥ £�7;�®¥ ·@QQ? MHW~A`EHRUE _RE}[[?RUSGRT^VY
t =

0.74
√

50 − 2√
1 − 0.742

= 7.62

MHW~A`EHRUE H=GYR�==@ α = 0.05, k = 50 − 2 = 48 [`A QEQY\E XHS\S QYGQY
t0.05;48 = 2.01
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KX?_RYH\E XHS= G= QEQY\E XHS\E FX^WA t > t0.05;48

E]F�]Y GR`YVSAV} GXUHXY r aQVÅÅR�R`EH RHSVYHVU aQVÅÅR�R`EH GQYEQ; ÖAQQ ρ aQVÅÅR�R`EHRUERHSVF >=^@?\S G=USXXYW�; �[ERU HXYA £�7;�«¥ HQZ¶·QSQQ? ÌR_`?RUE z FX^R?½S=YH\E XHS\S GQA¶·;
z =

1

2
ln

1 + 0.74

1 − 0.74
= 0.9505, Φ(tα) = 0.95

E]F�Y]]@ t0.05 = 1.96 HXY £�7;78¥ HQZ¶·Q ·@QQ?
z1 = 0.9505 − 1.96 · 1√

50 − 3
= 0.6646,

z2 = 0.9505 − 1.96 · 1√
50 − 3

= 1.2364

¯R�`?GQY H=ES`E@ th (z) ÅXEa�RUE H=GYR� ~ZXX V@^VY th(z) =
e2z − 1

e2z + 1HQZ¶·QS =_RSY=^=Y VF QYQEYQSRUE aQ??`Y��RUE aQVÅÅR�R`EHRUE RHSVF>=^@=? 0.51 ≤ ρ ≤ 0.844 GQYEQ;
þ2�K ê ' � � % 1 [ s u v � � � � c s � � 
 � u � � % & �
<RAERU AVV? =^T [>@VE aQ??`Y��RUE aQVÅÅR�R`EH EW >]^F]E F=ZH\E FV^RUEH=?F=YHH=U G]S]]A @=E=Z@=?S[U FVZ}RSAVF[[E[[A FQQ?QEAQQ _XS=Z=E aQ?b?`Y�� F=Z==?=YH=U HQFRQYAQYA Y F=Z==?Y\E F[TRUS RYV?FRUYVF [>[[YVYHGQY} T=AE=; ¯VHVY �?=aHRaH @XA=Y} GXU FVZ}RSAVF[[E[[A ]]? FQQ?QEAQQ@H=HR@HRa F=Z==?=YH=U GQYQ^T =YW EVS EW @=E=Z@=?S[U GR_ T ~ZXX V@^VYF=ZHA== FV^RUE H=?F=YHH=U GR_ SVF ZVHTRYVE aQ??`Y��RUE _RE}RYSVVERUX?WATRY@=E E]F�YRUS F=ES==S[U G=U} GQYAQS; DEV HQFRQYAQYA FVZ}RSAV½F[[E[[ARUE F=?RY�=E F=Z==?Y\S RYV?FRUYVF `?]EFRU [>[[YVYH EW aQ??`Y�b�RUE F=?W�== ~Z;wVS @=E=Z@=?S[U FVZ}RSAVF[[ERU XHS= EW E]S]]S]]@]]B ÅXEa�RUE XHS=G=UAY==? ]]?TY]SA]F GR_ >]^F]E ]]? FQQ?QEA\E X�YA== G=UAY==? RY?VF F=bZ==?Y\S F=?RY�=E F=Z==?=Y SV} QUYSQEQ; DEV [>[[YVYHRUS S=?S=F\E HXYA
η @=E=Z@=?S[U FVZ}RSAVF[[ERU H[[^?RUE `?]EFRU AR@�`?@RUS =^T [>W`;

S2
η =

1

n

s∑

j=1

(yj − Y )2nj
£�7;7�¥

¼V?V^ η @=E=Z@=?S[U FVZ}RSAVF[[ERU HX?_RYH\E XHSXXA FQQ?QEAQQ [Y QSHbYQY�QF FVA FVAVE G[YSVV@ HQSHQ} G=U^=Y H[[ERU `?]EFRU AR@�`?@RUS A=?==FFQ·? ERUYGV?H H=^W} GQYEQ;
S2

η = M
(
M(η|ξ = x) −Mη

)2

+M
(
η −M(η|ξ = x)

)2
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HQ^TQQ?

S2
η = δ

2

η|ξ + σ2
η|ξ

£�7;77¥
δ
2

η|ξ½EW G[YVS FQQ?QEA\E AR@�`?@ G]S]]A ξ F[TRE >[UY η½A E]Y]]Y]F E]Y]]YbYRUS RYV?FRUYEV;
δ
2

η|ξ =
1

n

k∑

i=1

(yi − Y )2ni
£�7;7 ¥

σ2
η|ξ
½[YAVSAVY AR@�`?@; �YAVSAVY AR@�`?@ EW G[YSRUE AR@�`?@[[ARUE AXEA=}G]S]]A HQQ�QSAQQS[U GX@=A F[TRE >[UY[[ARUE E]Y]]YYRUS RYV?FRUYEV;

σ2
η|ξ =

1

n

k∑
i=1

S
2

iηni

S
2

iη =
1

ni

s∑
j=1

(yj − yi)
2nij, (i = 1, k)

£�7;7¡¥

τηξ =

√√√√δ
2

η|ξ
S2

η

£�7;7­¥
FVZ}RSAVF[[ERUS HX?_RYH\E GX~X H[[^?RUE aQ??`Y��RUE F=?W�== £η½RUE ξAVV?F¥ SV} EV?YVVAB ξ G= η FVZ}RSAVF[[ERU F=?RY�=E F=Z==?Y\E E�SH?=Y\SRYV?FRUYVF [>[[YVYH GQYSQE =^A=S;
τηξ

FVZ}RSAVF[[ERU Q?QEA τ 2
ηξ
FVZ}RSAVF[[ERUS FV?VSYV} >=E_@=E G]S]]AH[[ERUS A`H`?ZRE=�RUE aQVÅÅR�R`EH SVEV;M=E=Z@=?S[U FVZ}RSAVF[[E[[ARUE F=?RY�=E F=Z==?=Y FRTEVVE F[THVU G=UFHXH=Z τηξ

F=?W�== RF G=UE=; DEV EW ξ @=E=Z@=?S[U FVZ}RSAVF[[ERU ]]?TY]YHBHQQ�QSAQQS[U [YA@VE @=E=Z@=?S[U F[TRE >[UY[[ARUS GQA^QY RY[[ RFVV? η@=E=Z@=?S[U FVZ}RSAVF[[ERU ]]?TY]YH]EA E]Y]]Y]FRUS RYV?FRUYEV;�[ETYVEB
τξη =

√
δ
2

ξ|η/S
2
ξ

£�7;7®¥SV@VE aQ??`Y��RUE F=?W�==S =^T [>EV; NQ??`Y��RUE τηξ, τξη
F=?W�==E\ T=bE=?XXA\S AX?A^=Y2�� NQ??`Y�� F=?W�== @]?]S GR_ G=UE=; £0 ≤ τ ≤ 1¥¦� τηξ = 0 G=UF >=UY_S[U G]S]]A F[?VY�VVHVU E]F�]Y EW yi = Y = const G=UF�^A=Y ~Z;£PX?=S �7;¬¥

η

0 ξ

τηξ = 0

PX?=S �7;¬2

¢]?]]? FVYGVYB η½RUE ξ AVV?F ?`S?`@b@RUE _XS=Z H=?F=YH\E H]^RUS A=U?b@=E FV^HVV _XS=Z G=UE= SV@VE [S; DEVHQFRQYAQYA ξ, η FVZ}RSAVF[[E[[AaQ??`Y�� F=Z==?=YS[U G=UE=; τηξ
½aQVÅÅR�R`EHRUE FX^WA Z]E RUZ T=bE=? GR`YEV;
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°� τηξ = 1 G=UF >=UY_S[U G]S]]A F[?VY�VVHVU E]F�]Y EW σ2

η|ξ = 0 G=UF�^A=Y ~Z; ¢]?]]? FVYGVYB @=E=Z@=?S[U F[TRE >[UY[[ARUE E]Y]] G=UFS[UG]S]]A G[F XHSXXA EW ?`S?`@@RUE ZX?XUE Q?TRZA H]^Y]?@]E G=UE= SV@VE [S;

τηξ = 1

0 ξ

η

PX?=S �7;�82

η

0 ξ

0 ≤ τηξ ≤ 1

PX?=S �7;��2
¸� τηξ 6= τξη

G=UE=; DEV EW aQ??`Y��RUE aQVÅÅR�R`EHQQ@ �YS=SA=F �YS==~Z; £aQ??`Y��RUE aQVÅÅR�R`EHRUE FX^WA rξη = rηξ = r
;¥ ¢]?]]? FVYGVYBaQ??`Y��RUE F=?W�==S GQAQFQA �Z=? FX^W@=STRUS [Y F=Z==?=F FX^W@=STB �Zb?\S EW F=Z==?=E FX^W@=ST GQYSQE @QESQE =^=F==@ F=Z==?E= SV@VE [S;KX?_RYH\E aQ??`Y��RUE F=?W�== τηξ

EW yi
XHSXXA\S FQYGQ@QE ?`S?`@@RUE_XS=Z==@ £FXS=?F=U _XS=Z G=UE=¥ aQ??`Y��RUE Q?E\ �VS[[ARUE @=?ERF @=?ERbY\S [>[[Y@VE [>[[YVYH ~Z; ¯V^T @=E=Z@=?S[U F[TRE >[UYRUE E]Y]]YY]]@GQY} yi

XHSXXA\E ]]?TY]YHRUE FXXYW EW >]?TRSA]F XT?==@ τηξ
F=?W�== RFV@bAVS; �[EHVU X�YA=E QEQY\E aQ??`Y��RUE F=?W�== GX~X η½RUE ξ AVV?F aQ?b?`Y��RUE REA`a@ Rηξ

SV@VE [>[[YVYHRUS =^T [>AVS;NQ??`Y��RUE REA`a@ Rηξ
EW aQ??`Y��RUE Q?E\ �VS[[A }REFVEV ?`S?`@@RUE_XS=Z yx

½VV@ @=?ERF @=?ERY\S HQAQ?FQUYEQ2
Rηξ =

√
δ2
η|ξ
S2

η

=

√

1 −
σ2

η|ξ
S2

η

£�7;7«¥
�[EAB δ2

η|ξ
G= σ2

η|ξ
AR@�`?@[[A EW £�7;7 ¥B £�7;7¡¥ HQZW·QSQQ? GQAQSAQF GQYQ^TG[YSRUE AXEA}XXA yi

½S ?`S?`@@RUE HVS_RHSVYVV? QY@QE E]F�]YH Z=H`Z=HRaAXEA=} yx
½VV? @QYREQ; �[EHVU H]@HVUSVV?

Rξη =

√
δ2
ξ|η
S2

ξ

=

√

1 −
σ2

ξ|η
S2

ξ

£�7;79¥
SV@VE aQ??`Y��RUE REA`a@RUS =^T [>EV;
τ, R [>[[YVYH[[ARUE A=^XX H=Y EW ξ, η FVZ}RSAVF[[E[[A AX?\E F=?RY�=EF=Z==?=YH=U G=UF=A HVASVV?RUS QY} GQYAQSH Q?_REQ; τ [>[[YVYHRUE XHS=R½HVU F=?W�=ESXUS==? ]EA]? S=?=F GQYQ^T H[[ERUS QYQFQA ?`S?`@@RUE HVS_RHbSVYRUS ZVAVF _==?AY=S=S[U XT?==@ A=^XX H=YH=U ~Z;
r G= τ, R [>[[YVYH[[A A=?==F F=?W�==S==? FQYGQSAQEQ;

0 ≤ |r| ≤ R ≤ τ ≤ 1 £�7;7¬¥
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¼X^W@=STA\E F=?RY�=E F=Z==?=Y _XS=Z=E [`A Rξη = Rηξ = |r| G=UE=; NQ?½?`Y��RUE F=?�== τ ½ RUE RHSVYHVU V@VFRUS _=YS=F=A A=?==F _RE}[[?RUS=_RSY=E=;
Fτ =

τ 2(n−m)

(1 − τ 2)(m− 1)
£�7; 8¥

�[EA2 m½@=E=Z@=?S[U FVZ}RSAVF[[ERU XHSXXA\S G[YVSYV@VE REH`?^=Y\E HQQ;
Fτ

EW k1 = m − 1 G= k2 = n − m T]Y]]ERU >V?S[[A G[FRU ÌR_`?RUE F ½H=?F=YHH=U G=UE=; ¼V?V^ ]S]SA@]E RHSVF H[^_RE α½RUE FX^WA2 F > Fα,k1,k2E]F�]Y GR`YVSAV} G=U^=Y τ EW HVSVV@ ZVAVSAVF[U�VV? �YS=SA=E=; ¢]?]]? FVYbGVYB τ ½S H[[^?RUE aQ??`Y��RUE F=?W�==S RYV?FRUYVF RHSVYHVU aQVÅÅR�R`EHSV} [>EV; Fα,k1,k2
½H=GYR�==@ QY@QE QEQY\E XHS=;

¼Q·? FX^W@=STRUE aQ??`Y��RUE REA`a@ R½RUE RHSVYHVU T=E=?\S A=?==F _REb}[[?RUS =_RSY=E _=YS=E=;
FR =

R2(n− 2)

1 −R2
£�7; �¥

FR
½FVZ}RSAVF[[E k1 = 1B k2 = n − 2 T]Y]]ERU >V?S[[A G[FRU ÌR_`?RUE F ½H=?F=YHH=U G=UE=; O]E FR > Fα,k1,k2

E]F�]Y GR`YVSA^VY R½RUS RHSVYHVU SV}HQQ�EQ;
#�Ô��$�¦�̧ �7; ;½\E H=GYR� �7;7½\E ]S]SAY]]? aQ??`Y��RUE F=?W�==

τη,ξ
G= aQ??`Y��RUE REA`a@ Rηξ

½S QY} HVASVV?RUE RHSVYHVU V@VFRUS _=YS=;DFYVVA ;R_VV½�7;7½A QY@QE [? A[ES[[AVV? Y , S2
η
½S HX@ HX@ QY¶·;

Y =
846

50
= 16.92(H), S2

η =
15226

50
− 16.922 ≈ 18, 23.

<[YSRUE AXEA=} G= REH`?^=Y\E A=^H=Z}XXA\S Q?QY�XXY=E HQQ�QQS FRUFAVVA=?==F F[@EVSHRUS =_RSY=F EW HQFR?QZ}HQU;
xi ni yi (yi − Y )2ni yx (yx − Y )2ni77;­   �8;  � �;­ �8;¡ �7«;­7«;­ �  � ;  �«8;¡ � ;9 �7®;­ 7;­ 7� �«;9 �®;  �«;7 �;® «;­ �� 78;  �7­;« 78;® �¡¬;8¡7;­ 7 7 ;8 « ;¬ 7 ;¬ ¬«;¡
∑ ½ ½ ­�«;9 ½ ­87;8

£�7;7 ¥ HQZW·Q ·@QQ?2 δ2

η =
517.8

50
= 10.36 HXY £�7;7­¥ HQZW·QS =_RSY=^=Y

τηξ =

√
10.36

18.23
= 0.754

NQ??`Y��RUE F=?W�== τηξ
½RUE XHS= EW ]ZE]F >[UYA QY@QE r = 0.74½HVU QU?QYb�QQ S=?T G=UE=; DEV EW @=E=Z@=?S[U FVZ}RSAVF[[E[[A _XS=Z=E aQ??`Y��



�¦�Æ ù��� ���Â��º� ������²Õ��� Ô��Â������ ������²Õ���������� �� �µ���� ���ii�Õ���� �°�
F=Z==?=YH=U G=UF HXF=U AV^_[[Y@VE H==Z=SY=Y\S EQHQY} GXU ~Z;
Rηξ

½REA`a@RUS QYQF\E HXYA2 yx = 0.6762x−4.79 £DEVF[[ ?`S?`@@RUE HVS_RHbSVYRUS � ;7½A S=?S=} [>[[YEV¥ SV@VE ?`S?`@@RUE HVS_RHSVYVV? yxi

XHSXXA\SQYEQ; DASVV? XHSXXA\S ]ZE]F F[@EVSHRUE @[[YVV@VV 7 A=FW G=S=E=EAG=U?YXXY@=E;

δ2
η|ξ =

502.0

50
= 10.04, Rηξ =

√
10.04

18.23
= 0.742

P=^@?\E [? A[ES[[ARUS GQAQFQA S=?@=E G[A[[^TYVYRUE =YA==S V@ HQQ�^QY RηξG= r EW G=?=S R}RY S=?T G=UE=; LUZA FX^W@=STXXA _XS=Z=E aQ??`Y�� F=Zb==?=YH=U [`A Rηξ
REA`a@RUS GQAQF _==?AY=S=S[UB >]^F]E r aQVÅÅR�R`EHRUSGQAQFQA F=ES=YHH=U GQYQF EW F=?=SA=} G=UE=; ¤`H`?ZRE=�RUE aQVÅÅR�R`EH

R2
ηξ = 0.551 G=US== EWB FQEQSH [UYA^V?YVF G[HVVSAVF[[E £Y ¥½RUE ]]?TY]YHRUE

55.1% EW [UYA^V?YVYRUE [EA@VE ÅQEA £X¥½RUE ]]?TY]YH]]? H=UYG=?Y=SA=F\SF=?XXY} G=UE=; <[YVSYV@VE REH`?^=Y\E HQQ m = 5 GQYQF\S =EF==?=E τηξaQVÅÅR�R`EHRUE RHSVYHVU V@VFRUS _=YS=�;
Fτ =

0.7542(50 − 5)

(1 − 0.754)2(5 − 1)
= 14.82

LHSVF H[^_RE α = 0.05 G= k1 = 4, k2 = 45 [`A ÅR_`?RUE F ½H=?F=YH\EH=GYR�==@ F0.05;4;45 = 2.57 SV} QYAQEQ;
Fτ > F0.05;4;45

XTR? τηξ
½S RHSVYHVU SV} HQQ�EQ; �[ETYVE Rηξ

aQVÅÅR�R`EHRUS_=YS=�;
FR =

0.7422(50 − 2)

(1 − 0.742)2
= 58.8, FR > F0.05,1,48 = 4.04

HXY aQ??`Y��RUE REA`a@ Rηξ = 0.742 EW RHSVYHVUA HQQ�QSAQEQ;
þ2�L ú 1 ' � � - q � - - � � & ' � � % 1 [ s u v � _ u � � u 1 t - - �

ê ' � � % 1 [ s u v � % � 7 � � u v 
 � � / � � v � & ' - / / u 9
s u % � �

3ZWA?=Y �?=aHRaRUE [>VSAY[[A RFV^TYVE QYQE F[TRE >[UYH >=S^=?==? A[?@½YVSAAVS; LUZ XT?==@ ]ZE] =^T [>@VE FQ·? FVZ}VV@H aQ??`Y��RUE >=S^=?\SQYQE FVZ}VV@H HQFRQYAQYA ]?S]HS]F _==?AY=S=H=U; ÖYQE FVZ}VV@H aQ?b?`Y��RUE _RE}RYSVVERU >Q?RYSQ EW X1, X2, . . . , Xn
SV@VE £n > 2¥ FX^W@=FFVZ}RSAVF[[E FQQ?QEA\E F=?RY�=E F=Z==?Y\S @XA=Y}B VASVV?VV@ F=Z==?@=E£Y ¥½FVZ}RSAVF[[EA F=ZSRUE RFVV? E]Y]]Y]F Xi

FX^W@=STA\S @QESQE =^=F=AQ?_REQ;
X1, X2, . . . , Xj, . . . , Xm

½SV@VE QYQE FVZ}VV@H FV^RUE H=?F=YHH=U @=E=Z@=?S[UFVZ}RSAVF[[E[[A ]S]SA@]E G=US; DASVV? @=E=Z@=?S[U FVZ}RSAVF[[ERU F=½?RY�=E F=Z==?Y\S FQ@ aQ??`Y��RUE aQVÅÅR�R`EH[[AVV? >QFRQSA@QEB A=?==F



�°¦ ������²Õ��� Ô��Â�����
aQ??`Y��RUE Z=H?R�==? RYV?FRUY} GQYEQ;

Qm =




1 ρ12 . . . ρ1m

ρ21 1 . . . ρ2m

. . . . . . . . . . . .
ρm1 ρm2 . . . 1




£�7; 7¥

ρjk
EW £�7;®¥ HQZW·QSQQ? HQAQ?FQUYQSAQF FQ@ aQ??`Y��RUE aQVÅÅR�R`EH[[AB£j, k = 1, 2, . . . ,m) m½Z=H?R�\E V?VZGV;NQ??`Y��RUE Z=H?R�Qm

EW HVS_ FVZHVU G]S]]A �Z=? @=E=Z@=?S[U FVZ}RSAV½F[[E[[A FQQ?QEAQQ aQ??`Y�� F=Z==?=YH=U GQYQF\S [>[[YEV; NQ??`Y��RUEZ=H?R� Qm
½RUS H[[^?RUE XHSXXA==? [EVYVF EW QYQE FVZ}VV@H aQ??`Y��RUE_RE}RYSVVERU [EA@VE GQAYQSQ ~Z; DEV EW H[[^?RUE aQ??`Y��RUE aQVÅÅRb�R`EHRUE Z=H?R� G=USXXY@E==? _RUAVSAVEV2

rm =




1 r12 . . . r1m

r21 1 . . . r2m

. . . . . . . . . . . .
rm1 rm2 . . . 1




£�7;  ¥

�[EA2
rjk =

n∑
i=1

(xij −Xj)(xik −Xk)

nSxj
Sxk

(j, k = 1, 2, . . . ,m) £�7; ¡¥
¼Q·? FVZ}VV@H >=S^=?\E =ARY==?B aQ??`Y��RUE aQVÅÅR�R`EHRUS [EVYVFRUEHXYA H[[ERU Z=H`Z=HRa AXEA=} G= AR@�`?@RUE [EVYVYHRUS G=USXXY=F _==?AbY=S=H=U; ¯VHVY QYQE FVZ}VV@H aQ??`Y��RUE _RE}RYSVVEAB Z=H`Z=HRa AXEb
A=} G= AR@�`?@RUE HX@ G[? m [EVYVYHB m(m− 1)

2
HQQE\ FQ@ aQ??`Y��RUE

aQVÅÅR�R`EH B ERUHAVV 2m+
m(m− 1)

2
HQQE �=?=Z`H?RUE [EVYVYH G=USXXY=F

_==?AY=S= S=?T G=UE=; w]S]] H=Y==@ QYQE FVZ}VV@H HQFRQYAQYA FVZ}RSAV½F[[E FQQ?QEA\E F=Z==?=Y ERUYZVY G]S]]A QYQE H=YH=U XT?==@ >]^F]E aQ?½?`Y��RUE Z=H?R�\E HX@Y=Z}H=US==? HVASVV? FX^W@=STA\E F=?RY�=E F=Z==?½Y\S G[?VE A[[?VE RYV?FRUY} V@ T=AE=; LUZ XT?==@ QYQE FVZ}VV@H aQ??`Y�b�RUE _RE}RYSVVEA A=?==F 7 H]?YRUE GQAYQS\S RFV^TYVE =^T [>AVS;�=; 3YW EVS @=E=Z@=?S[U FVZ}RSAVF[[E EW GX@=A [YA@VE (m−1) @=E=Z@=?S[UFVZ}RSAVF[[EVV@ F=Z==?=F F=?RY�=E F=Z==?Y\S HQSHQQF;�=; l HQQE\ @=E=Z@=?S[U FVZ}RSAVF[[ERU E]Y]]S [Y HQQ�Q} £l ≤ m− 2¥[YA@VE @=E=Z@=?S[U FVZ}RSAVF[[E FQQ?QEA\E F=Z==?Y\S @XAY=F;DASVV? GQAYQSXXA EW aQ??`Y��RUE `?]EFRU G= HXF=UE aQVÅÅR�R`EHXXA\S QY@½EQQ? _RUAVSAVEV; 3YW EVS Xi
FVZ}RSAVF[[E GX@=A [YA@VE Xj

@=E=Z@=?S[UFVZ}RSAVF[[ERU £m− 1 HQQE\¥ QYQEYQSQQ@ F=Z==?=F _XS=Z=E aQ??`Y�� F=bZ==?Y\SB aQ??`Y��RUE aQVÅÅR�R`EH ρij
½RUE ]?S]HS]Y GQYQF ρi.12...m−aQVÅÅR½�R`EHQQ? FVZ}REV;



�¦�Æ ù��� ���Â��º� ������²Õ��� Ô��Â������ ������²Õ���������� �� �µ���� ���ii�Õ���� �°°
ρi.12...m

aQVÅÅR�R`EHRUS QYQEYQS aQVÅÅR�R`EH GX~X `?]EFRU aQVÅÅR�R`EHSVEV; i½Y FX^W@=ST GX@=A �Z=? FX^W@=STA\E QYQEYQSQQ@ F=Z==?=F [>[[YVYHGQYQF\S HVZAVSYVFAVV ρ½RUE REA`a@VA i½RUE A=?== �VS H=^W} GX@=A FX^W@=STbA\E AXS==?\S GRTEV;
ρi.12...m

½aQVÅÅR�R`EHRUE [EVYVYH GQYQF H[[^?RUEB aQ??`Y��RUE `?]EFRU aQVÅbÅR�R`EH Ri.12....m
A=?==F HQZ¶·QSQQ? HQAQ?FQUYQSAQEQ;

Ri.12....m =

√

1 − |rm|
qii

£�7; ­¥
�[EAB |rm|½H[[^?RUE FQ@ aQVÅÅR�R`EHXXA==? >QFRQSA@QE aQ??`Y��RUE Z=H?Rb�\E HQAQ?FQUYQSTB qii − rii

VY`Z`EHRUE =YS`G?RUE S[U�VVYH;KXF=UE HQFRQYAQYA m = 3 GX~X Xi, Xj, Xk
½@=E=Z@=?S[U FVZ}RSAVF[[E[[½ARUE FX^WA aQ??`Y��RUE `?]EFRU aQVÅÅR�R`EH A=?==F FVYGV?HVU GQYEQ;

Ri.jk =

√
r2
ij + r2

ik − 2 · rij · rik · rjk

1 − r2
jk

£�7; ®¥
�[EAB rst

EW F=?S=Y>=F REA`a@ G[FRU FX^W@=STA\E FQ@ aQ??`Y��RUE aQVÅÅRb�R`EHXXA £s = 1, 2, 3, t = 1, 2, 3)
;

NQ??`Y��RUE `?]EFRU aQVÅÅR�R`EHRUE a^=A?=H R2
i.12...m

½RUS A`H`?ZRE=�RUE`?]EFRU aQVÅÅR�R`EH SVF G]S]]A @XA=Y} GXU FX^W@=STRUE ]]?TY]YHRUE FVAVEFX^RUS F[TRE >[UYRUE FX^W@=STA\E ]]?TY]YH H=UYG=?Y=} T=A=F\S [>[[YVF[>[[YVYH ~Z;
Ri.12...m

G= R2
i.12···½aQVÅÅR�R`EHRUE XHS= l8B�m FV?TRZA F=?W�=Y=SA=E=; NQ?b?`Y��RUE `?]EFRU aQVÅÅR�R`EHRUE RHSVYHVU T=E=?\S _=YS=F=A A=?==F _REb}[[?RUS =_RSY=E=;

F =
R2(n−m)

(1 −R2)(m− 1)
£�7; «¥

DEVF[[ _RE}[[? k1 = m−1, k2 = n−m T]Y]]ERU >V?VS G[FRU ÌR_`?RUE
F ½H=?F=YHH=U G=UE=; F > Fα;k1;k2

E]F�]Y GR`YVSAV} G=U^=Y `?]EFRU aQVÅÅRb�R`EHRUS HVSVV@ ZVAVSAVF[U� FVZ}VVSVV? �YS=SA=} G=UE= SV} [>EV; ¢]?]]?FVYGVY R½aQVÅÅR�R`EHRUS RHSVYHVUA HQQ�EQ;M=E=Z@=?S[U FVZ}RSAVF[[E[[A GR` GR`HVUSVV aQ??`Y�� F=Z==?=YH=U [`AHVASVV?RUE FQ@ aQ??`Y��=A GX@=A FX^W@=STA\E aQ??`Y�� E]Y]]YA]S; �[EHVUX�YA=E EVS GX~X FVA FVAVE FVZ}RSAVF[[ERU E]Y]]S HQQ�QFS[U £=^T [>VVS[U¥E]F�]YA >=?RZ FX^W@=STA\E FQQ?QEAQF HXF=UE aQ??`Y��RUS =^T [>VF _==?AbY=S= S=?A=S;
m−2 @=E=Z@=?S[U FVZ}RSAVF[[ERU E]Y]]S HQSHZQYQQ? HQQ�QF E]F�]YA XiG= Xj

FVZ}RSAVF[[ERU H[[^?RUEB aQ??`Y��RUE HXF=UE aQVÅÅR�R`EH A=?==FHQZ¶·QSQQ? HQAQ?FQUYQSAQEQ;
rij.12...m =

qij√
qiiqjj

£�7; 9¥



�°¸ ������²Õ��� Ô��Â�����
�[EA qij, qii−rm

Z=H?R�\E F=?S=Y>=F rij, rii
VY`Z`EHRUE =YS`G?RUE S[U�VVY½H[[A; KXF=UE HQFRQYAQYA m = 3 GX~X Xi, Xj, Xk

FX^W@=STA\E FX^WA aQ?b?`Y��RUE HXF=UE aQVÅÅR�R`EH[[A A=?==F HQZ¶·QSQQ? GQAQSAQEQ;
rij.k =

rij − rik − rjk√
(1 − r2

ik)(1 − r2
jk)

£�7; ¬¥

rst
½F=?S=Y>=F REA`a@ G[FRU FX^W@=STA\E FQ@ aQ??`Y��RUE aQVÅÅR�R`EH[[A;NQ??`Y��RUE HXF=UE aQVÅÅR�R`EH EW FQ@ aQ??`Y��RUE aQVÅÅR�R`EHRUE=ARY==? −1 ≤ rij.12...m ≤ 1 XHS= =^E=; K[[ETYVE n FVZ}VVH H[[^?RUE XHS==?QY@QE AVV?F aQVÅÅR�R`EH EW n−m+2 HQQE\ =}RSY=YH==? QY@QE H[[^?RUE FQ@aQ??`Y��RUE aQVÅÅR�R`EHHVU =ARY H=?F=YHH=U G=UE=; LUZ XT?==@ aQ??`Y�b�RUE HXF=UE aQVÅÅR�R`EHRUE RHSVYHVU T=E=? EW HX?_RYH\E HQQ n−m+ 2G=UF [`RUE FQ@ aQ??`Y��RUE aQVÅÅR�R`EHRUE =ARY==? [EVYVSAVEV;

#�Ô��$�¦�» ¼]A]YZ]?RUE G[HVVZ} £X1
¥B =}RYTA\E E=@E\ FVZ}VV£X2

¥B [UYA^V?YVYA =}RYY=@=E }RYRUE £X3
¥ F=?RY�=E F=Z==?Y\S @XAY=F\EHXYA R}RY ZV?SV}RYHVU =}RYTA==@ n = 100 FVZ}VVHVU H[[^V? =^T H[[^?RUEFQ@ aQ??`Y��RUE aQVÅÅR�R`EH[[A r12 = 0.20, r13 = 0.41, r23 = 0.82½\SQY} RHSVYHVU aQVÅÅR�R`EHXXA SV} HQSHQQ}VV; KVS^VY aQ??`Y��RUE `?]EFRUaQVÅÅR�R`EH R1.23

G= HXF=UE aQVÅÅR�R`EH[[ARUS QY} HVASVV?RUE RHSVYHVUV@VFRUS _=YS=;£�7; ®¥ HQZ¶·QS =_RSY=^=Y2
R1.23 =

√
0.282 + 0.412 − 2 · 0.20 · 0.41 · 0.82

1 − 0.822
= 0.47

�[EVV@ [>^VYB EVS H=Y==@ F]A]YZ]?RUE G[HVVZ}B E]S]] H=Y==@ =}RYTA\EE=@E\ FVZ}VV G= =}RYY=@=E }RY FQ·?\E FQQ?QEA ZVAVSAVF[U� aQ??`Y�� F=bZ==?=Y G=US== EW RYV?T G=UE=;¤`H`?ZRE=�RUE `?]EFRU aQVÅÅR�R`EH R2
1.23 = 0.225 G=US== EW =}RYTA\EF]A]YZ]?RUE G[HVVZ}RUE ]]?TY]YHRUE 22.5% EW HVAERU E=@ G= =}RYY=@=E}RYHVU FQYGQQHQUSQQ? H=UYG=?Y=SA=E= SV@VE [S; ÖAQQ R1.23

½RUE RHSVYHVUV@VFRUS _=YS=�;
F =

0.472(100 − 3)

(1 − 0.472)(3 − 1)
= 14.1

K=GYR�==@ F0.05;2;97 = 3.09 SV} QYAQF G= F > F0.05;2;97
XTR? R1.23

HVSVV@ZVAVSAVF[U� �YS=SA=E=;ÖAQQ aQ??`Y��RUE HXF=UE aQVÅÅR�R`EHXXA\S GQAW·;
r12.3 =

r12 − r13 · r23√
(1−r2

13)(1−r2
23)

=
0.20−0.41 · 0.82√

(1−0.412)(1−0.822)
=−0.26

�[ETYVE r13.3 = 0.44, r23.1 = 0, 83.
r12.3

½aQVÅÅR�R`EH RHSVYHVU V@VFRUS _=YS=�;



�¦�Æ ù��� ���Â��º� ������²Õ��� Ô��Â������ ������²Õ���������� �� �µ���� ���ii�Õ���� �°»
n−m+ 2 = 100 − 3 + 2 = 99 XTR? £�7;�®¥ _RE}[[? ·@QQ?

t =
−0.26 ·

√
99 − 2√

1 − 0.262
= −2.65

MHW~A`EHRUE H=GYR�==@ t0.05;97 = 1.99 SV} QYAQEQ; |t| > t0.05;97
XTR? aQ?b?`Y��RUE HXF=UE aQVÅÅR�R`EH r12.3

EW RHSVYHVU aQVÅÅR�R`EH GQYEQ; r13.2 >
r12.3 > r12.3

HXY Z]E r13.2, r23.1
aQVÅÅR�R`EH[[A RHSVYHVU; DEV G[FEVV@ [>^VYBAVV? =^T [>@VE   FVZ}RSAVF[[ERU =YW T FQ·? EW SX?=^ A=FRUE E]Y]]YYRUSV@ HQQ�QF [`A HQAQ?FQU aQ??`Y�� FQYGQQ F=Z==?=YH=U GQYQF EW F=?=SA=}G=UE=; w]S]] H=Y==@B FQ@ aQ??`Y��RUE aQVÅÅR�R`EHQQ@ HXF=UE aQVÅÅR�R`EbHVA _RY}RFVA H[[ERU HQQE FVZ}VV ZVAVSAVF[U� ]]?TY]SA]F]]@ S=AE= aQVÅbÅR�R`EHRUE HVZAVS F[?HVY ]]?TY]SA]} G=US== EW F=?=SA=} G=UE=£r12 = 0.20; r12.3 = −0.26¥;IRE}YVF XF==E\ =YR^== @XA=YS== XTR? _=YHS==E\ FQYGQQ F=Z==?Y\S RYb?[[YVFVA TRSYVSAAVS SV} FVY} GQYEQ; �>VSAVY ~Z@\E }REFVEV GQARH _=YHbS==E\ HXF=U ZVAYVS Y @XA=Y} GXU >[U HQSHY\S RYV?[[YFVA HX@H=U; ¯VHVYaQ??`Y��RUE HXF=U QUYSQYH EW HQAQ?FQU FVZ}VVSVV? @H=HR@HRaRUE ÅQ?Z=YWQUYSQYH HXY FQYGQQ F=Z==?Y\E XTR? _=YHS==E\ H=Y\S HV? G[? RY?[[Y} V@T=AE=; ¢]?]]? FVYGVYB aQ??`Y��RUE _RE}RYSVVERU HX@Y=Z}H=US==? �Z=?FVZ}RSAVF[[ERUS _=YHS==E GQYSQE =^=F �Z?\S EW [? A[E GQYSQE =^=F\SHQSHQQ} GQYQFS[U; KXF=UYG=YB ¼33½E X?S=�\E FVZ}VV G= �=S XX?\E E]F�]Y£t0 B TRUSB FX? HXEA=@ S;Z¥ EW aQ??`Y�� F=Z==?=YH=U; DEV 7 FVZ}RSAVF[[ERUFX^WA =YW EW _=YHS==E =YW EW [? A[E GQYQF EW HQAQ?FQU G=UE=; ¯VHVY B FQEQSH[UYA^V?YVF G[HVVSAVF[[ERU FVZ}VV G= [UYA^V?YVYRUE [EA@VE ÅQEA\E FX^WA=YRUS EW T _=YHS==E GQYSQE =^T GQYEQ; KVS^VYB F[ERU GR`RUE }RE G= ]EA?RUEF=Z==?Y\E FX^WA =YRUS EW T _=YHS==E GQYSQE @QESQE =^T GQYQFS[U; P=?RZHQFRQYAQYA FX^W@=ST FQQ?QEA\E HQQE F=?W�==E AVV? HXYSXX?Y=@=E �V^V? ÅQ?bZ=YW F=Z==?=Y G=US== GQYQ^T GQARH XHS==?== �=} T H=UYG=?Y=SA=FS[U FXX?½Z=S aQ??`Y�� G=UA=S; wVS [SVV? FVYGVYB HQQE [EVYVYHVV? FVZ}RSAVFS[U F=bZ==?=Y Q?_RE G=UE=; ¼V@VS @X?=STA\E Z=H`Z=HRa @VHSVYSVV G= F]S}ZRUE=^W�=@\E F=Z==?Y\S [EVY¶` SV^VY @X?=ST G[?A A[E H=^RF >=Z==? A[ES[[ARUEFQQ?QEA\E aQ??`Y�� F=Z==?Y\S =^T [>V} GQYQF GQYQ^T VEV HQQE [EVYVYHH]ARUYVE GQARHQU GR_; DEV HQFRQYAQYA aQ??`Y��RUE ?=ESRUE aQVÅÅR�R`EbHRUS FV?VSYVAVS GQYQF\S HVZAVSYV`;LUZ XT?==@ aQ??`Y�� F=Z==?Y\E HXF=U HQQE [EVYVYHVV@ YQSRa GX~X �?=abHRa A[SEVYH FRUFAVV @XA=Y} G=US== FVZ}RSAVF[[ERU Z]E T=E=?B XTR? _=YHbS==E\ F=?RY�=E F=Z==?=Y AVV? HXYSXX?Y=@=E [EAV@YVYHVU ZVAVVYY[[ARUS=_RSY=F FV?VSHVU;w]S]] H=Y==@ aQ??`Y��RUE _RE}RYSVVERU X?WATRY@=E E]F�]Y GQYQF FX^W½@=STRA EW QYQE FVZ}VV@H FV^RUE H=?F=YHH=U V@VFRUS _=YS=F `?]EFRU _REb}[[? �?=aHRaH G=UFS[U; LUZA QEQY\E >=S^=?\EF== _RE} T=E=?B FX^W@=STbA\E EVS FVZ}VV@H H=?F=YHXXA FV^RUE H=?F=YH=EA F=?_Y=FS[U G=UF T=E=?BFQ·? FVZ}VV@H aQ??`Y��RUE Q?E\ �VS[[A EW Z]E FQ·? FVZ}VV@H FV^RUE H=?½



�°Æ ������²Õ��� Ô��Â�����
F=YHH=U G=U} GQYQF HXF=U _=YS=@=E H==Z=SY=YXXA AVV?VV HXYSXX?Y=E QYQEFVZ}VV@H FV^RUE H=?F=YHH=U SV} HQQ�Q} GQYQF\S HVZAVSYV`;
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¿?=aHRaRUE =YR^== @XA=YS==EA HQQE ]S]SAY[[ARUS QYQE FVZ}VV@H FV^RUEH=?F=YHH=U QYQEYQSQQ@ >QFRQ@QE H[[^V? ZVHVV? �Z=SH =^T [>V} GQYAQSS[U;KXF=UYG=YB =^T [>V} GXU FX^W@=F FVZ}RSAVF[[ERU =YW EVS EW @=E=Z@=?S[UGR_ V@^VYB ?`S?`@@RUE ZX?XU _XS=Z=E GR_ SVF ZVH G=U} GQYEQ; DASVV?HQFRQYA\E [`A HQQE ]S]SAY[[AVA F=ZSRUE @=UE A]F]F ZX?XUS £S=A=?SXXS¥G=USXXY=F _==?AY=S=H=U G]S]]A RUZ =?SXXA\S ?`S?`@@RUE _RE}YVYA =^T[>EV; C`S?`@@RUE _RE}RYSVVERU [EA@VE GQAYQSQ EW2
¼X^W@=ST FQQ?QEA\E F=Z==?Y\E FVYGV?RUS HQSHQQFB ?`S?`@@RUE >=S^=?\EÅXEa�RUE £�7;�½RUS [>¥ [EVYVYHRUS G=USXXY=FB F=Z==?=E FX^W@=STRUE ZVAVS½AVFS[U G=US== XHSXXA\S [EVYVFVA HX@ HX@ Q?_REQ;C`S?`@@RUE _RE}RYSVVEA EVS GX~X FVA FVAVE FX^W@=STA==@ £ü ¥ F=Z==?@=EBF=Z==?=E FX^W@=ST ý½RUE EVS H=Y\E F=Z==?=Y\S =^T [>AVS; ¤=?==F X?WATRYb@=E E]S�]Y GR`YVSA@VE E]F�]YA ?`S?`@@RUE _RE}YVY FRUEV;�� ¼=Z==?=E FX^W@=ST ý½EW HQSHZQY AR@�`?@HVUB F=Z==?=YS[U @=E=Z@=?S[UFVZ}RSAVF[[E[[A G=UF;¦� �Y F=Z==?=F FX^W@=ST ü EW @=E=Z@=?S[U GR_ FVZ}RSAVF[[E[[A G=UF;°� w]F�]YH Z=H`Z=HRa AXEA=} M( ý/ü = þ)½RUS M( ý/ü = þ) = ϕ(þ)FVYGV?HVU GRTR} GQYAQS G=UF;DEV G[YVSH >]^F]E _XS=Z=E ?`S?`@@RUE _RE}RYSVVS =^T [>EV; ¢]?]]? FVYbGVYB [EVY} GXU �=?=Z`H?[[A EW _XS=Z=E G=UFB F=?RE [Y F=Z==?=F FX^W@=STRAEW _XS=Z=E GR_VV? Q?QY�Q} GQYQF ϕ(þ,β) FVYGV?RUE F=Z==?=Y\S =^T [>EV;KXF=UYG=Y2

M(Y/X=x) = β0 + β1x, M(Y/X=x) = β0 + β1x+ β2x
2,

M(Y/X=x) = β0 +
β1

x
, M(Y/X=x) = β0 + β1x+ β2x

2 + β3x
3
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SVF ZVH; ϕ(x, β0, β1, . . . , βq)

ÅXEa�RUE FVYGV?RUS @QESQ} =^=FA== aQ??`Y�b�RUE Q?E\ �VS[[ARUE G=U?Y=Y\E `?]EFRU F=?=aH`?B X?WA ]ZE] FRU@VE @XA=YbS==E\ HX?_Y=S=B [>VSAVY �?Q�`@@RUE ÅR>Ra _RE} T=E=? AVV? HXYSXX?Y=@=EZV?SV}YRUE F[ERU GQAQY A[SEVYH AVV? [EAV@YVEV; IXS=Z=E ?`S?`@@RUE QEQYAEQ?Z=YW ?`S?`@@ TXF=Y [[?VS S[U�VHSVAVS; C`S?`@@RUE _RE}RYSVV �^XXY=FX?WATRY@=E E]F�Y[[A AVV? ý FX^W@=STRUS FV^RUE H=?F=YHH=U SV} EVZ}_==?A^=Y EQ?Z=YW ?`S?`@@RUE E]F�]Y GQYEQ; DEV HQFRQYAQYA ?`S?`@@RUEaQVÅÅR�R`EHXXA\E [EVYVYH FV^RUE H=?F=YHH=UB F=ZSRUE G=S= AR@�`?@HVUBF=>=UYHS[U GQYEQ; DASVV? T=E=?XXA EW ?`S?`@@RUE aQVÅÅR�R`EHXXA\E [EV½YVYHRUE RHSVYHHVU T=E=?\S _=YS=FB E]F�]YH Z=H`Z=HRa AXEA=}
M( ý/ü = þ) G= ?`S?`@@RUE aQVÅÅR�R`EHXXA\E RHSVF >=^@?\S G=USXXY=FGQYQZ}RUS QYSQEQ;M=E=Z@=?S[U FVZ}RSAVF[[E[[ARUE FQ@\E @H=HR@HRa F=Z==?Y\S E]F�]YHZ=H`Z=HRa AXEA}==? EWM(Y/X = x) = ϕ(x) FVYGV?HVU RYV?FRUYAVS GQYQF\S�7;�½A AX?WA@=E GRYVV; ¯V^T @=E=Z@=?S[U _=YHS==E G= HQQ�QSAQQS[U F[TRE>[UYRUE E]Y]]E]]@ F=Z==?T =}RSY=YH\E yi

XHSXXA >=S^=?\E ÅXEa�RUE ϕ(xi)XHS==@ HQAQ?FQU FVZ}VVSVV? F=>=UA=S; LUZ XT?==@ FQ@ ?`S?`@@RUE >=S^=?\S£7 FVZ}RSAVF[[ERU F=?RY�=E F=Z==?Y\E HVS_RHSVY¥ A=?==F FVYGV?HVU A[?½@VY} GQYEQ;
y = ϕ(x) + ε £� ;�¥�[EAB ε½?`S?`@@RUE >=S^=?\E ÅXEa�RUE XHS==@ F=>=UF F=>=UYH\S RYV?FRUYb@VE @=E=Z@=?S[U FVZ}RSAVF[[E; DEV FVZ}RSAVF[[ERUS >]?]] SV} EV?YVEV;

ϕ(x) ÅXEa�RUE [EVYVYHRUS G=USXXY=F\E HXYA (X,Y )½@=E=Z@=?S[U FVZ}RS½AVF[[ERU @R@H`ZVV@ n½FVZ}VV@H H[[^V? =^@=E SV`; i½? HX?_RYH\E [? A[ES£xi, yi
¥ SV`; £i = 1, n)DEV HQFRQYAQYA ?`S?`@@RUE AVV?F >=S^=?

yi = ϕ(xi) + εi
£� ;7¥FVYGV?HVU GQYEQ; DEV >=S^=?\E FX^WA ?`S?`@@RUE _RE}RYSVVERU X?WATRY@=EE]F�]Y[[ARUS AVYSV?[[YVE HQZW·QYGQY2�� yi

£V@^VY εi
¥½EW @=E=Z@=?S[U FVZ}RSAVF[[E G=UF; xi

½EW @=E=Z@=?S[U GR_FVZ}RSAVF[[E G=UF;¦� εi
>]?]]ERU Z=H`Z=HRa AXEA=} HVSHVU HVE�[[2

M(εi) = 0. £� ; ¥
°� ¤X?\E i½RUE FX^WA B F=Z==?=E FX^W@=ST yi

½RUE AR@�`?@ £V@^VY εi
>]?]]ERU¥HQSHZQY2

D(εi) = σ2
ε .

£� ;¡¥¸� :YS==H=U i, j½RUE FX^WA yi, yj
FX^W@=STRA £V@^VY εi, εj)

aQ??`Y��F=Z==?=YS[U2
M(εi · εj) = 0. £� ;­¥»� ¼=Z==?=E FX^W@=ST yi

£V@^VY εi)½EW FV^RUE H=?F=YHH=U;M[[YTRUE _==?AY=S= EW EQ?Z=YW ?`S?`@@RUE E]F�]Y GQYEQ;
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þ1�2 � / t � q � � � % t � % � �

ϕ(x, β0, β1, . . . , βq)
F=Z==?=YB [EVY} GXU �=?=Z`H?[[A G= FX^W@=STA\EF==FX^WA EVSVE >V?VS _XS=Z=E G=U^=Y ?`S?`@@RUE _RE}YVYRUE F=ZSRUE F�YG=?>=S^=? GQYEQ; ¼V?V^ ?`S?`@@RUE >=S^=?\E HVS_RHSVY

ϕ(X) = β0 + β1x
£� ;®¥

FVYGV?HVU G=U^=Y Y ½RUS X AVV? _XS=Z=E ?`S?`@@HVU G=UE= SV} �?RF G=
β0, β1

½RUS ?`S?`@@RUE aQVÅÅR�R`EHXXA SVEV; β0, β1
�=?=Z`H?[[ARUE HX@bY=Z}H=US==? X½FX^W@=STRUE Y ½A E]Y]]Y]F E]Y]]S HQQ�QF G]S]]A F=?RE HQQ½�QSAQQS[U F[TRE >[UY GQYQE HX?_RYH\E @=E=Z@=?S[U =YA==E\ E]Y]]S [YAVS½AVY AR@�`?@RUE £σ2���¥ HX@Y=Z}H=U HQAQ?FQUYEQ;

β0, β1
�=?=Z`H?[[ARUE [EVYVYHRUS b0, b1, σ2��� �=?=Z`H?RUE [EVYVYHRUS S2���SV} HX@ HX@ HVZAVSYV`; C`S?`@@RUE QEQYA b0, b1½[EVYVYHRUS F=ZSRUE G=S=a^=A?=H\E =?S==? QYQF GQYQ^T £� ; ½A [>¥ _XS=Z=E ?`S?`@@ EW aQ??`Y��RUEQEQYA TXF=Y [[?VS S[U�VHSVF XT?==@ AVV?F 7 aQVÅÅR�R`EHRUS aQ??`Y��RUE`?]EFRU aQVÅÅR�R`EH\E HX@Y=Z}H=U >]^F]E S=E� aQVÅÅR�R`EH G=UAY==?RYV?FRUY} GQYAQS; ££� ;¬¥½HQZ¶·QS [>¥DFYVVA _XS=Z=E ?`S?`@@RUE aQVÅÅR�R`EH aQ??`Y��RUE aQVÅÅR�R`EHHVUFV?FVE FQYGQSAQF\S =^T [>W`; NQ??`Y��RUE QEQYABX,Y ½@=E=Z@=?S[U FVZ}RS½AVF[[E[[A F=ZH\E EQ?Z=YW H=?F=YHH=U [`A E]F�]YH Z=H`Z=HRa AXEA}RUS=_RSY=E _XS=Z=E ?`S?`@@RUE HVS_RHSVY[[ARUS A=?==F FVYGV?HVU =^T [>AVS;£�7;7½\S [>¥;

yx − Y = r · Sy

Sx

(x−X) £� ;«¥
xy −X = r · Sx

Sy

(y − Y ) £� ;9¥

byx = r · Sy

Sx

£� ;¬¥
aQVÅÅR�R`EHRUS Y ½RUEX AVV?F _XS=Z=E ?`S?`@@RUE £̀ ?]EFRU¥ aQVÅÅR�R`EHSVEV;
byx
½aQVÅÅR�R`EH EWBX FX^W@=ST EVS EVS}VV? ]]?TY]SA]F]A Y FX^W@=ST AXEAb}==? FVAVE EVS}VV? ]]?TY]SA]FRUS RYV?FRUYEV; �[ERU =ARY==?

bxy = r · Sx

Sy

£� ;�8¥
aQVÅÅR�R`EHRUSX½RUE Y AVV?F _XS=Z=E ?`S?`@@RUE aQVÅÅR�R`EH SVEV; £� ;¬¥G= £� ;�8¥ ·@QQ? £� ;«¥B £� ;9¥ HVS_RHSVY[[A A=?==F FVYGV?HVU GQYEQ;

yx − Y = byx · (x−X) £� ;��¥
xy −X = byx · (y − Y ) £� ;�7¥
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M=E=Z@=?S[U FVZ}RSAVF[[ERU =}RSY=YH\E XHSXXA £xi, yi

¥½VV? byx, byx
�=?=½Z`H?[[ARUS QYQF HQZ¶·QS GRT^VY £i = 1, k, j = 1, s¥2

byx =
X · Y −X · Y

S2
x

=
Kxy

S2
x

£� ;� ¥

Kxy =
1

n

k∑

i=1

s∑

j=1

xiyjnij −X · Y £� ;�¡¥

S2
x =

1

n

k∑

i=1

x2
ini −X

2 £� ;�­¥

bxy =
Kxy

S2
y

£� ;�®¥

S2
y =

1

n

s∑

j=1

y2
jnj − Y

2 £� ;�«¥
�[EAB Kxy −X,Y ½RUE aQ??`Y��RUE ZQZ`EHB X,Y−H[[^?RUE AXEA}XXAB
S2

x, S
2
y−H[[^?RUE AR@�`?@[[A; £� ;¬¥B £� ;�8¥ HQZW·QEQQ@ r2 = byx · bxy

GX~X
r = ±

√
byx · bxy

£� ;�9¥
HQZ¶·Q Z]?A]E]; LUZA H[[^?RUE aQ??`Y��RUE aQVÅÅR�R`EH EW H[[^?RUE?`S?`@@RUE aQVÅÅR�R`EHXXA\E S`QZ`H? AXEA=} GQY} G=UE=;

¼V?V^ aQ??`Y��RUE aQVÅÅR�R`EH r½RHSVYHVU GQY byx, bxy
[EVYVYH[[A RHbSVYHVU G=UF G= VF QYQEYQSRUE _XS=Z=E ?`S?`@@RUE aQVÅÅR�R`EHXXA βyx, βxy

½RUE RHSVF >=^@?\S A=?==F HQZ¶·QSQQ? QYEQ;

byx−tα; n−2 ·
Sy

√
1−r2

Sx

√
n−2

≤βyx≤byx+tα; n−2 ·
Sy

√
1−r2

Sx

√
n−2

£� ;�¬¥

bxy−tα; n−2 ·
Sx

√
1−r2

Sy

√
n−2

≤βxy≤bxy+tα;n−2 ·
Sx

√
1−r2

Sy

√
n−2

£� ;78¥
tα;n−2−

MHW~A`EHRUE H=?F=YH\E H=GYR�\E XHS=;
#�Ô��$�°�� ;R_VV½�7;7½A =^T [>@VEB [UYA^V?YVYRUE [EA@VE ÅQEA½X BFQEQSH [UYA^V?YVF G[HVVSAVF[[ERU FVZ}VV Y ½RUE ]S]SAY]]? HVASVV?RUE ?`S½?`@@RUE HVS_RHSVY G= ?`S?`@@RUE aQVÅÅR�R`EHXXA\S QY} [EVYVYHRUS G=U½SXXY;K=GYR�½�7;7½A QY} [>[[Y@VE G[YSRUE AXEA}XXA AVV? [EAV@YVE X, Y FVZ½}RSAVF[[ERU FQQ?QEA\E F=Z==?=Y _XS=Z=E G=U} GQYQF HXF=U A[SEVYH FRU@VEGQYQFQQ? ?`S?`@@RUE HVS_RHSVYRUS yx = b0 + b1x

FVYGV?HVU V?} GQYEQ;
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¤X?A@=E }R_VVEA £� ;� ¥÷£� ;�«¥ HQZ¶·QE\ ERUYGV?[[ARUS EVSVEH QY@QEXT?==@

Kyx =
27895

50
− 32.1 · 16.92 = 14.768,

byx =
14.768

21.84
= 0.6762, bxy =

14.768

18.2336
= 0.8099.

LUZA ?`S?`@@RUE HVS_RHSVY[[A yx = 0.6762x − 4.79, xy = 0.8099y + 16.70FVYGV?HVU GQYEQ; DFERU HVS_RHSVYVV@B FV?V^ [UYA^V?YVYRUE [EA@VE ÅQEA\S� @=� H]S?]S]]? EVZVSA[[YGVY FQEQSH [UYA^V?YVF G[HVVSAVF[[ERU FVZ}VVAXEA}==? 8;®«®7 HQEEQQ? EVZVSAVF EW F=?=SA=} G=UE=; ¼Q·? A=FW HVS_RHSVYFV?V^B FQEQSH [UYA^V?YVF G[HVVSAVF[[ERU FVZ}VVS � HQEEQQ? EVZVSA[[YW`SV^VYB [UYA^V?YVYRUE [EA@VE ÅQEAQQ AXEA}==? 8;98¬¬ @=� H]S?]S]]? EVZVS½A[[YVF _==?AY=S=H=U GQYQF\S RYV?FRUYEV;O]E ;R_VV½�7; ½A aQ??`Y��RUE aQVÅÅR�R`EH r½RUS RHSVYHVU SV} F=?XXY@=EXT?==@ bxy, byx
½[EVYVYH[[A RHSVYHVU HXY βxy, βyx

aQVÅÅR�R`EHXXA\E RHSVF>=^@?\S G=USXXY¶�;

Sx =
√
S2

x =
√

21.84, Sy =
√
S2

y =
√

18.2336 = 4.270.

α = 0.05, k = n = 48 [`A MHW~A`EHRUE H=?F=YH\E H=GYR�==@ tα;n−2
½\S QYGQY

t0.05;48 = 2.01 £� ;�¬¥B £� ;78¥ HQZ¶·Q ·@QQ?B RHSVF >=^@?XXA
0.4979 ≤ βyx ≤ 0.8545, 0.5963 ≤ βxy ≤ 1.0235 GQYEQ;IXS=Z=E ?`S?`@@RUE FX^WA £� ;7¥ >=S^=? A=?==F FVYGV?HVU GQYEQ;

yi = β0 + β1xi + εi
£� ;7�¥

β0, β1
aQVÅÅR�R`EHXXA\E [EVYVYH b0, b1½RUS G=USXXY=FA== H[[^?RUE aQ??`Y�b�RUE aQVÅÅR�R`EH =_RSY=FS[USVV?B F=ZSRUE G=S= a^=A?=H\E =?S==? FV?FVEQYQF\S A=?==SRUE AVA G[YVSH AVYSV?VES[U ]S[[YVF GQYEQ; ¼=?RE [YAVSAVYAR@�`?@ σ2���½RUE [EVYVYH S2���−RUS A=?==F HQZ¶·QSQQ? QYEQ;

S2��� =
1

n− 2

n∑

i=1

(yxi
− yi)

2 =
1

n− 2

n∑

i=1

e2i
£� ;77¥

�[EAB yxi
½?`S?`@@RUE HVS_RHSVYVV? QY@QE E]F�]YH AXEA}RUE XHSXXAB

ei−?`S?`@@RUE [YAVSAVY GX~X εi−RUE H[[^?RUE [EVYVYH;¼V?V^ _XS=Z=E >=S^=? q HQQE\ �=?=Z`H? =SXXY} G=U^=Y [YAVSAVY AR@�`?@A=?==F FVYGV?HVU GQYEQ;

S2��� =
1

n− q

n∑

i=1

(yxi
− yi)

2 =
1

n− q

n∑

i=1

e2i
£� ;7 ¥
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t u v � 
 � t � & � � � � � � r � � � t �
MH=HR@HRa F=Z==?=YH=U 7 FX^W@=F FVZ}RSAVF[[ERU ?`S?`@@RUE HVS_RHSVYGQYQE VEVF[[ HVS_RHSVYRUE �=?=Z`H?[[ARUE [EVYVYHRUS QYQFQA H[SVVZVYFV?VSYVAVS =?S= EW F=ZSRUE G=S= a^=A?=H\E =?S= ~Z;
yi = ϕ(xi)+εi

£� ;7¥ SV@VE >=S^=?\E ϕ(xi)
ÅXEa� b0, b1, . . . , bq �=?=Z`H?[[ARUS=SXXYA=S £ϕ(xi) = ϕ(xi, b0, b1, . . . , bq

¥¥ G]S]]A VASVV? [Y ZVAVSAVF �=?=Z`H?[[½ARUE F=ZSRUE QEQ^THQU XHS\S QYQF >Q?RYSQ H=^W�; n XA==SRUE HX?_RYH\E[? A[EA X, Y FVZ}RSAVF[[ERU =}RSY=SA@=E XHSXXA==? A=?==F @H=HR@HRaH=GYR� >QFRQ·;HX?_RYH\E HQQ � 7  
. . . i . . . n

xi x1 x2 x3 . . . xi . . . xn

yi y1 y2 y3 . . . yi . . . yn

ϕ(xi)yi

xi0 x

y = ϕ(xi)
y

PX?=S � ;�2

KX?_RYH\E XHS= xi
½A F=?S=Y>=FÅXEa�RUE XHS= ϕ(xi)

EW =}RSY=YH\EXHS= yi
½HVU A=^F�=F =YG=S[U; ¢]?]]?FVYGVY >=?RZ EVSVE xi

XHSXXA G= V@^VYG[F XHSXXA\E FX^WA yi − ϕ(xi) 6= 0G=UE=;LUZA εi = yi − ϕ(xi)
EW HX?_RYH\EXHSXXA G= ?`S?`@@RUE HVS_RHSVYVV?QY@QE XHSXXA\E >]?]]S RYV?FRUYEV;

¼=ZSRUE G=S= a^=A?=H\E =?S\E [EA@VE @=E== EW AVV?F εi
½>]?]]ERU a^=A?=½HXXA\E ERUYGV? F=ZSRUE G=S= G=UF==? bi

�=?=Z`H?[[ARUS @QESQE =^=F=AQ?_REQ; ¢]?]]? FVYGVY2
U =

n∑

i=1

ε2
i =

n∑

i=1

(
yi − ϕ(xi, b0, b1, . . . , bq)

)2

−→ min £� ;7¡¥
E]F�YRUS F=ES=F b0, b1, . . . , bq½S QYQF GQAYQSQ GQYEQ; ¼V?V^ U = U(b0, b1, . . . , bq)ÅXEa� G[F FX^W@=STXXA==?== H=@?=YHS[U HXF=UE XY=Z}Y=YH=U GQY QYQE FX^W½@=STRUE ÅXEa�RUE Va@H?`ZXZ Q?_RF E]F�]Y ·@QQ?

∂U

∂b0
= 0,

∂U

∂b1
= 0, . . . ,

∂U

∂bq
= 0, £� ;7­¥

E]F�]Y GR`YVSAVEV;£� ;7­¥ EW b0, b1, . . . , bq �=?=Z`H?[[ARUE FX^WA (q + 1) FX^W@=ST G[FRU @R@H`ZHVS_RHSVY ~Z; DEV @R@H`ZRUS EQ?Z=YW HVS_RHSVY[[ARUE @R@H`Z GX~X HQ^½TQQ? EQ?Z=YW @R@H`Z SVEV; LFVEF HQFRQYAQYA ϕ(x) ÅXEa�
ϕ(x) =

q∑

k=0

bkfk(x)
£� ;7®¥
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FVYGV?HVU G=UA=S; �[EA fk(x) (k = 0, q)−]S]SA@]E ÅXEa�[[A;DEV HQFRQYAQYA U ÅXEa� G= EQ?Z=YW @R@H`Z A=?==F FVYGV?HVU GQYEQ;

U =
n∑

i=1

(
yi −

q∑

k=0

bkfk(xi)
)2 £� ;7«¥

n∑
i=1

(
yi −

q∑
k=0

bkfk(xi)
)
· (−f0(xi)) = 0

n∑
i=1

(
yi −

q∑
k=0

bkfk(xi)
)
· (−f1(xi)) = 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
n∑

i=1

(
yi −

q∑
k=0

bkfk(xi)
)
· (−fq(xi)) = 0





£� ;79¥

KXF=UE HQFRQYAQYA
ϕ(x, b0, b1, . . . , bq) = b0 + b1x+ b2x

2 + · · · + bqx
q £� ;7¬¥

GQY EQ?Z=YW @R@H`Z A=?==F FVYGV?HVU GQYEQ;
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xi
XHSXXA\S ]@]F]A yi

G[YSRUE AXEA}XXA GXX?TB GXX?=YH EW ==}RZA== G=S=@TGXU HXY Y ½RUS X AVV? SR�`?GQY ?`S?`@@HVU SV} [>VF [EAV@HVU; LUZA ?`S?`@b
@RUE HVS_HSVYRRUS y = b0 +

b1
x
½FVYGV?HVU V?} EQ?Z=YW @R@H`ZRUE aQVÅÅRb�R`EH[[ARUS QYQF\E HXYA GQAQYH\S A=?==F F[@EVSHVV? S[U�VHSV`;

xi ni
1

xi

1

xi

ni
1

x2
i

ni yj yjnj yjnj/xi­8 ¡ 8;87 8;89 8;88�® �7«;­ ­�8 �8;7�88 ® 8;8� 8;8® 8;888® ��­ ®¬8 ®;¬�­8 ¬ 8;88®« 8;8® 8;888¡ ��¡;¡¡ �8 8 ®;9«
788 ­ 8;88­ 8;87­ 8;888�7­ �89 ­¡8 7;«7­8 ® 8;88¡ 8;87¡ 8;8888¬® �8­ ® 8 7;­7∑  8 ½ 8;7¡¬ 8;88797� ½  ¡88 7¬;�¬



�°�» ÿµ����� �����ºº��� ���ii�Õ����µµ�Ã� �������� ±����Ã������� �� ¨�Ùº��� ������� ����µµ��� �¸ª
¤=?==F EQ?Z=YW @R@H`ZVV@ b0, b1 �=?=Z`H?[[ARUS QYGQY2

30 · b0 + 0.249 · b1 = 3400
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− y0

XHS\E @H=EA=?H =YA==;
#�Ô��$�°�̧ ;R_VV½�7;7½\E ]S]SAY]]? [UYA^V?YVYRUE [EA@VE ÅQEA EW ® £@=� H]S?]S¥ G=UF [UYA^V?[[ARUE FQEQSH [UYA^V?YVF G[HVVSAVF[[ERU AXEbA=} FVZ}VV GQYQE HX@S=UY=E @QESQE =^@=E S=E�==?TRY@=E XHS\E RHSVF >=^@½?\S HX@ HX@ G=USXXY;<RA [[EVV@ ]ZE]F }R_VVE[[AVA

X = 32.1, S2
x = 21.84, yx = 0.6762 · x− 4.79,

n∑
i=1

e2i =
n∑

i=1

(yxi
− yi)

2 = 502.0SV@VE [? A[ES[[ARUS EVSVEH S=?S=E =^@=E GRYVV; ÖAQQ [YAVSAVY AR@�`?@RUS
QY¶·; S2��� =

502.0

50 − 2
= 10.46. £� ;¡®¥ HQZ¶·Q ·@QQ? E]F�]YH AXEA}RUE AR@b�`?@RUS QYGQY2

S2
y0

= 10.46

[
1

50
+

(36 − 32)2

50 · 21.84

]
= 0.355, Syx0

= 0.596.
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C`S?`@@RUE HVS_RHSVY ·@QQ? yx0 = 0.6762 − 36 − 4.79 = 19.55.£� ;¡9¥ HQZ¶·QSQQ? E]F�]YH AXEA}RUE RHSVF >=^@?\S QYGQY2

18.35 ≤M(Y/X = 36) ≤ 20.75, £ t0.05;48 = 2.01¥ GQYEQ;¢]?]]? FVYGVYB [UYA^V?YVYRUE [EA@VE ÅQEA EW  ® £@=� H]S?]S¥ G=UF [UYAb^V?[[ARUE FQEQSH [UYA^V?YVF G[HVVSAVF[[ERU AXEA=} FVZ}VV 13.35÷20.75(H)G=UF\S 8;¬­ SV@VE RHSVF Z=S=AY=YH=US==? FVY} GQYEQ; ÖAQQ HX@S=UY=E @QESQb@QE >]^F]E EVS [UYA^V?RUE FX^WA AVV?F >=^@?\S G=USXXY¶�; (y∗36)

S2
y∗
36

= 10.46

[
1 +

1

50
+

(36 − 32)2

50 · 21.84

]
= 10.81, Sy∗

36
= 3.29.

LUZA 12.94 ≤ y∗36 ≤ 26.16(H)DEAVV@ [>^VY ERUH [UYA^V?RUE FX^WA RHSVF >=^@?\E ]?S]E G=S=B F=?RE >]^F]EEVS [UYA^V?RUE FX^WA RHSVF >=^@=? RY[[ ]?S]E G=UE=; DEV T=E=? �Z=? TH[[^?RUE FX^WA GR`YVSAVF G]S]]A GQARH G=UA=YH=U H==?T GXU EW QUYSQZ}bHQU;
þ1�N 	 % t � % � � u v � � - t_ u � t - 1 u v � u 1 - � � u v 1 - �

J � � � � � r t _ � 1 t � �
C`S?`@@RUE HVS_RHSVYRUE RYV?FRUYVF T=A^=?\S _=YS=E= SVAVS EW X G= Y ½RUE F=Z==?Y\S RYV?FRUY} G=US== S=?S=E =^@=E Z=H`Z=HRa >=S^=? HX?_RYH\E]S]SAY[[AHVU H==?T GXU V@VFB F=Z==?=E FX^W@=STRUS A[?@YVFVA HVS_RHSVYAQ?XXY@=E [Y F=Z==?=F FX^W@=STRA £EVS GX~X FVA FVAVE¥ F=ES=YHH=U V@VFbRUS HQSHQQEQ SV@VE [S ~Z; �[ERUS HQSHQQFAQQ EQ?Z=YW ?`S?`@@RUE E]F�]YA
H0 : β1 = 0 SV@VE H==Z=SY=Y\S _=YS=A=S; DEV H==Z=SY=Y\S AR@�`?@RUE _REb}RYSVVERU [EA@VE AVV? _=YS=E=; ¢]?]]? FVYGVYB F=Z==?=E FX^W@=ST Y ½RUE
Y AXEA}==@== F=>=UF F=>=UYH\E a^=A?=HXXA\E `?]EFRU ERUYGV? Q−S FQ·?[Y F=Z==?=F Q1, Q2

EVZVSAVF[[EA >=A=YA=S; £Q = Q1 +Q2
¥

n∑

i=1

(yi − Y )2 =
n∑

i=1

(yxi
− Y )2 +

n∑

i=1

(yi − yxi
)2 £� ;­�¥

yxi
½G[YSRUE AXEA}XXA;

Q1 =
n∑

i=1

(yxi
− Y )2 ERUYGV? [Y F=Z==?=F FX^W@=ST X½RUE E]Y]]S RYV?FRUYEV;

Q2 =
n∑

i=1

(yi − yxi
)2 EW HQQ�QSAQQS[U [YA@VE @=E=Z@=?S[U F[TRE >[UY[[ARUE

E]Y]]S RYV?FRUY@VE [YAVSAVY ERUYGV?;LUZA @=E=Z@=?S[U F[TRE >[UYRUE E]Y]] FRTEVVE G=S= G=UF HXH=ZB Z=H`Z=HRa>=S^=? HX?_RYH\E ]S]SAY[[AHVU H]ARUTREVVE @=UE H==?E=; H0
H==Z=SY=Y\S_=YS=F\E HXYA2

F =
Q1(n− 2)

Q2

£� ;­7¥
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_RE}[[?RUS =_RSY=E=; DEV _RE}[[? k1 = 1, k2 = n− 2 T]Y]]ERU >V?S[[AG[FRU ÌR_`?RUE F ½H=?F=YHH=U G=UE=; ¼V?V^ F > Fα;k1;k2

E]F�]Y GR`YVSA^VY
H0

H==Z=SY=Y\S [S[U@SV} ?`S?`@@RUE HVS_RHSVYRUE RYV?FRUYVF T=A^=?\S[EVZ_RYHVUA HQQ�EQ; Fα;k1;k2
½ÌR_`?RUE H=?F=YH\E H=GYR�\E XHS=;

¼V?V^ ?`S?`@@RUE HVS_RHSVY k �=?=Z`H?RUS =SXXY@=E G=U^=Y2
F =

Q1(n− k)

Q2(k − 1)
£� ;­ ¥

_RE}[[?RUS =_RSY=E=; DEV _RE}[[? £� ;­7¥½\E =ARY H=?F=YHH=U G=UE=;
#�Ô��$�°�» ;R_VV½�7;7½H =^T [>@VE FQEQSH [UYA^V?YVF G[HVVSAVF[[ERUFVZ}VV £Y ¥ [UYA^V?YVYRUE [EA@VE ÅQEA £X ¥½QQ@ F=Z==?=F ?`S?`@@RUE HVS_RHbSVYRUE RYV?FRUYVF T=A^=?\S _=YS=;

Q1 =
n∑

i=1

(yxi
− Y )2 = 502.0

Q =
n∑

i=1

(yi − Y )2 =
n∑

i=1

y2
i −

1

n
·
(

n∑
i=1

yi

)2

= 911.68

Q2 = Q−Q1 = 911.68 − 502.0 = 409.68

£� ;­7¥ _RE}[[?RUE XHS\S GQA^QY F =
502(50 − 2)

409.68
= 58.8

LHSVF H[^_RE
α = 0.05½\E FX^WA F0.05;48 = 4.04 Gè F > F0.05;1;48

XTR? ;R_VV½� ;�½A S=?S=E=^@=E ?`S?`@@RUE HVS_RHSVY RYV?FRUYVF T=A^=?H=U; ¢]?]]? FVYGVYB 8;¬­SV@VE [EVERU FX^WH=US==? GQARH G=UAY\S RYV?FRUY} T=AE= SV@VE [S;
þ1�4 ú 1 ' � � - q � - - � � � % t � % � � u v � _ u � � u 1 t - -
wVSVE >V?VS F=ZH?=E [UYTYVF QYQE HQQE\ F[TRE >[UYRUE E]Y]]E AQ? �^=SA=F[>VSAVY �?Q�`@@\E F=Z==?Y\S @XAY=F _==?AY=S= S=?A=S; LUZ XT?==@ QYQEFX^W@=STRUE ?`S?`@@RUE _RE}RYSVVEAB F=Z==?=E FX^W@=ST Y EWX1, X2, . . . , XqSV@VE FVA FVAVE [Y F=Z==?=F FX^W@=STA==@ F=Z==?=F ?`S?`@@ F=Z==?Y\S @XbA=YE=;
i½? =}RSY=YH\E F=Z==?=E FX^W@=STRUE XHS\S yi

B [Y F=Z==?=F FX^W@=STA\EXHS\S xi1, xi2, . . . , xiq
SV`; KVS^VY QYQE FVZ}VV@H _XS=Z=E ?`S?`@@RUE >=Sb^=?\S A=?==F FVYGV?HVU A[?@VY} GQYEQ;

yi = β0xi0 + β1xi1 + β2xi2 + · · · + βqxiq + εi
£� ;­¡¥

�[EA2 i = 1, q, xi0 = 1½FXX?Z=S FX^W@=STB εi
½� ;�½A =^T [>@VE ?`S?`@@RUE_RE}RYSVVERU X?WATRY@=E E]F�Y[[ARUS F=ES=F @=E=Z@=?S[U FVZ}RSAVF[[E£>]?]]¥;C`S?`@@RUE >=S^=?H QYQE [Y F=Z==?=F FX^W@=STRA Q?QY�QF XT?==@ HQZW·QGQYQE GQAQYHXXA\E GRTRSYVY E[@V? H[^VSHVU GQYAQS; LUZA ^`aHQ? G= Z=H½?R�=E =YS`G?RUE GRTRSYVYRUS FV?VSYVF EW HQFR?QZ}HQU; ¤=?==F Z=H?R�=E
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HVZAVSYVSVV Q?XXY¶�2

ü
=




1 x11 x12 . . . x1q

1 x21 x22 . . . x2q

. . . . . . . . . . . . . . .
1 xn1 xn2 . . . xnq



B β = (β0, β1, . . . , βq)

T ,
ε = (ε1, ε2, . . . , εn)T .

ü−[Y F=Z==?=F FX^W@=STA\E n · (q + 1) FVZ}VV@H Z=H?R�Bý−=}RSY=YH\E G=S=E= Z=H?R�B
β−[Y ZVAVSAVF �=?=Z`H?[[ARUE G=S=E= Z=H?R�B
ε−@=E=Z@=?S[U =YA==EXXA\E £>]?]]¥ ^`aHQ? G=S=E=;£� ;­¡¥ >=S^=?\S Z=H?R� FVYGV?VV? GRT^VY2

Y = X · β + ε £� ;­­¥
DEV >=S^=?\E H[[^?RUE [EVYVYH EW A=?==F FVYGV?HVU GQYEQ;

Y = X · b + e £� ;­®¥
[[EA2

b = (b0, b1, . . . , bq)
T , e = (e1, e2, . . . , en)T�Y ZVAVSAVF �=?=Z`H?XXA\E ^`aHQ? β½RUE [EVYVYHRUS QYQFAQQ F=ZSRUE G=S=a^=A?=H\E =?S\S FV?VSYVEV;

eT e = (e1, e2, . . . , en)




e1
e2;;;
en


 = e21 + e22 + . . . e2n =

n∑

i=1

e2i

=ARYHS=Y\S =_RSY=E [YAVSAVY ERUYGV?RUS ZRERZ=YWTRY=F E]F�]YRUS GRT^VY2
S =

n∑

i=1

(yxi
− yi)

2 =
n∑

i=1

e2i = (Y − Xb)T · (Y − Xb) −→ min £� ;­«¥
wQ?Z=YW @R@H`Z A=?==F Z=H?R�=E FVYGV?VV? GRTRSAVEV;

XT · X · b = XT · Y £� ;­9¥
�[EA2

XT X =




n
∑
xi1

∑
xi2 . . .

∑
xiq

∑
xi1

∑
x2

i1

∑
xi1xi2 . . .

∑
xi1xiq

. . . . . . . . . . . . . . .∑
xiq

∑
xiqxi1

∑
xiqxi2 . . .

∑
x2

iq




£� ;­¬¥

XT Y =




1 1 . . . 1
x11 x21 . . . xn1

. . . . . . . . . . . .
x1q x2q . . . xnq


 ·




y1

y2

. . .
yn


 =




∑
yi∑
yixi1

. . .∑
yixiq




£� ;®8¥
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£� ;­9¥ @R@H`ZRUS aQQ?ARE=H=E FVYGV?VV? EW £� ; 8¥ HQZ¶·QSQQ?B q=2, q=1[`A £� ; �¥÷£� ;  ¥ HQZ¶·QSQQ? HX@ HX@ GRT@VE GRYVV; £� ;­9¥ HVS_RHSVYA£XT ·X¥ Z=H?R�\S X?^XXH=U SV@VE E]F�]YRUS EVZ} _==?A^=Y H[[ERU _RUA

b = (XT · X)−1 · XT · Y £� ;®�¥
FVYGV?HVU GQYEQ;
¼=ZSRUE G=S= a^=A?=H\E =?S==? QY@QE £� ;®�¥ [EVYVYH EW F=>=UYHS[UB >QFbRZ}HQUB V?TRZHVU G=UA=S; DASVV? [EVYVYH[[A H[[^?RUE XHSXXA==? GQAQSAQFXT?==@ @=E=Z@=?S[U =YA== =SXXYA=S; DEV EWB V�V@HVV QYQE FVZ}VV@H ?`S?`@b@RUE HVS_RHSVYRUE E=?RU^TY=YA E]Y]]YE]; ÖYQE FVZ}VV@H ?`S?`@@RUE _REb}RYSVVEA VEV =YA==S [EVYVF >Q?RYSQQ? aQ^=?R=�RUE Z=H?R� K½S =^T [>AVS;

K =




k00 k01 . . . k0q

k10 k11 . . . k1q

. . . . . . . . . . . .
kq0 kq1 . . . kqq




£� ;®7¥

�[EA2
kij = M [(bi − βi) · (bj − βj)]

£� ;® ¥
NQ^=?R=�RUE Z=H?R�\S FX?==ESXU FVYGV?VV? GRT^VY

K = M [(b − β) · (b − β)T ] £� ;®¡¥
NQ^=?R=�RUE Z=H?R�\E AR=SQE=Y\E VY`Z`EH[[A EW ?`S?`@@RUE �=?=Z`H?XXbA\E [EVYVYHRUE AR@�`?@B AR=SQE=Y\E GR_ VY`Z`EH[[A EW �=?=Z`H? FQQ?QEbA\E @H=HR@HRa F=Z==?Y\S RYV?FRUY@VE F=?S=Y>=F VY`Z`EH[[ARUE aQ^=?R=�G=UE=; C`S?`@@RUE _RE}RYSVVERU X?WATRY@=E E]F�]Y[[ARUE  G ¡ T=E=?XX½A\S HQQ�^QY2£� ;�½RUS [>¥

K = (XT · X) · σ2
ε

£� ;®­¥
σ2

ε
½@=E=Z@=?S[U =YA==E\ AR@�`?@;

σ2
ε
½AR@�`?@RUE [EVYVYHRUS GRT^VY2

S2��� =

n∑
i=1

e2i

n− (q + 1)
=

eT · e
n− q − 1

. £� ;®®¥
C`S?`@@RUE bj½aQVÅÅR�R`EHXXA\E AR@�`?@RUS A=?==F HQZ¶·QSQQ? QYEQ;

S2
bj

= S2��� · Cjj
£� ;®«¥

�[EA2 Cjj − (XT · X)−1 Z=H?R�\E AR=SQE=Y\E VY`Z`EH;
bj½aQVÅÅR�R`EHRUE @H=EA=?H F=>=UYH2

Sbj
= S��� ·√Cjj

£� ;®9¥
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C`S?`@@RUE aQVÅÅR�R`EHRUE RHSVYHVU T=E=?\S k = n− q− 1 T]Y]]ERU >V?VSG[FRU MHW~A`EHRUE H=?F=YHH=U A=?==F _RE}[[?VV? _=YS=E=;

t =
|bj|

S���√Cjj

£� ;®¬¥
¼V?V^ ]S]SA@]E RHSVF H[^_RE α½RUE FX^WA t > tα;k

E]F�]Y GR`YVSA^VY bj½SRHSVYHVU SVEV;£� ;®9¥½==@ βj
½aQVÅÅR�R`EHRUE RHSVF >=^@=? Z]?A]E]2

bj − tα;k · Sbj
≤ βj ≤ bj + tα;k · Sbj

£� ;«8¥
¿?=aHRaHB [Y F=Z==?=F FX^W@=STRA EW FVZ}RYHRUE �E> G[?RUE EVS}VV?RYV?FRUYVSA@VE G=UF HQFRQYAQYA HVASVV?RUE Y FX^W@=STRA E]Y]]Y]F E]Y]]SHQQ�QFAQQ ?`S?`@@RUE @H=EA=?HTRY=SA@=E aQVÅÅR�R`EH£@H=EA=?HR>Q^=EE\UaQVÅÅR�R`EH¥ b′j G= ZVA?VZ}RUE aQVÅÅR�R`EH £aQVÅÅR�R`EH VY=@HRTEQ@HR¥

ϑj
½S FV?VSYVAVS;

b′j = bj ·
Sxj

Sy

£� ;«�¥
ϑj = bj ·

xj

Y
£� ;«7¥

C`S?`@@RUE @H=EA=?HTRY=SA@=E aQVÅÅR�R`EH EW [Y F=Z==?=F j½Y FX^W@=STRUEXHS= Sxj

FVZ}VVSVV? EVZVSAVFVA F=Z==?=E FX^W@=ST Y AXEA}==? FRTEVVE £Sy
¥FVZ}VVSVV? ]]?TY]SA]FRUS RYV?FRUYEV; ¼=?RE ZVA?VZ}RUE aQVÅÅR�R`EH

ϑj
EW >]^F]E Xj

� �?Q�`EHQQ? EVZVSAVFVA Y AXEA}==? FVAVE �?Q�`EHQQ?]]?TY]SA]FRUS £AXEA}==@==¥ RYV?FRUYEV;
¼=Z==?=E FX^W@=STRUE HXF=U X?WATRY=E A[SEVYH S=?S=F=A H[[ERU RHbSVF >=^@?\S G=USXXY=F _==?AY=S=H=U; ¼Q@ ?`S?`@@RUE HVS_RHSVYA S=?S=@E\=ARY==?B [Y F=Z==?=F FX^W@=ST EW XT

0 = (1, x1, x2, . . . , xq)
XHS= =^T G=UF [`A

Mx0(Y )½E]F�]YH Z=H`Z=HRa AXEA}RRUE £?`S?`@@RUE ÅXEa�RUE¥ RHSVF >=^@=?A=?==F FVYGV?HVU G=UE=;
yx0

− Syx0
· tα,k ≤Mx0(Y ) ≤ yx0

+ Syx0
· tα,k

£� ;« ¥
�[EA2 Y x0 = XT

0 · b, k=n−q−1 T]Y]]ERU >V?VSB Syx0

EW yx0

XHS\E @H=EA=?H=YA==;
Syx0

= S���√XT
0 · (XT · X)−1 · X0

£� ;«¡¥
¼=Z==?=E FX^W@=STRUE S=E�==?TRY@=E XHS\E RHSVF >=^@=? GX~X £� ;­8¥ HQZ¶·Q½E\ ]?S]HS]Y EW2

yx0
− Syx0

· tα,k ≤ y∗
0 ≤ yx0

+ Syx0
· tα,k

£� ;«­¥
Sy0

= S���√1 + XT
0 · (XT · X)−1 · X0

£� ;«®¥
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FVYGV?HVU GQYEQ;ÖYQE FVZ}VV@H ?`S?`@@RUE HVS_RHSVYRUE RYV?FRUYVF T=A^=?\S _=YS=FbA== ÌR_`?RUE Í½H=?F=YH G[FRU A=?==F _RE}[[?RUS =_RSY=E=;

F =
Q1(n− q − 1)

Q2 · q
£� ;««¥

Q1, Q2
EW £� ;­�¥ HQZ¶·QSQQ? HQAQ?FQUYQSAQF G= F > Fα;k1;k2 (k1 = q, k2 =

n−q−1) E]F�]Y GR`YVSAV} G=U^=Y ?`S?`@@RUE HVS_RHSVYRUE RYV?FRUYVF T=Ab^=?\S [EVZ_RYHVUA HQQ�EQ;
#�Ô��$�°�Æ ¤=?==F F[@EVSHVEA 78 XX?F=UE E[[?@ QYGQ?YQF �?Q�`@@\E>=?RZ [>[[YVYH[[A ]STVV; �[EA2 A=^F=?S\E >X>==E½X1

£Z¥G =}Y\E Z`Fb=ERa}RYH\E H[^_RE½X2
£%¥G VVY}RUE FXS=�==EA EVS =}RYTRE\ QYGQ?YQFE[[?@ERU FVZ}VV½Y £H¥;

i xi1 xi2 yi i xi1 xi2 yi� «® ¡¬ ­;8 �� 9¡ 9¡ ­;­
7 �89 97 �8;  �7 ¬¡ ®¡ ®;�  ��® 9­ ¬;« �  ��  9� 9;«¡ ¬9 9  «;­ �¡ �¡� �88 ��;®­ ¬� ¡« ®;­ �­ 99  « ¡;­® �7­ �88 ¬;« �® ¬9 97 ¬;®« 9­  ­ ®;7 �« 97 ¡¬ ­;­9 ��  97 �8;¬ �9 9   « ®;9¬ «® ®« ­;7 �¬ ��­ ®« «;9�8 �8� ®­ «;8 78 �8­ 9¡ �8;­

=¥ Y = Y (X1, X2)
F=Z==?Y\E =E=YRHRa RYV?FRUYYRUS QY;G¥ C`S?`@@RUE aQVÅÅR�R`EHXXA\E RHSVYHVU T=E=? G= ?`S?`@@RUE HVS_RHbSVYRUE RYV?FRUYVF T=A^=?\S _=YS=;^¥ ¤=^F=?S\E >X>==E EW �888 ZB Z`F=ERa}RYH\E H[^_RE EW ®8% G=UF XX?F=U½EXXA\E FX^WA � =}RYTE\ VVY}REAVV QYGQ?YQF E[[?@ERU FVZ}VVERU AXEA=}G= S=E�==?TRY@=E XHS\E ¬­%½RUE RHSVF >=^@?\S HX@ HX@ G=USXXY;¤=?==F Z=H?R�=E HVZAVSYVSVVS Q?XXY¶�;




1 76 49
1 108 82
1 116 85
. . . . . . . . .
1 115 67
1 105 84




, Y =




5.0
10.3
9.7;;;
7.8

10.5




.
KVS^VY2



�»Æ ×����ºº��� Ô��Â�����

XT · X =




1 1 1 . . . 1 1
76 108 116 . . . 115 105
49 82 85 . . . 67 84


 ·




1 76 49
1 108 82
1 116 85
. . . . . . . . .
1 115 67
1 105 84




=




20 1992 1380
1992 204130 142480
1380 142480 103232


 ,

XT · Y =




1 1 1 . . . 1 1
76 108 116 . . . 115 105
49 82 85 . . . 67 84


 ·




5.0
10.3
9.7;;;
7.8

10.5




=




154.6
16023.3
11322.8


 .

det(XT X) = 411214952 XTR? (XT X)−1 Z=H?R� Q?_REQ;

(XT X)−1 =




1.877 −2.192 · 10−2 5.157 · 10−3

−2.192 · 10−2 3.896 · 10−4 −2.447 · 10−4

5.157 · 10−3 −2.447 · 10−4 2.785 · 10−4


 .

£� ;®�¥ ·@QQ?2 b =




−2.595
0.08319
0.02955


 .

KVS^VY QYQE FVZ}VV@H ?`S?`@@RUE HVS_RHSVY
y = −2.595 + 0.08319 · x1 + 0.02955 · x2

FVYGV?HVU GQYEQ;
DEV HVS_RHSVYB >]^F]E A=^F=?S\E >X>==E � Z½VV? EVZVSAVFVA EVS =}RYTE\VVY}REAVV QYGQ?YQF E[[?@ERU FVZ}VV AXEA}==? 8;89 �¬ HQEEQQ?B >]^F]E Z`½F=ERa}RYH\E H[^_RE � �?Q�`EHQQ? EVZVSAVFVA QYGQ?YQYH 8;87¬­­ HQEEQQ?EVZVSAVFRUS HX@ HX@ [>[[YEV;£� ;«�¥ G= £� ;«7¥ HQZ¶·QSQQ? ?`S?`@@RUE @H=EA=?HTRY=SA@=E aQVÅÅR�R`EH[[AG= ZVA?VZ}RUE aQVÅÅR�R`EHRUS QY¶·;
X1 = 99.6, X2 = 69.0, y = 7.73, Sx1 = 75.68, Sx2 = 89.51, Sy = 9.68,

b′1 = 0.08319
75.68

9.68
= 0.65, b′2 = 0.02955

89.51

9.68
= 0.273

ϑ1 = 0.08319
99.6

7.73
= 1.071, ϑ2 = 0.02955

69.0

7.73
= 0.264.DASVV? aQVÅÅR�R`EH[[ARUE XHS\S H=UYG=?Y=^=Y2 A=^F=?S\E >X>==EB Z`F=ERa½}RYH\E H[^_RE F=?S=Y>=E EVS EVS Sx1 , Sx2

EVS}VV? EVZVSAVFVA EVS =}RYTE\VVY}REAVV QYGQ?YQF E[[?@ERU AXEA=} FVZ}VV F=?S=Y>=E 0.65 · Sy, 0.273 · SyFVZ}VVSVV?B F=?RE AVV?F FQ·? [>[[YVYH £AXEA=} XHS==@==¥ �% EVZVSAVFVA



�°�È ù��� ���Â��º� �����ºº��� Ô��Â����� �»ª
E[[?@ QYGQ?YQYH �;8«�% G= 8;7®¡%½R=? HX@ HX@ EVZVSAVEV SV@VE [S ~Z; DEAVV@[>^VY âA=^F=?S\E >X>==Eâ SV@VE [>[[YVYH âZ`F=ERa}RYH\E H[^_REâ SV@VE[>[[YVYHRUS GQA^QY E[[?@ QYGQ?YQF FVZ}VVEA RY[[ E]Y]] [>[[Y} G=UE=;

b0, b1, b2
�=?=Z`H?[[ARUS QYQFAQQ (XT X)−1 Z=H?R�\E X?^XXS QYQFS[USVV?A=?==F @R@H`ZVV@ QY} GQYQF\S HVZAVSYV`;

20b0 + 1992b1 + 1380b2 = 154.6
1992b0 + 204130b1 + 142480b2 = 16023.3
1380b0 + 142480b1 + 103232b2 = 11322.8





G¥ ¤=?==F HX@Y=F H=GYR�\S >QFRQ} HQQ�QQ FRU`;
i xi1 xi2 yi (yi − Y )2 yxi

e2i = (yxi
− yi)

2� «® ¡¬ ­;8 «;¡­7¬ ­;�« 8;8 89
7 �89 97 �8;  ®;®8¡¬ 9;9� 7;7�7   ��® 9­ ¬;«  ;998¬ ¬;­« 8;8�««; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ; ;�¬ ��­ ®« «;9 8;88¡¬ 9;¬­ �; 7®¡78 �8­ 9¡ �8;­ «;®«7¬ 9;®7  ;­7® ∑ ½ ½ ½ ¬ ;«87� ½ 77; ¬¡«

DFYVVA ?`S?`@@RUE HVS_RHSVYRUE RYV?FRUYVF T=A^=?\S _=YS=�;K=GYR�==@2 Q=93.7021, Q2 =22.3947, Q1 =Q−Q2 =93.7021−22.3947=71.3074£� ;««¥ ·@QQ?2
F =

71.3074(20 − 2 − 1)

22.3947.2
= 27.1, F0.05;2;17 = 3.59, F > F0.05;2;17

XTR? S=?S=E =^@=E ?`S?`@@RUE HVS_RHSVY @XA=Y} GXU �?Q�`@@RUS [EVZ_RYHVU½SVV? RYV?FRUY} G=UE=;ÖAQQ ?`S?`@@RUE b1, b2 aQVÅÅR�R`EHXXA\E RHSVYHVU T=E=?\S _=YS=�; £� ;®®¥·@QQ?2
S2��� =

22.3947

20 − 2 − 1
= 1.399, S��� = 1.182,

C11 = 3.896 · 10−4, C22 = 2.785 · 10−4 HXY £� ;®¬¥ HQZ¶·QS =_RSY=^=Y2
tb1 =

0.08319

1.182
√

3.896 · 10−4
= 3.57 , tb2 =

0.02955

1.182
√

2.785 · 10−4
= 1.5

t0.05;17 = 2.11
; LUZA ­%½\E RHSVF H[^_ERU FX^WA b2½aQVÅÅR�R`EH RHSVYHVUGR_ S=?T G=UE=; DEV EW ]S]SA@]E H[[^?RUE FX^WA E[[?@ QYGQ?YQYH\E FVZ½}VVEA Z`F=ERa}RYH\E H[^_RES ZVA?VF[U� E]Y]]HVU SV} HQQ�QF [EAV@S[USV@VE [S;LHSVYHVU GR_ aQVÅÅR�R`EHRUS ?`S?`@@RUE HVS_RHSVYVV@ F=@=} ?`S?`@@RUE�=?=Z`H?XXA\S �]]E HQQE\ FX^W@=STA\E FX^WA A=FRE GQAAQS; O=E=U HQ½FRQYAQYA X2
FX^W@=STRUS F=@=} A=FRE HQQ�QQ FRU^VY ?`S?`@@RUE HVS_RHSVY



�»È ×����ºº��� Ô��Â�����

y = −3.142 + 0.1091x1
FVYGV?HVU GQYEQ; w]Y]] G=S=H=U FX^W@=STRUS F=@=FbA== [EAV@YVY @=UH=U T=E=?\E @XA=YS==E AVV? HXYSXX?Y=^=Y >QFREQ; w]Y]]G=S=H=U T HQAQ?FQU [EAV@YVYHVUSVV? H[[ERUS ?`S?`@@RUE HVS_RHSVYA [YAVV}GQYEQ;^¥ x1 = 100, x2 = 60 [`A £]]?]]? FVYGVYB XT

0 = (1, 100, 60)¥ F=Z==?=EFX^W@=STRUE XHS= yx0
½RUS GQA¶·;

yx0 = −2.595 + 0.008319 · 100 + 0.02955 · 60 = 7, 497 £H¥; £� ;«¡¥ ·@QQ?2
XT

0 (XT X)−1X0 = (1, 100, 60)·

·




1.877 −2.192 · 10−2 5.157 · 10−3

−2.192 · 10−2 3.896 · 10−4 −2.447 · 10−4

5.157 · 10−3 −2.447 · 10−4 2.785 · 10−4


 ·




1
100
60


 = 0.07404

S��� = 1.82
√

0.07404 = 0.322 £H¥; £� ;« ¥ HQZ¶·QSQQ? RHSVF >=^@?\S G=USXXYbG=Y2
7.497 − 2.11 · 0.322 ≤Mx0(Y ) ≤ 7.497 + 2.11 · 0.322 GX~X

6.82 ≤Mx0(Y ) ≤ 8.18 (H)
£� ;«®¥B £� ;«­¥ HQZ¶·QSQQ? S=E�==?TRY@=E XHS\E RHSVF >=^@?\S G=USXXYG=Y2

Sy0 = 1.182
√

1 + 0.7404 = 1.225 (H)
4.92 ≤ y∗0 ≤ 10.08 (H).



ö ÷ � ø � ù^

� � � � � � h × ü � � ü � � � � � �

DEV G[YVSH @=E=Z@=?S[U FVZ}RSAVF[[ERU HQQE [>[[YVYH[[AB >=?RZ Z=S=AbY=Y\E XHS=B aQ??`Y��RUE aQVÅÅR�R`EHB _XS=Z=E G= _XS=Z=E GR_ ?`S?`@b@RUE aQVÅÅR�R`EH >V?VS �=?=Z`H?[[ARUS FV?FVE QYQF\S F�YG=? }R_VVE AVV?[>[[Y} HVASVV?RUS GQAQF �?QS?=ZZ\S Ó�º���Ä FVY AVV? GRTR} [>[[Y@VEGQYEQ;
þ5�þ H � � % q � � u & � / � � �� (� u � & � % � � ' � u ' 1 � ' 1 ,

M(ξ) =
N∑

i=1

xipi.

#�Ô��$�¸�� N = 4

Ú � 7   ¡
xi

8 � 7  
pi

8;7 8;¡ 8;  8;� �? A[E2 M(ξ) = 1.3

�ì�Qìèð âÑÀÉ�ÑÀÉÎ� Ò�ZÒÀ#âGå�óíu w = 50GzÕYñ °èuCèììèÕl�;;�m �� ìñèõGäèì óBô2 ôóuñQñìG
	B Y2°èuGíòð2ìñèõGêñQôó
ìôuñ£zn =z¥GPñèî£ó¥GÍ�ì ô2C� z� ó ���ñQôó
ìôuñ£z	£zBôBz¥=z¥GPñèî£	lôm¥G
ìôuñ£zY£zBôBz¥=z¥GPñèî£Ylôm¥ñóîGíòð2C8G



�ÆÐ Ø�º���Ä Ó�������µµ�
Í�ì ô2C� z� ó �� íòð2Cíòðæ	lômÙYlômG
ìôuñõó£z°èu �ÕCzBíòð2­2 ¥{óî;

þ5�2 8 u � . % � � (� u � & � % � � ' � u ' 1 � ' 1 ,

D(ξ) =
N∑

i=1

(xi −M(ξ))2pi.

#�Ô��$�¸�¦ N = 4

Ú � 7   ¡
xi

8 � 7  
pi

8;7 8;¡ 8;  8;� �? A[E2 D(ξ) = 0.81

�? A[E2 D(ξ) = 0.81�ì�Qìèð âÒÎÁØ�×ÁâGå�óíu �C­8GzÕYñ °èuCèììèÕlõ;;�m �� ìñèõGäèì 	BY2°èuGóBô2 ôóuñQñìGèBíòð2ìñèõGÍòó6uô�ó °£	BY2°èu¥2ìñèõGäèì í2ìñèõG�ñQôóí2C8G��ì ô2C� u� ó î� í2Cíæ	lômÙYlômG°2Cí{óîGêñQôó
ìôuñ£zn =z¥GPñèî£ó¥GÍ�ì ô2C� z� ó ���ñQôó
ìôuñ£z	£zBôBz¥=z¥GPñèî£	lôm¥G
ìôuñ£zY£zBôBz¥=z¥GPñèî£Ylôm¥ñóîGè2=°£	BY¥Gíòð2=8GÍ�ì ô2C� z� ó �� íòð2=íòðæí
ì£	lôm−è¥ÙYlômG
ìôuñõó£z�ôíYñì6=zBíòð2«2 ¥{óî;



�¸�° �$�������� ����Ã ������<��º���� ���������= �Æ�
þ5�1 & I- � - q 
 u v � � � � � r q ' q % � �

(� u � & � % � � ' � u ' 1 � ' 1 ,

νk =
N∑

i=1

xk
i pi.

#�Ô��$�¸�° N = 4, k = 2
;

Ú � 7   ¡
xi

8 � 7  
pi

8;7 8;¡ 8;  8;� �? A[E2 νk = 2.5

�ì�Qìèð âÀZÇZ� ÑùÑ�ZÉâGå�óíu �=
­8GzÕYñ °èuCèììèÕl�;;�m �� ìñèõGäèì �BóBôB� 2 ôóuñQñìG�B íòð2 ìñèõG

	BY2°èuGêñQôó
ìôuñ£zñìñð�ñ2�=z¥GPñèî£�¥G
ìôuñ£zó=z¥GPñèî£ó¥GÍ�ì ô2=� z� ó ���ñQôó
ìôuñ£z	£zBôBz¥=z¥GPñèî£	lôm¥G
ìôuñ£zY£zBôBz¥=z¥GPñèî£Ylôm¥ñóîGíòð2=8GÍ�ì ô2=� z� ó ���ñQôó�2=�G��ì � 2=� u� � î� �2=�Ù	lômGíòð2=íòð+
�ÙYlômñóîG
ìôuñõó£zÍôìíu½ ð�ðñóu=zBíòð2«2 ¥{óî;

þ5�5 & I- � - q 
 u v � � 7 � u v � q ' q % � �
(� u � & � % � � ' � u ' 1 � ' 1 ,

µk =
N∑

i=1

(xi −M(ξ))kpi.



�Æ¦ Ø�º���Ä Ó�������µµ�
#�Ô��$�¸ �̧ N = 4, k = 3

Ú � 7   ¡
xi

8 � 7  
pi

8;7 8;¡ 8;  8;� �? A[E2 µk = 0.144

�? A[E2 µk = 0.144�ì�Qìèð âÉ��Î�Z ÑùÑ�ZÉâG
å�óíu �=

­8GzÕYñ °èu=èììèÕl�;;�m �� ìñèõGäèì �BóBôB� 2ôóuñQñìG
	BY2°èuG

�B èBíòð2ìñèõGÍòó6uô�ó °£	BY2°èu¥2ìñèõGäèì í2ìñèõGêñQôó
í2=8G��ì ô2=� u� ó î� í2Cíæ	lômÙYlômG°2=íG{óîGêñQôó

ìôuñ£zñìñð�ñ2�=z¥GPñèî£�¥G

ìôuñ£zó=z¥GPñèî£ó¥GÍ�ì ô2 =

� z� ó ���ñQôó

ìôuñ£z	£zBôBz¥=z¥GPñèî£	lôm¥G
ìôuñ£zY£zBôBz¥=z¥GPñèî£Ylôm¥ñóîG

è2=°£	BY¥Gíòð2=8GÍ�ì ô2=� z� ó ���ñQôó
�2=�G��ì � 2=� u� � î� �2=�Ù£	lôm−è¥Gíòð2=íòð+

�ÙYlômñóîG

ìôuñõó£zåñóuìèõ ð�ðñóu=zB íòð2«2 ¥{óî;



�¸�» ������²Õ��� ���ii�Õ���� �Æ°
þ5�K ê ' � � % 1 [ s u v � & ' - / / u s u % � �

R =

N∑
i=1

xiyi −
( N∑

i=1

xi ·
N∑

i=1

yi

)
/N

√
N∑

i=1

x2
i −

( N∑
i=1

xi

)2

/N ·
√

N∑
i=1

y2
i −

( N∑
i=1

yi

)2

/N

#�Ô��$�¸�» N = 5Ú � 7   ¡ ­
xi

8;¬­ 7;�   ¡;� ¡;¬
yi 7 ¡;8­ ­;9 9;� ¬;7

�? A[E2 R = 0.9987280191

�ì�Qìèð â�ù××�a��Î�Z �ùrÉÉÎ�Î�ZÉâGå�óíu �=
­8GzÕYñ °èu=èììèÕl�;;�m �� ìñèõGäèì 	BÕ2°èuGôB� BÚ2ôóuñQñìGìBì	BìÕ2ìñèõGÍòó6uô�ó ��£	BÕ2°èu¥2ìñèõGäèì í2ìñèõG�ñQôó í2=8G��ì ô2=� u� Ú î� í2=í+	lômÙÕlômG��2=í{óîGÍòó6uô�ó ��£	2°èu¥2ìñèõGäèì í2ìñèõG�ñQôóí2=8G��ì ô2 =

õ u� Ú î� í2=íæ	lômG��2=í{óîGêñQôó
ìôuñ£zÚ=z¥GPñèî£Ú¥GÍ�ì ô2=� z� Ú ���ñQôó
ìôuñ£z	£zBôBz¥=z¥GPñèî£	lôm¥G
ìôuñ£zÕ£zBôBz¥=z¥GPñèî£Õlôm¥ñóîGì	2=í
ìu£��£	B	¥½í
ì£��£	¥¥ÔÚ¥GìÕ2=í
ìu£��£ÕBÕ¥½í
ì£��£Õ¥¥ÔÚ¥GP2=£��£	BÕ¥½£��£	¥Ù��£Õ¥¥ÔÚ¥Ô£ì	ÙìÕ¥G
ìôuñõó£zP=zBì2«2�8¥{óî;



�Æ¸ Ø�º���Ä Ó�������µµ�
þ5�L & I- � - q 
 u v � � 7 � u v � q ' q % � �

(� � � � � 1 � t � v � ' � u ' 1 � ' 1 ,

µk =

b∫

a

(x−M(ξ))kf(x)dx

#�Ô��$�¸�Æ k = 2, a = 0, b = 1, f(x) =
1

b− a
.

µ2 =

b∫

a

(x−M(ξ))2 dx

b− a
=

(b− a)2

12
,

�? A[E2 µ2 = D(ξ) = 0.08333

�ì�Qìèð âÉ��Î�Z ÑùÑ�ZÉâGå�óíu ñ=8;888�Gäèì èõB�ñB°2ìñèõGóB�BzBx2 ôóuñQñìGÍòó6uô�ó Í£	2ìñèõ¥2ìñèõGäèì 
2ìñèõG� 2 ôóuñQñìGêñQôóã� T > 0
z�ñó Í2=	Ô£�ñ½èõ¥{õíñ�ñQôó


2=�GÍ�ì � 2=� z� � �� 
2=
Ù£	½°¥GÍ2=
Ô£�ñ½èõ¥ñóîG{óîGÍòó6uô�ó ãóuñQ£ó2ôóuñQñì¥2ìñèõGäèì ç�Bç72ìñèõGÍòó6uô�ó åôð£ó2ôóuñQñì¥2ìñèõGäèì �BíBí�Bí7B	8B�2ìñèõGô2ôóuñQñìGêñQôó�2=£�ñ½èõ¥Ô£7Ùó¥Gíõ2=8G í72=8G í2=8GÍ�ì ô2=8 u� 7Ùó î��ñQôó
	82=èõæôÙ�G�2=�£	8¥Gã� £i <> 0¥èóî£i <> 2

Ùó¥z�ñó ã� �îî£ô¥



�¸�ª �$�������� ����Ã ������<��º������� ���������= �Æ»
z�ñó í72=í7+�{õíñ íõ2=íõ+�Gí2=££7Ùíõæ¡Ùí7æ�£èõ¥æ�£�ñ¥¥Ù�¥Ô Gåôð2=íñóîG{óîGêñQôóPñYñèuçõ2=åôð£ó¥Gó2=óÙ7Gç72=åôð£ó¥�óuôõ è�í£ç�−ç7¥<ñGãóuñQ2=ç�{óîGêñQôó
ìôuñ£zèõ �ñ=z¥GPñèî£èõB�ñ¥G
ìôuñ£z	Õ�èèõu2ó=z¥GPñèî£ó¥Gx2=óG
ìôuñ£zñìñð�ñ 2�=z¥GPñèî£�¥Gz2=�G°2=ãóuñQ£ó¥Gz2=½zG
ìôuñõó£ãóuñQ£x¥2782®¥G{óî;

þ5�N & I- � - q 
 u v � � � � � r q ' q % � �
(� � � � � 1 � t � v � ' � u ' 1 � ' 1 ,

νk =

b∫

a

xkf(x)dx

#�Ô��$�¸�ª k = l, a = 0, b = 1, f(x) =
1

b− a
.

νk =

b∫

a

x
dx

b− a
=
a+ b

2
,

�? A[E2 ν1 = M(ξ) = 0.5

�ì�Qìèð âÀZÇZ� ������âGå�óíu ñ=8;888�Gäèì èB�2ìñèõGóB�2ôóuñQñìG



�ÆÆ Ø�º���Ä Ó�������µµ�
Íòó6uô�ó Í£	2ìñèõ¥2ìñèõGäèì 
2ìñèõG� 2ôóuñQñìGêñQôó

2=�GÍ�ì � 2=� z� � �� 
2=
Ù	GÍ2=
Ô£�½è¥G{óîGÍòó6uô�ó ãóuñQ£ó2ôóuñQñì¥2ìñèõGäèì ç�Bç72ìñèõGÍòó6uô�ó åôð£ó2ôóuñQñì¥2ìñèõGäèì �BíBíõBí7B	8B�2ìñèõGô2ôóuñQñìGêñQôó�2=£�½è¥Ô£7Ùó¥Gí�2=8Gí72=8Gí2=8GÍ�ì ô2=8 u� 7Ùó î��ñQôó

	82=èæôÙ�G�2=�£	8¥Gã� £ô<>8¥èóî£ô<>7Ùó¥z�ñó ã� �îî£ô¥z�ñó í72=í7+�{õíñ í�2=í�+�Gí2=££7Ùí�æ¡Ùí7æ�£è¥æ�£�¥¥Ù�¥Ô Gåôð2=íñóîG{óîGêñQôóPñYñèuç�2=åôð£ó¥Gó2=óÙ7Gç72=åôð£ó¥�óuôõ è�í£ç�−ç7¥�ñGãóuñQ2=ç�{óîGêñQôó
ìôuñ£zè �=z¥GPñèî£èB�¥G
ìôuñ£zñìñð�ñ2�=z¥GPñèî£�¥G
ìôuñ£z	Õ�èèõu2ó=z¥GPñèî£ó¥G
ìôuñõó£ãóuñQ£ó¥2782­¥G{óî;



�¸�È Á����º����� ���Â�������� �����º��¨�Ùº��� µ���� �Ù�� �������� �Æª
þ5�4 B � � � q � � � t � v � - q � u t � - � � � � 7 t 7 t � � 7 �

� � � � � � � / � t � � � � � � q � t � � 1 � 1

P (α ≤ ξ ≤ β) =

β∫

α

f(x)dx.

#�Ô��$�¸�È f(x) =
1√

2π · σ
· e−(x−a)2/2σ2

σ = 0.1, α = 6.7, a = 7, β = 7.3,
�? A[E2 0.9973�ì�Qìèð âÑÀMÀÒaÀaâGå�óíu ñ=8;888�Gäèì èõB�ñBèBíQ2ìñèõGó2ôóuñQñìGÍòó6uô�ó Í£	2ìñèõ¥2ìñèõGêñQôóÍ2=ñ	Y££½í
ì£	½è¥Ô£7Ùí
ì£íQ¥¥¥¥Ô£í
ìu£7ÙYô¥ÙíQ¥{óîGÍòó6uô�ó ãóuñQ£ó2ôóuñQñì¥2ìñèõGäèì ç�Bç72ìñèõGÍòó6uô�ó åôð£ó2ôóuñQñì¥2ìñèõGäèì �BíBí�Bí7B	8B�2ìñèõGô2ôóuñQñìGêñQôó�2=£�ñ½èõ¥Ô£7Ùó¥Gí�2=8Gí72=8Gí2=8GÍ�ì ô2=8 u� 7Ùó î��ñQôó

	82=è�æ ôÙ�G�2=�£	8¥Gã� £ô<>8¥èóî£ô<>7Ùó¥z�ñó ã� �îî£ô¥z�ñó í72=í7+�{õíñ í�2=í�+�Gí2=££7Ùí�+¡Ùí7+�£èõ¥æ�£�ñ¥¥Ù�¥Ô Gåôð2=íñóîG{óîGêñQôóPñYñèu ç�2=åôð£ó¥Gó2=óÙ7Gç72=åôð£ó¥�óuôõ è�í£ç�½ç7¥�ñG



�ÆÈ Ø�º���Ä Ó�������µµ�
ãóuñQ2=ç�{óîGêñQôó
ìôuñ£zèõ �ñ=z¥GPñèî£èõB�ñ¥G
ìôuñ£zèBíQ=z¥GPñèî£èBíQ¥G
ìôuñ£zó=z¥GPñèî£ó¥G
ìôuñõó£ãóuñQ£ó¥2782­¥G{óî;

þ5�� � / t � q � � � % t � % � � u v � & ' - / / u s u % � �

y(x) = b1x+ b0

b1 =

N∑
i=1

xi ·
N∑

i=1

yi −N ·
N∑

i=1

xiyi

( N∑
i=1

xi

)2

−N ·
N∑

i=1

x2
i

b0 =
1

N

( N∑

i=1

yi − b1 ·
N∑

i=1

xi

)

#�Ô��$�¸�Ê N = 5

Ú � 7   ¡ ­
xi 7 ¡ ® 9 �8
yi

­;­ ®;  «;7 9 9;® �? A[E2 b0 = 4.75, b1 = 0.395

�ì�Qìèð âÿ�MÀÑÀZ ×�M×�ÁÁâG�íñí �ìèY�Gå�óíu �=
­8Gäèì FBêBåB�Bê8Bê�2PñèõGÚBô2ãóuñQñìG

�îB�ðB||B��B|8B�82ôóuñQñìG
�|B��Bç2PñèõG

	BÕ2èììèÕl�;;�m �� ìñèõGÍòó6uô�ó Í£	2ìñèõ¥2ìñèõG�ñQôóÍ2=ê8+ê�Ù	ñóîGêñQôóF2=8Gê2=8Gå2=8G�2=8G
ìôuñ£zÚ=z¥GPñèî£Ú¥GÍ�ì ô2=� z� Ú ��



�¸��Ð M�Ó����� �����ºº��� ���ii�Õ���� �ÆÊ
�ñQôó
ìôuñ£z	£zBôBz¥=z¥GPñèî£	lôm¥G
ìôuñ£zÕ£zBôBz¥=z¥GPñèî£Õlôm¥GF2=Fæ	lômGê2=êæÕlômGå2=åæí
ì£	lôm¥G�2=�æ	lômÙÕlômGñóîGê�2=£FÙê½ÚÙ�¥Ô£í
ì£F¥½ÚÙå¥Gê82=£ê½ê�ÙF¥ÔÚG

�î2=8Gãóôu�ìèY�£�îB�ðBâ¥Gåõñèì�ñéô6ñG|82=�88G�82= ­8Gxôóñ£|8B�®B|8B�¬¬¥Gxôóñ£8BP�òóî£�8Ô7¥B®88BP�òóî£�8Ô7¥¥G�òuzñ	u|�£¬8B�®Bz�z¥G�òuzñ	u|�£­¬8BP�òóî£�8Ô7½�8¥Bz|z¥G�òuzñ	u|�£�­8B78B z��ÕQèðèó PñQìñ66z¥G||2=¡88G ��2=¡88G�|2=||Ô£®88½|8¥G��2=��Ô£�8½�®¥GÍ�ì ô2=� u� Ú ���ñQôó�òu�ô	ñõ£P�òóî£	lômÔí	+|8¥BP�òóî£�8Ô7½ÕlômÔ��Ô7¥B�¥G�ìèY��ñ�èòõuíGñóîGÍ�ì ã2=� z� || ���ñQôóç2=Í£ã¥G�òu�ô	ñõ£P�òóî£ãÔ�|æ|8¥BP�òóî£�8Ô7½çÔ��Ô7¥B�¥G�ìèY��ñ�èòõuíñóîG{óî;
þ5�þ3 O u . % � 
 ' 1 � % t � % � � u v � & ' - / / u s u % � �

y(x) = b0 +
b1
x

b1 =

N∑
i=1

1
xi
·

N∑
i=1

yi −N ·
N∑

i=1

yi

xi

( N∑
i=1

1
xi

)2

−N ·
N∑

i=1

1
x2

i



�ªÐ Ø�º���Ä Ó�������µµ�

b0 =
1

N

(
N∑

i=1

yi − b1 ·
N∑

i=1

1

xi

)

#�Ô��$�¸��Ð N = 8.

Ú � 7   ¡ ­ ® « 9
xi

� 7   ¡ ­ ® « 9
yi

�7;7 ®;9 ­;7 ¡;®  ;¬  ;«  ;­  ;7
�? A[E2 b0 = 1.9357, b1 = 10.160

�ì�Qìèð âMÎØ�×¹ùa ×�M×�ÁÁâG�íñí �ìèY�Gå�óíu �=
­8Gäèì FBêBåB�Bê8Bê�2PñèõGÚBô2ãóuñQñìG

�îB�ðB||B��B|8B�82ôóuñQñìG
�|B��Bç2PñèõG

	BÕ2èììèÕl�;;�m�� ìñèõGÍòó6uô�ó Í£	2ìñèõ¥2ìñèõG�ñQôóÍ2=ê8æê�Ô	ñóîGêñQôóF2=8Gê2=8Gå2=8G�2=8G
ìôuñ£zÚ=z¥GPñèî£Ú¥GÍ�ì ô2=� z� Ú ���ñQôó
ìôuñ£z	£zBôBz¥=z¥GPñèî£	lôm¥G
ìôuñ£zÕ£zBôBz¥=z¥GPñèî£Õlôm¥GF2=F+
�Ô	lômGê2=êæÕlômGå2=åæí
ì£�Ô	lôm¥G�2=�æÕlômÔ	lômñóîGê�2=£FÙê½ÚÙ�¥Ô£í
ì£F¥½ÚÙå¥Gê82=£ê½ê�ÙF¥ÔÚG

�î2=8Gãóôu�ìèY�£�îB�ðBâ¥Gåõñèì�ñéô6ñG|82= 88G�82= ­8Gxôóñ£|8B�®B|8B7­8¥Gxôóñ£8BP�òóî£�8Ô7¥B®88BP�òóî£�8Ô7¥¥G�òuzñ	u|�£|8½�8B�®Bz�z¥G�òuzñ	u|�£­¬8BP�òóî£�8Ô7+�8¥Bz|z¥G�òuzñ	u|�£ ­8B78Bz�ôYñì��õ PñQìñ66z¥G||2=�88G��2=�88G�|2=||Ô£®88½|8¥G��2=��Ô£�8½�®¥G



�¸��� k����� �����ºº��� ���ii�Õ���� �ª�
Í�ì ô2=� u� Ú ���ñQôó�òu�ô	ñõ£P�òóî£	lômÔí	æ|8¥BP�òóî£�8Ô7½ÕlômÔ��Ô7¥B�¥G�ìèY��ñ�èòõuíGñóîGÍ�ì ã2=½|| z� || ��ã� ã<>8 z�ñó�ñQôóç2=Í£ã¥G�òu�ô	ñõ£P�òóî£ãÔ�|æ|8¥BP�òóî£�8Ô7½çÔ��Ô7¥B�¥G�ìèY��ñ�èòõuíñóîG{óî

þ5�þþ j - � - t � � % t � % � � u v � & ' - / / u s u % � �

y(x) = b0 · xb1

b1 =

N∑
i=1

ln(xi) ·
N∑

i=1

ln(yi) −N ·
N∑

i=1

ln(xi) · ln(yi)

( N∑
i=1

ln(xi)
)2

−N ·
N∑

i=1

ln(xi)2

b0 = exp

(
1

N

( N∑

i=1

ln(yi) − b1

N∑

i=1

ln(xi)
))

#�Ô��$�¸��� N = 6.

Ú � 7   ¡ ­ ®
xi

� 7   ¡ ­ ®
yi

  �7 7« ¡9 «­ �89 �? A[E2 b0 = 2.999, b1 = 2.000

�ì�Qìèð âkr×rMÉ ×�M×�ÁÁâG�íñí �ìèY�Gå�óíu �=
­8Gäèì FBêBåB�Bê8Bê�2PñèõGÚBô2ãóuñQñìG

�îB�ðB||B��B|8B�82ôóuñQñìG
�|B��Bç2PñèõG

	BÕ2èììèÕlõ;;�m �� ìñèõGÍòó6uô�ó Í£	2ìñèõ¥2ìñèõGäèì �2ìñèõG�2ôóuñQñìG



�ª¦ Ø�º���Ä Ó�������µµ�
�ñQôó
�2=�GÍ�ì �2=� z� P�òóî£ê�¥ �� �2=�Ù	GÍ2=ê8Ù�ñóîGêñQôóF2=8Gê2=8Gå2=8G�2=8G
ìôuñ£zÚ=z¥GPñèî£Ú¥GÍ�ì ô2=� z� Ú ���ñQôó


ìôuñ£z	£zBôBz¥=z¥GPñèî£	lôm¥G
ìôuñ£zÕ£zBôBz¥=z¥GPñèî£Õlôm¥GF2=Fæõó£	lôm¥Gê2=ê+
õó£Õlôm¥Gå2=åæí
ì£õó£	lôm¥¥G�2=�æõó£	lôm¥Ùõó£Õlôm¥GñóîGê�2=£FÙê½ÚÙ�¥Ô£í
ì£F¥½ÚÙå¥Gê82=ñ	Y££ê½ê�ÙF¥ÔÚ¥G�î2=8Gãóôu�ìèY�£�îB�ðBâ¥Gåõñèì�ñéô6ñG|82= 88G�82= ­8Gxôóñ£|8B�®B|8B�¬¬¥G

xôóñ£8BP�òóî£�8Ô7¥B®88BP�òóî£�8Ô7¥¥G�òuzñ	u|�£ ­8B78Bz ñìñQu PñQìñ66z¥G
�òuzñ	u|�£|8−�8B�®Bz�z¥G
�òuzñ	u|�£­¬8BP�òóî£�8Ô7½�8¥Bz|z¥G||2=�8G��2= 88G�|2=||Ô£®88½|8¥G��2=��Ô£�8½�®¥GÍ�ì ô2=� u� Ú ���ñQôó

�òu�ô	ñõ£P�òóî£	lômÔí	æ|8¥BP�òóî£�8Ô7½ÕlômÔ��Ô7¥B�¥G�ìèY��ñ�èòõuíGñóîGÍ�ì ã2=½|| z� || ���ñQôó
ç2=Í£ã¥G�òu�ô	ñõ£P�òóî£ãÔ�|æ|8¥BP�òóî£�8Ô7½çÔ��Ô7¥B�¥ñóîG{óî;



�¸��¦ r�ºÓ����Õ��� �����ºº��� ���ii�Õ���� �ª°
þ5�þ2 
 & � . ' � % � s u � 1 � % t � % � � u v � & ' - / / u s u % � �

y(x) = b0 · exp(b1x)

b1 =

N∑
i=1

xi ·
N∑

i=1

ln(yi) −N ·
N∑

i=1

xi · ln(yi)

( N∑
i=1

xi

)2

−N ·
N∑

i=1

x2
i

b0 = exp

(
1

N

( N∑

i=1

ln(yi) − b1

N∑

i=1

xi

))
.

#�Ô��$�¸��¦ N = 9.

Ú � 7   ¡ ­ ® « 9 ¬
xi 7   ¡ ­ ® « 9 ¬ �8
yi

 ;­ ­ ®;7 ¬ �  �® 7   8 ¡8
�? A[E2
b0 = 1.939, b1 = 0.305

�ì�Qìèð âr�ÁØùZ�Z�ÎÀa ×�M×�ÁÁâG�íñí �ìèY�Gå�óíu �=
­8Gäèì FBêBåB�Bê8Bê�2PñèõGÚBô2ãóuñQñìG

�îB�ðB||B��B|�B��2ôóuñQñìG
�|B��Bç2PñèõG

	BÕ2èììèÕl�;;�m �� ìñèõGÍòó6uô�ó Í£	2ìñèõ¥2ìñèõG�ñQôóÍ2=ê8Ùñ	Y£ê�Ù	¥ñóîGêñQôóF2=8Gê2=8Gå2=8G�2=8G
ìôuñ£zÚ=z¥GPñèî£Ú¥GÍ�ì ô2=� z� Ú ���ñQôó
ìôuñ£z	£zBôBz¥=z¥GPñèî£	lôm¥G
ìôuñ£zÕ£zBôBz¥=z¥GPñèî£Õlôm¥GF2=Fæ	lômGê2=êæõó£Õlôm¥Gå2=åæí
ì£	lôm¥G �2=�+	lômÙõó£Õlôm¥GñóîGê�2=£FÙê½ÚÙ�¥Ô£í
ì£F¥½ÚÙå¥Gê82=ñ	Y££ê½ê�ÙF¥ÔÚ¥G�î2=8Gãóôu�ìèY�£�îB�ðBâ¥Gåõñèì�ñéô6ñG



�ª¸ Ø�º���Ä Ó�������µµ�
|82=788G�82= ­8G||2=­8G��2=¡88Gxôóñ£|8B�®B|8B�¬¬¥Gxôóñ£8BP�òóî£�8Ô7¥B®88BP�òóî£�8Ô7¥¥G�òuzñ	u|�£7­8B78Bz{	Y�óñóëôèõ PñQìñ66z¥G�òuzñ	u|�£|8½�8B�®Bz�z¥G�òuzñ	u|�£­98BP�òóî£�8Ô7½�8¥Bz|z¥G
�|2=||Ô£®88½|8¥G��2=��Ô£�8½�®¥GÍ�ì ô2=� u� Ú ���ñQôó�òu�ô	ñõ£P�òóî£	lômÔí	æ|8¥BP�òóî£�8Ô7½ÕlômÔ��Ô7¥B�¥G�ìèY��ñ�èòõuíGñóîGÍ�ì ã2=½|| z� || ���ñQôóç2=Í£ã¥G�òu�ô	ñõ£P�òóî£ãÔ�|æ|8¥BP�òóî£�8Ô7½çÔ��Ô7¥B�¥G�ìèY��ñ�èòõuíñóîG{óî;

þ5�þ1 d � � � 
 ' 1 � % t � % � � u v � & ' - / / u s u % � �

y(x) = b0 + b1x+ b2x
2

b0N + b1 ·
N∑

i=1

xi + b2 ·
N∑

i=1

x2
i =

N∑

i=1

yi

b0

N∑

i=1

xi + b1

N∑

i=1

x2
i + b2

N∑

i=1

x3
i =

N∑

i=1

xiyi

b0

N∑

i=1

x2
i + b1

N∑

i=1

x3
i + b2

N∑

i=1

x4
i =

N∑

i=1

x2
i yi

#�Ô��$�¸��° N = 7.

Ú � 7   ¡ ­ ® «
xi 7 ¡ ® 9 �8 �7 �¡
yi

 ;«® ¡;¡¡ ­;8¡ ­;­® ® ®; ® ®;®¡
�? A[E2 b0 = 3,
b1 = 0.4, b2 = −0.01

�ì�Qìèð âØÀ×À¹ùa ×�M×�ÁÁâG�íñí �ìèY�Gäèì êBåBÍB°B�BPB�2PñèõG



�¸��° Ø������ �����ºº��� ���ii�Õ���� �ª»
�B{B!BxB"BF2ìñèõGê7Bê�Bê8B�|B��Bç2ìñèõG  ÚBôB�îB�ð2ãóuñQñìG||B��B|8B�82ôóuñQñìG

	BÕ2èììèÕl�;;­8m �� ìñèõGÍòó6uô�ó ÍÍ£	2ìñèõ¥2ìñèõG�ñQôóÍÍ2=ê8+ê�Ù	+ê7Ùí
ì£	¥ñóîGêñQôóê2=8Gå2=8GÍ2=8G°2=8G�2=8GP2=8G�2=8G
ìôuñ£zÚ=z¥GPñèî£Ú¥GF2=ÚGÍ�ì ô2=� z� Ú ���ñQôó
ìôuñ£z	£zBôBz¥=z¥GPñèî£	lôm¥G
ìôuñ£zÕ£zBôBz¥=z¥GPñèî£Õlôm¥Gê2=ê+	lômGå2=å+í
ì£	lôm¥GÍ2=Í+	lômÙí
ì£	lôm¥G°2=°æí
ì£í
ì£	lôm¥¥G�2=�æÕlômGP2=Pæ	lômÙÕlômG�2=�æÕlômÙí
ì£	lôm¥GñóîG
�2=êG{2=åG!2=åGx2=ÍG"2=�ÔFG{2 =

{−"ÙêGÍ2=Í−"ÙåGP2=P−"Ù�G"2=!ÔFGx2=x½"ÙêG°2=°½"ÙåG�2=�½"Ù�G"2=xÔ{Gê72=£�½PÙ"¥Ô£°½ÍÙ"¥Gê�2=£P½ÍÙê7¥Ô{Gê82=£�½êÙê�½åÙê7¥ÔFG
�î2=8Gãóôu�ìèY�£�îB�ðBâ¥Gåõñèì�ñéô6ñ�òuzñ	u|�£ 88B78Bz�èìè��õõ�Q PñQìñ66z¥G|82=7­8G�82= ­8Gxôóñ£|8B�®B|8B�ñu°è	�¥Gxôóñ£8BP�òóî£�8Ô¡¥B®88BP�òóî£�8Ô¡¥¥G�òuzñ	u|�£|8½�8B�®Bz�z¥G�òuzñ	u|�£­¬8BP�òóî£�8Ô¡¥+9Bz|z¥G||2=­88G��2=¡88G�|2=||Ô£®88½|8¥G��2=��Ô£�8½�®¥GÍ�ì ô2=� z� Ú ���òu�ô	ñõ£P�òóî£	lômÔ�|æ|8¥BP�òóî£�8Ô¡½ÕlômÔ��Ô¡¥B�¥GÍ�ì ã2= −|| z� || ���ñQôóç2=ÍÍ£ã¥G



�ªÆ Ø�º���Ä Ó�������µµ�
�òu�ô	ñõ£P�òóî£ãÔ�|æ|8¥BP�òóî£�8Ô¡½çÔ��Ô¡¥B�¥G
�ìèY��ñ�èòõuíñóî{óî;



# ¤$%¥¤¦§
É����Õ ��

¼V^RUE H=?F=YH\E Z=S=AY=Y\E E�SH\E ÅXEa� ϕ(x) = 1√
2π

· e−x2/2

x
'0& (*'/- ()/++ ()-') ()*-' ()()& ((/.. ((-*- ((+&, (((,+ ((&(+'0' ('-.+ ('+*, (')&- ('&,/ (&.)' (&+/* (&)(- (&'(' '/.., '/,+('0( '/*'/ '/'., './+* '.-(* '.*/* '.(,+ '.&)- '-.'& '-+.+ '-),&'0) '-')- ',/'+ ',,/* ',*-* ',(+, ',&). '+.(( '+,&. '+)/+ '+'.)'0* '*/-) '*-,* '*++, '*)+& '*'*, ')/*) ')-*( ')+*( '))** ')'*-'0+ '(/+( '(-+. '(+,, '()-, '('.. '(&&' ''.', '',)( ''*+& ''(-&'0, ''&/( '&/'+ '&-*' '&+,- '&)/, '&((, '&&+/ &/./) &/-(. &/+,,'0- &/*&+ &/(*, &/&./ &./)) &.-.& &.,(. &.*-. &.)(/ &.'.) &.&).'0. &-./+ &--+* &-,'* &-*-- &-)*' &-(&, &-&-* &,/*) &,.'* &,,.-'0/ &,+,( &,*). &,)', &,'/+ &,&-- &+/+/ &+.** &+-)& &+,'. &++&.
(0& &+)// &+(/( &+'., &+&.( &*/.& &*.-/ &*-.& &*,.( &*+., &**/'(0' &*)/. &*)&- &*('- &*'(. &*&*' &)/++ &).-' &)-.. &)-&, &),(,(0( &)+*- &)*-& &))/* &))'/ &)(*, &)'-* &)'&) &)&)* &(/,+ &(./.(0) &(.)) &(-,. &(-&+ &(,*) &(+.( &(+(( &(*,) &(*&, &()*/ &((/*(0* &(()/ &('., &(')* &(&.) &(&)) &'/.* &'/), &'... &'.*( &'-/-(0+ &'-+) &'-&/ &',,- &',(+ &'+.+ &'+*+ &'+&, &'*,. &'*)' &')/*(0, &')+. &')() &'(./ &'(+, &'(() &''/' &'',& &'')& &''&& &'&-'(0- &'&*( &'&'* &&/.- &&/,' &&/)+ &&/&/ &&..+ &&.,' &&.)- &&.'*(0. &&-/( &&--& &&-*. &&-(- &&-&- &&,.- &&,,. &&,*/ &&,)' &&,')(0/ &&+/+ &&+-. &&+,( &&+*+ &&+)& &&+'* &&*// &&*.+ &&*-& &&*+-
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¾=�Y=@\E ÅXEa�RUE XHS= Φ(x) = 1√
2π

x∫
−∞

e−t2/2, Φ(−x) = 1 − Φ(x).

1 & ' ( ) * + , - . /&0& +&&&& +&)// +&-/. +''/- +'+/+ +'//* +()/( +(-/& +)'.. +)+.,&0' +)/.) +*).& +*--, ++'-( +++,- ++/,( +,)+, +,-*/ +-'*( +-+)+&0( +-/(, +.)'- +.-&, +/&/+ +/*.) +/.-' ,&(+, ,&,*( ,'&(, ,'*&/&0) ,'-/' ,('-( ,(++( ,(/)& ,))&- ,),.) ,*&+* ,**)' ,*.&) ,+'-)&0* ,++*( ,+/'& ,,(-, ,,,*& ,-&&) ,-),* ,--(* ,.&.( ,.*)/ ,.-/)&0+ ,/'*, ,/*/- ,/.*- -&'/* -&+*& -&..* -'((, -'+,, -'/&* -((*&&0, -(+-+ -(/&- -)()- -)+,+ -)./' -*('+ -*+)- -*.+- -+'-+ -+*/&&0- -+.&* -,''+ -,*(* -,-)& --&)+ --))- --,)- --/)+ -.()& -.+(*&0. -..'* -/'&) -/)./ -/,-) -//++ .&()* .&+'' .&-.+ .'&+- .')(-&0/ .'+/* .'.+/ .('(' .().' .(,)/ .(./* .)'*- .))/. .),*, .)./'
'0& .*')* .*)-+ .*,'* .*.+& .+&.) .+)'* .++*) .+-,/ .+//) .,('*'0' .,*)) .,,+& .,.,* .-&-, .-(., .-*/) .-,/. .-/&& ..'&& ..(/.'0( ..*/) ..,., ...-- ./&,+ ./(+' ./*)+ ./,'- ./-/, .//-) /&'*-'0) /&)(& /&*/& /&,+. /&.(* /&/.. /''*/ /')&. /'*,, /',(' /'--*'0* /'/(* /(&-) /(((& /(),* /(+&- /(,*- /(-., /(/(( /)&+, /)'./'0+ /))'/ /)**. /)+-* /),// /).(( /)/*) /*&,( /*'-/ /*(/+ /**&.'0, /*+(& /*,)& /*-). /*.*+ /*/+& /+&+) /+'+* /+(+* /+)+( /+**/'0- /++*) .+,)- /+-(. /+.'* /+/&- /+//* /,&.& /,',* /,(*, /,)(-'0. /,*&- /,*.+ /,+,( /,,). /,-'* /,-.* /,.+, /,/(, /,//+ /-&,('0/ /-'(. /-'/) /-(+- /-)(& /-).' /-**' /-+&& /-++. /-,'+ /-,-&
(0& /--(+ /---. /-.)' /-..( /-/)( /-/.( /.&)& /.&-- /.'(* /.',/(0' /.('* /.(+- /.)&& /.)*' /.).( /.*(( /.*,' /.+&& /.+)- /.+-*(0( /.,'& /.,*+ /.,-/ /.-') /.-*+ /.--. /..&/ /..*& /..-& /..//(0) /./(. /./+, /./.) //&'& //&), //&,' //&., //''' //')* //'+.(0* //'.& //(&( //((* //(*+ //(,, //(., //)&+ //)(* //)*) //),'(0+ //)-, //)/, //*') //*)& //**, //*,' //*-- //*/( //+&, //+(&(0, //+)* //+*- //+,& //+-) //+.+ //+/. //,&/ //,(' //,)( //,*)(0- //,+) //,,* //,-* //,.) //,/) //-&( //-'' //-(& //-(. //-),(0. //-** //-+( //-,& //-,- //--* //-.' //-.. //-/+ //.&' //.&-(0/ //.') //.'/ //.(+ //.)' //.), //.*' //.*, //.+' //.+, //.,'
)0& //.,+ //.,/ //.-* //.-. //..( //.., //../ //./) //./, ///&&)0' ///&) ///&, ///'& ///') ///', ///'. ///(' ///(* ///(, ///(/)0( ///)' ///)* ///), ///). ///*& ///*( ///** ///*, ///*. ///+&)0) ///+( ///+) ///++ ///+- ///+. ///,& ///,' ///,( ///,* ///,+)0* ///,, ///,. ///,/ ///-& ///-' ///-( ///-) ///-* ///-+ ///-,)0+ ///-- ///-. ///-. ///-/ ///.& ///.' ///.' ///.( ///.) ///.))0, ///.* ///.+ ///.+ ///., ///., ///.- ///.- ///.. ///.. ///./)0- ///./ ////& ////& ////& ////' ////' ////( ////( ////( ////()0. ////) ////) ////) ////* ////* ////* ////* ////+ ////+ ////+)0/ ////+ ////+ ////, ////, ////, ////, ////, ////, ////- ////-*0& ////- ////. ///// ///// ///// '0&&& '0&&& '0&&& '0&&& '0&&&
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¿X=@@QE\ H=?F=YH\E Z=S=AY=Y\E XHS= Pn(k) = λk

k!
e−λ. (λ = n·p)

λ &0' &0( &0) &0* &0+ &0, &0- &0. &0/
k& /&*. .'.- -*&. ,-&) ,&,+ +*.. */,, **/) *&,,' &/&+ ',). (((( (,.' )&)) )(/) )*-, )+/+ ),+/( &&*+ &',* &))) &+), &-+. &/.. '('- '*). ',*-) &&&( &&'/ &&)) &&-( &'(, &'/. &(*. &).) &*/** &&&' &&&( &&&- &&', &&)& &&+& &&-- &'''+ &&&' &&&( &&&* &&&- &&'( &&(&&&&' &&&( &&&)

λ ' ( ) * + , - . / '&
k& ),-/ ')+) &*/. &'.) &&,- &&(+ &&&/ &&&) &&&' &&&&' ),-/ (-&- '*/* &-)) &))- &'*/ &&,* &&(- &&'' &&&+( '.)/ (-&- ((*& '*,+ &.*( &**, &(() &'&- &&+& &&()) &,') '.&* ((*& '/+* '*&* &./( &+(' &(., &'+& &&-,* &'+) &/&( ',.& '/+* '-,, '))/ &/'( &+-( &))- &'./+ &&)' &),' '&&. '+,) '-++ ',&, '(-- &/', &,&- &)-., &&&+ &'(& &+&* '&*( '*,( ',&, '*/& '((' &/'' &,)'- &&&' &&)- &(', &+/+ '&** ')-- '*/& ')/, ''-' &/&'. &&&/ &&.' &(/. &,+) '&)) ')&* ')/, ')'. ''(,/ &&&( &&(- &')( &),) &,.. '&'* '(*' ')'. '(+''& &&&. &&+) &'.' &*') &-'& &//) ''., '(+''' &&&( &&'/ &&.( &((+ &*+( &-(( &/-& '')-'( &&&' &&&, &&)* &'(, &(,) &*.' &-(. &/*.') &&&( &&') &&+( &'*( &(/, &+&* &-(/'* &&&' &&&+ &&(( &&-' &',/ &)(* &+(''+ &&&( &&&/ &&)) &&/& &'/* &)*-', &&&) &&'* &&*+ &'&/ &('-'- &&&' &&&, &&(' &&+. &'(.'. &&&( &&&/ &&(/ &&-''/ &&&' &&&* &&'* &&)-(& &&&( &&&, &&'/(' &&&' &&&) &&&/(( &&&' &&&*() &&&((* &&&'

wQQ?ZTYQSA@QE FV^RUE H=?F=YH\E >=?RZ a^=EHRYXXA; (Φ(uα/2)=1−α)

RHSVF Z=S=AY=Y p=1−α 8;¬8 8;¬­ 8;¬¬ 8;¬¬«  8;¬¬¬
a^=EHRY uα/2

�;®¡ �;¬® 7;­9  ;88  ; «
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¿R?@QE\ χ2−H=?F=YH P (χ2 < tp) = p

n χ2
0.995 χ2

0.99 χ2
0.975 χ2

0.95 χ2
0.90 χ2

0.75 χ2
0.50 χ2

0.25 χ2
0.10 χ2

0.05 χ2
0.025 χ2

0.01 χ2
0.005

1 7.88 6.63 5.02 3.84 2.71 1.32 0.455 0.102 0.0158 0.0039 0.001 0.0002 0.0000
2 10.6 9.21 7.38 5.99 4.61 2.77 1.39 0.575 0.211 0.103 0.0506 0.0201 0.0100
3 12.8 11.3 9.35 7.81 6.25 4.11 2.37 1.21 0.584 0.352 0.216 0.115 0.072
4 14.9 13.3 11.1 9.49 7.78 5.39 3.36 1.92 1.06 0.711 0.484 0.297 0.207
5 16.7 15.1 12.8 11.1 9.24 6.63 4.35 2.67 1.61 1.15 0.831 0.554 0.412
6 18.5 16.8 14.4 12.6 10.6 7.84 5.35 3.45 2.20 1.64 1.24 0.872 0.676
7 20.3 18.5 16.0 14.1 12.0 9.04 6.35 4.25 2.83 2.17 1.69 1.24 0.989
8 22.0 20.1 17.5 15.5 13.4 10.2 7.34 5.07 3.49 2.73 2.18 1.65 1.34
9 23.6 21.7 19.0 16.9 14.7 11.4 8.34 5.90 4.17 3.33 2.70 2.09 1.73

10 25.2 23.2 20.5 18.3 16.0 12.5 9.34 6.74 4.87 3.94 3.25 2.56 2.16
11 26.8 24.7 21.9 19.7 17.3 13.7 10.3 7.58 5.58 4.57 3.82 3.05 2.60
12 28.3 26.2 23.3 21.0 18.5 14.8 11.3 8.44 6.30 5.23 4.40 3.57 3.07
13 29.8 27.7 24.7 22.4 19.8 16.0 12.3 9.30 7.04 5.89 5.01 4.11 3.57
14 31.3 29.1 26.1 23.7 21.1 17.1 13.3 10.2 7.79 6.57 5.63 4.66 4.07
15 32.8 30.6 27.5 25.0 22.3 18.2 14.3 11.0 8.55 7.26 6.26 5.23 4.60
16 34.3 32.0 28.8 26.3 23.5 19.4 15.3 11.9 9.31 7.96 6.91 5.81 5.14
17 35.7 33.4 30.2 27.6 24.8 20.5 16.3 12.8 10.1 8.67 7.56 6.41 5.70
18 37.2 34.8 31.5 28.9 26.0 21.6 17.3 13.7 10.9 9.39 8.23 7.01 6.26
19 38.6 36.2 32.9 30.1 27.2 22.7 18.3 14.6 11.7 10.1 8.91 7.63 6.84

20 40.0 37.6 34.2 31.4 28.4 23.8 19.3 15.5 12.4 10.9 9.59 8.26 7.43
21 41.4 38.9 35.5 32.7 29.6 24.9 20.3 16.3 13.2 11.6 10.3 8.90 8.03
22 42.8 40.3 36.8 33.9 30.8 26.0 21.3 17.2 14.0 12.3 11.0 9.54 8.64
23 44.2 41.6 38.1 35.2 32.0 27.1 22.3 18.1 14.8 13.1 11.7 10.2 9.26
24 45.6 43.0 39.4 36.4 33.2 28.2 23.3 19.0 15.7 13.8 12.4 10.9 9.89
25 46.9 44.3 40.6 37.7 34.4 29.3 24.3 19.9 16.5 14.6 13.1 11.5 10.5
26 48.3 45.6 41.9 38.9 35.6 30.4 25.3 20.8 17.3 15.4 13.8 12.2 11.2
27 49.6 47.0 43.2 40.1 36.7 31.5 26.3 21.7 18.1 16.2 14.6 12.9 11.8
28 51.0 48.3 44.5 41.3 37.9 32.6 27.3 22.7 18.9 16.9 15.3 13.6 12.5
29 52.3 49.6 45.7 42.6 39.1 33.7 28.3 23.6 19.8 17.7 16.0 14.3 13.1

30 53.7 50.9 47.0 43.8 40.3 34.8 29.3 24.5 20.6 18.5 16.8 15.0 13.8
40 66.8 63.7 59.3 55.8 51.8 45.6 39.3 33.7 29.1 26.5 24.4 22.2 20.7
50 79.5 76.2 71.4 67.5 63.2 56.3 49.3 42.9 37.7 34.8 32.4 29.7 28.0
60 92.0 88.4 83.3 79.1 74.4 67.0 59.3 52.3 46.5 43.2 40.5 37.5 35.5
70 104.2 100.4 95.0 90.5 85.5 77.6 69.3 61.7 55.3 51.7 48.8 45.4 43.3
80 116.3 112.3 106.6 101.9 96.6 88.1 79.3 71.1 64.3 60.4 57.2 53.5 51.2
90 128.3 124.1 118.1 113.1 107.6 98.6 89.3 80.6 73.3 69.1 65.6 61.8 59.2
100 140.2 135.8 129.6 124.3 118.5 109.1 99.3 90.1 82.4 77.9 74.2 70.1 67.3
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NQYZQSQ?Q^\E ÅXEa�RUE XHS= P (λ)=
+∞∑

k=−∞
(−1)k · e−2k2

λ2

λ P (λ) λ P (λ) λ P (λ)8; ¡ 8;888�« 8;¬9 8;«8«¬ �;®7 8;¬9¬­8; ® 8;888­ �;88 8;« 88 �;®¡ 8;¬¬898; 9 8;88�  �;87 8;«­88 �;®® 8;¬¬�98;¡8 8;8879 �;8¡ 8;««8¡ �;®9 8;¬¬7¬8;¡7 8;88­­ �;8® 8;«99¬ �;«8 8;¬¬ 9
8;¡¡ 8;88¬« �;89 8;98®� �;«7 8;¬¬¡®8;¡® 8;8�®8 �;�8 8;977  �;«¡ 8;¬¬­ 8;¡9 8;87¡« �;�7 8;9 «¡ �;«® 8;¬¬­®8;­8 8;8 ®� �;�¡ 8;9­�¡ �;«9 8;¬¬®­8;­7 8;8­8  �;�® 8;9®¡¡ �;98 8;¬¬®¬
8;­¡ 8;8®«­ �;�9 8;9«®­ �;97 8;¬¬« 8;­® 8;89«® �;78 8;99«9 �;9¡ 8;¬¬««8;­9 8;��8¡ �;77 8;9¬9� �;9® 8;¬¬988;®8 8;� ­« �;7¡ 8;¬8«® �;99 8;¬¬9 8;®7 8;�® 7 �;7® 8;¬�®¡ �;¬8 8;¬¬9­
8;®¡ 8;�¬7« �;79 8;¬7¡­ �;¬7 8;¬¬9«8;®® 8;77 ® �; 8 8;¬ �¬ �;¬¡ 8;¬¬9¬8;®9 8;7­­9 �; 7 8;¬ 9« �;¬® 8;¬¬¬�8;«8 8;7999 �; ¡ 8;¬¡¡¬ �;¬9 8;¬¬¬78;«7 8; 77  �; ® 8;¬­8­ 7;88 8;¬¬¬ 8;«¡ 8; ­®8 �; 9 8;¬­­« 7;87 8;¬¬¬¡
8;«® 8; 9¬® �;¡8 8;¬®8  7;8¡ 8;¬¬¬­8;«9 8;¡7 8 �;¡7 8;¬®¡® 7;8® 8;¬¬¬®8;98 8;¡­­¬ �;¡¡ 8;¬®9¡ 7;89 8;¬¬¬«8;97 8;¡998 �;¡® 8;¬«�9 7;�8 8;¬¬¬«8;9¡ 8;­�¬¡ �;¡9 8;¬«­8 7;�7 8;¬¬¬9
8;9® 8;­¡¬« �;­8 8;¬««9 7;�¡ 8;¬¬¬98;99 8;­«¬� �;­7 8;¬98  7;�® 8;¬¬¬98;¬8 8;®8«  �;­¡ 8;¬97® 7;�9 8;¬¬¬98;¬7 8;® ¡  �;­® 8;¬9¡® 7;78 8;¬¬¬98;¬® 8;®9¡® �;®8 8;¬998 7;¡8 8;¬¬¬¬
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R/S−F=?W�==E\ AQQA G= AVVA FRY[[A2345567 8595435376 4::4 ;<3==4 2345567 8595435376 4>>4 ;<3==4
n 0.000 0.005 0.001 0.025 &0&+ &0'& &0'& &0&+ 0.025 0.001 0.005 0.000

) 1.732 1.735 1.737 1.745 1.758 1.782 1.997 1.999 2.000 2.000 2.000 2.000* '0-)( '0.) '0.- '0/) '0/. (0&* (0-&/ (0*(/ (0*)/ (0**+ (0**- (0**/+ '0.(, '0/. (0&( (0&/ (0'+ (0(( (0-'( (0-+) (0-.( (0.&) (0.') (0.(., '0.(, (0'' (0'+ (0(( (0(. (0)- (0/*/ )0&'( )0&+, )0&/+ )0''+ )0',(- '0.-' (0(( (0(, (0)) (0*& (0*/ )0'*) )0((( )0(.( )0)). )0),/ )0*,+. '0.-' (0)' (0)+ (0*) (0+& (0+/ )0)&. )0)// )0*-' )0+*) )0+.+ )0-*(/ '0./- (0)/ (0** (0+' (0+/ (0,. )0**/ )0++( )0,)* )0-(& )0--( *0&&&'& '0./- (0*, (0+' (0+/ (0,- (0-, )0+- )0,.+ )0--- )0.-+ )0/)+ *0(*)
'' '0/'+ (0+) (0+. (0,, (0-* (0.* )0,. )0.& )0/&) *0&'( *0&-/ *0*-('( '0/'+ (0+/ (0,* (0-( (0.& (0/& )0-. )0/' *0&( *0')* *0(&. *0,/&') '0/(- (0,* (0-& (0-. (0., (0/, )0.- *0&& *0'( *0(** *0)(+ *0.//'* '0/(- (0-& (0-+ (0.) (0/( )0&( )0/+ *0&/ *0(' *0)* *0*)' +0&//'+ '0/), (0-* (0.& (0.. (0/- )0&- *0&( *0'- *0(/ *0** *0+) +0(/(', '0/), (0-/ (0.* (0/. )0&' )0'( '0&/ *0(* *0)- *0+( *0,( +0*--'- '0/** (0.) (0.. (0/- )0&, )0'- *0'+ *0)' *0** *0,& *0-& +0,+-'. '0/** (0.- (0/( )0&' )0'& )0(' *0(' *0)- *0+' *0,- *0-. +0.)'
'/ '0/*/ (0/& (0/, )0&+ )0'* )0(+ *0(- *0*) *0+- *0-* *0.+ ,0&&&(& '0/*/ (0/* (0// )0&/ )0'. )0(/ *0)( *0*/ *0,) *0.& *0/' ,0',*(+ '0/,' )0&/ )0'+ )0(* )0)* )0*+ *0+) *0-' *0.- +0&, +0'/ ,0/))& '0/,, )0(' )0(- )0)- )0*- )0+/ *0-& *0./ +0&, +0(, +0*& -0,()+ '0/-( )0)( )0). )0*. )0+. )0-& *0.* +0&* +0(' +0*( +0+- .0(+*& '0/-+ )0*' )0*- )0)- )0,- )0-/ *0/, +0', +0)* +0+, +0-' .0.)*+ '0/-. )0*/ )0++ )0,, )0-+ )0.. +0&, +0(, +0*+ +0,- +0.) /0).+& '0/.& )0+, )0,( )0-) )0.) )0/+ +0'* +0)+ +0+* +0-- +0/) /0/&
++ '0/.( )0,( )0,/ )0.& )0/& *0&( +0(( +0*) +0,) +0., ,0&( '&0)/,& '0/.) )0,. )0-+ )0., )0/, *0&. +0(/ +0+' +0-& +0/* ,0'& '&0.,,+ '0/.+ )0-* )0.& )0/' *0&' *0'* +0)+ +0+- +0-- ,0&' ,0'- ''0)'-& '0/., )0-/ )0.+ )0/, *0&, *0'/ +0*' +0,) +0.) ,0&- ,0(* ''0-+-+ '0/.- )0.) )0/& *0&' *0'' *0(* +0*, +0,. +0.. ,0') ,0)& '(0'-.& '0/.- )0.. )0/* *0&+ *0', *0(. +0+' +0-) +0/) ,0'. ,0)+ '(0+-.+ '0/.. )0/( )0// *0&/ *0(& *0)) +0+, +0-. +0/. ,0() ,0*& '(0/,
/& '0/./ )0/, *0&( *0') *0(* *0), +0,& +0.( ,0&) ,0(- ,0*+ ')0)*/+ '0//& )0// *0&, *0'- *0(- *0*& +0,* +0., ,0&- ,0)( ,0*/ ')0-'
100 '0//& *0&) *0'& *0(' *0)' *0** +0,. +0/& ,0'' ,0), ,0+) '*0&-
150 '0//) *0)( *0). *0*. *0+/ *0-( +0/, ,0'. ,0)/ ,0,* ,0.( '-0(,
200 '0//+ *0++ *0+/ *0,. *0-. *0/& ,0'+ ,0)/ ,0,& ,0.* -0&' '/0/+
500 '0//. +0&, +0') +0(+ +0)- +0*/ ,0-( ,0/* -0'+ -0*( -0,& )'0+/
1000 '0/// +0+& +0+- +0,. +0-/ +0/( -0'' -0)) -0+* -0.& -0// **0-&



�È°
É����Õ �ªMHW~A`EHRUE t−H=?F=YH P (t > tα) = α G= P (|t| > tα) = α¼Q·? H=YH a?RHRa ZX}

tα t0.2 t0.1 t0.05 t0.02 t0.01 t0.005 t0.002 t0.001

k �  ;89 ®; � �7;«�  �;97 ® ;®® �7«; 7  �9; 8 ® ®;®�
7 �;9¬ 7;¬7 ¡; 8 ®;¬® ¬;¬7 �¡;8¬ 77;    �;®8  �;®¡ 7; ­  ;�9 ¡;­¡ ­;9¡ «;¡­ �8;7� �7;¬7¡ �;­  7;�  7;«9  ;«­ ¡;®8 ­;®8 «;�« 9;®�­ �;¡9 7;87 7;­«  ; ® ¡;8  ¡;«« ­;9¬ ®;9«® �;¡¡ �;¬¡ 7;¡­  ;�¡  ;«� ¡; 7 ­;7� ­;¬®« �;¡� �;9¬ 7; ®  ;88  ;­8 ¡;8  ¡;«¬ ­;¡�9 �;¡8 �;9® 7; � 7;¬8  ; ®  ;9  ¡;­8 ­;8¡¬ �; 9 �;9  7;7® 7;97  ;7­  ;®¬ ¡; 8 ¡;«9�8 �; « �;9� 7;7  7;«®  ;�«  ;­9 ¡;�¡ ¡;­¬
�� �; ® �;98 7;78 7;«7  ;��  ;­8 ¡;87 ¡;¡¡�7 �; ® �;«9 7;�9 7;®9  ;8­  ;¡   ;¬  ¡; 7�  �; ­ �;«« 7;�® 7;®­  ;8�  ; «  ;9­ ¡;77�¡ �; ¡ �;«® 7;�¡ 7;®7 7;¬9  ;    ;«¬ ¡;�¡�­ �; ¡ �;«­ 7;�  7;®8 7;¬­  ;7¬  ;«  ¡;8«�® �; ¡ �;«­ 7;�7 7;­9 7;¬7  ;7­  ;®¬ ¡;87�« �;   �;«¡ 7;�� 7;­« 7;¬8  ;77  ;®­  ;¬«�9 �;   �;«  7;�8 7;­­ 7;99  ;78  ;®�  ;¬7�¬ �;   �;«  7;8¬ 7;­¡ 7;9®  ;�«  ;­9  ;99
78 �;   �;«7 7;8¬ 7;­  7;9­  ;�­  ;­­  ;9­
7� �; 7 �;«7 7;89 7;­7 7;9   ;�¡  ;­   ;9777 �; 7 �;«7 7;8« 7;­� 7;97  ;�7  ;­�  ;«¬
7  �; 7 �;«� 7;8« 7;­8 7;9�  ;�8  ;¡9  ;««
7¡ �; 7 �;«� 7;8® 7;¡¬ 7;98  ;8¬  ;¡«  ;«­
7­ �; 7 �;«� 7;8® 7;¡¬ 7;«¬  ;89  ;¡­  ;« 
7® �; 7 �;«� 7;8® 7;¡9 7;«9  ;8«  ;¡¡  ;«�
7« �; � �;«8 7;8­ 7;¡« 7;««  ;8®  ;¡7  ;®¬
79 �; � �;«8 7;8­ 7;¡« 7;«®  ;8­  ;¡�  ;®«
7¬ �; � �;«8 7;8­ 7;¡® 7;«®  ;8¡  ;¡8  ;®® 8 �; � �;«8 7;8¡ 7;¡® 7;«­  ;8   ; ¬  ;®­
¡8 �; 8 �;®9 7;87 7;¡7 7;«8 7;¬«  ; �  ;­­®8 �; 8 �;®« 7;88 7; ¬ 7;®® 7;¬�  ;7   ;¡®�78 �;7¬ �;®® �;¬9 7; ® 7;®7 7;9­  ;�®  ; «
∞ �;79 �;®¡ �;¬® 7;   7;­9 7;9�  ;8¬  ;7¬
tα t0.1 t0.05 t0.025 t0.01 t0.005 t0.0025 t0.001 t0.0005wVS H=YH a?RHRa ZX}
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É����Õ �ÈÌR_`?RUE F−H=?F=YH P (F >tα)=α, α=0.05

k1 ' ( ) * + , . '& '( (* ∞
k2' ','0* '//0+ ('+0- ((*0, ()&0( ()*0& ().0/ (*( (*)0/ (*/0& (+*0)( '.0+' '/0&& '/0', '/0(+ '/0)& '/0)) '/0)- '/0* '/0*' '/0*+ '/0+&) '&0') /0++ /0(. /0'( /0&' .0/* .0.* .0-/ .0-* .0,* .0+)* -0-' ,0/* ,0+/ ,0)/ ,0(, ,0', ,0&* +0/, +0/' +0-- +0,)+ ,0,' +0-/ +0*' +0'/ +0&+ *0/+ *0.( *0-* *0,. *0+) *0),, +0// +0'* *0-, *0+) *0)/ *0(. *0'+ *0&, *0&& )0.* )0,-- +0+/ *0-* *0)+ *0'( )0/- )0.- )0-) )0,* )0+- )0*' )0(). +0)( *0*, *0&- )0.* )0,/ )0+. )0** )0)+ )0(. )0'( (0/)/ +0'( *0(, )0., )0,) )0*. )0)- )0() )0'* )0&- (0/& (0-''& *0/, *0'& )0-' )0*. )0)) )0(( )0&- (0/. (0/' (0-* (0+*
'' *0.* )0/. )0+/ )0), )0(& )0&/ (0/+ (0.+ (0-/ (0,' (0*&'( *0-+ )0.. )0*/ )0(, )0'' )0&& (0.+ (0-+ (0,/ (0+& (0)&') *0,- )0.& )0*' )0'. )0&( (0/( (0-- (0,- (0,& (0*( (0(''* *0,& )0-* )0)* )0'' (0/, (0.+ (0-& (0,& (0+) (0)+ (0')'+ *0+* )0,. )0(/ )0&, (0/& (0-/ (0,* (0+* (0*. (0(/ (0&-', *0*/ )0,) )0(* )0&' (0.+ (0-* (0+/ (0*/ (0*( (0(* (0&''- *0*+ )0+/ )0(& (0/, (0.' (0-& (0++ (0*+ (0). (0'/ '0/,'. *0*' )0++ )0', (0/) (0-- (0,, (0+' (0*' (0)* (0'+ '0/('/ *0). )0+( )0') (0/& (0-* (0,) (0*. (0). (0)' (0'' '0..(& *0)+ )0*/ )0'& (0.- (0-' (0,& (0*+ (0)+ (0(. (0&. '0.*
(' *0)( )0*- )0&- (0.* (0,. (0+- (0*( (0)( (0(+ (0&+ '0.'(( *0)& )0** )0&+ (0.( (0,, (0++ (0*& (0)& (0() (0&) '0-.() *0(. )0*( )0&) (0.& (0,* (0+) (0). (0(- (0(& (0&& '0-,(* *0(, )0*& )0&' (0-. (0,( (0+' (0), (0(+ (0'. '0/. '0-)(+ *0(* )0). (0// (0-, (0,& (0*/ (0)* (0(* (0', '0/, '0-'(, *0(( )0)- (0/. (0-* (0+/ (0*- (0)( (0(( (0'+ '0/+ '0,/(- *0(' )0)+ (0/, (0-) (0+- (0*, (0)& (0(& (0') '0/) '0,-(. *0(& )0)* (0/+ (0-' (0+, (0** (0(/ (0'/ (0'( '0/' '0,+(/ *0'. )0)) (0/) (0-& (0+* (0*) (0(. (0'. (0'& '0/& '0,*)& *0'- )0)( (0/( (0,/ (0+) (0*( (0(- (0', (0&/ '0./ '0,(
*& *0&. )0() (0.* (0,' (0*+ (0)* (0'. (0&. (0&& '0-/ '0+(,& *0&& )0'+ (0-, (0+( (0)- (0(+ (0'& '0// '0/( '0-& '0)/'(& )0/( )0&- (0,. (0*+ (0(/ (0'- (0&( '0/' '0.) '0,' '0(+
∞ )0.* (0// (0,& (0)- (0(' (0&/ '0/* '0.) '0-+ '0+( '0&&



�È»
ÌR_`?RUE F−H=?F=YH P (F >tα)=α, α=0.01

k1 ' ( ) * + , . '& '( (* ∞
k2' *&+( */// +*&) +,(+ +-,* +.+/ +/.' ,&+, ,'&, ,()* ,),,( /.0*/ //0&& //0'- //0(+ //0)& //0)) //0), //0*& //0*( //0*, //0+&) )*0'( )&0.' (/0*, (.0-' (.0(* (-0/' (-0*/ (-0() (-0&+ (,0,& (,0'(* ('0(& '.0&& ',0,/ '+0/. '+0+( '+0(' '*0.& '*0++ '*0)- ')0/) ')0*,+ ',0(, ')0(- '(0&, ''0)/ '&0/- '&0,- '&0(/ '&0&+ /0./ /0*- /0&(, ')0-* '&0/( /0-. /0'+ .0-+ .0*- .0'& -0.- -0-( -0)' ,0.)- '(0(+ /0++ .0*+ -0.+ -0*, -0'/ ,0.* ,0,( ,0*- ,0&- +0,+. ''0(, .0,+ -0+/ -0&' ,0,) ,0)- ,0&) +0.' +0,- +0(. *0.,/ '&0+, .0&( ,0// ,0*( ,0&, +0.& +0*- +0(, +0'' *0-) *0)''& '&0&* -0+, ,0++ +0// +0,* +0)/ +0&, *0.+ *0-' *0)) )0/'
'' /0,+ -0(& ,0(( +0,- +0)( +0&- *0-* *0+* *0*& *0&( )0,&'( /0)) ,0/) +0/+ +0*' +0&, *0.( *0+& *0)& *0', )0-. )0),') /0&- ,0-& +0-* +0(& *0., *0,( *0)& *0'& )0/, )0+/ )0','* .0., ,0+' +0+, +0&) *0,/ *0*, *0'* )0/* )0.& )0*) )0&&'+ .0,. ,0), +0*( *0./ *0+, *0)( *0&& )0.& )0,- )0(/ (0.-', .0+) ,0() +0(/ *0-- *0** *0(& )0./ )0,/ )0++ )0'. (0-+'- .0*& ,0'' +0'. *0,- *0)* *0'& )0-/ )0+/ )0*+ )0&. (0,+'. .0(. ,0&' +0&/ *0+. *0(+ *0&' )0-' )0+' )0)- )0&& (0+-'/ .0'. +0/) +0&' *0+& *0'- )0/* )0,) )0*) )0)& (0/( (0*/(& .0'& +0.+ *0/* *0*) *0'& )0.- )0+, )0)- )0() (0., (0*(
(' .0&( +0-. *0.- *0)- *0&* )0.' )0+' )0)' )0'- (0.& (0),(( -0/* +0-( *0., *0)' )0// )0-, )0*+ )0(, )0'( (0-+ (0)'() -0.. +0,, *0-, *0(, )0/* )0-' )0*' )0(' )0&- (0-& (0(,(* -0.( +0,' *0-( *0(( )0/& )0,- )0), )0'- )0&) (0,, (0('(+ -0-- +0+- *0,. *0'. )0., )0,) )0)( )0') (0// (0,( (0'-(, -0-( +0+) *0,* *0'* )0.( )0+/ )0(/ )0&/ (0/, (0+. (0')(- -0,. +0*/ *0,& *0'' )0-. )0+, )0(, )0&, (0/) (0++ (0'&(. -0,* +0*+ *0+- *0&- )0-+ )0+) )0() )0&) (0/& (0+( (0&,(/ -0,& +0*( *0+* *0&* )0-) )0+& )0(& )0&& (0.- (0*/ (0&))& -0+, +0)/ *0+' *0&( )0-& )0*- )0'- (0/. (0.* (0*- (0&'
*& -0)' +0'. *0)' )0.) )0+' )0(/ (0// (0.& (0,, (0(/ '0.&,& -0&. *0/. *0') )0,+ )0)* )0'( (0.( (0,) (0+& (0'( '0,&'(& ,0.+ *0-/ )0/+ )0*. )0'- (0/, (0,, (0*- (0)* '0/+ '0).
∞ ,0,* *0,& )0-. )0)( )0&( (0.& (0+' (0)( (0'. '0-/ '0&&
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É����Õ �Ê
r = thz ÅXEa�RUE XHS\E H=GYR�;

z
8;88 8;87 8;8¡ 8;8® 8;898;8 8;888 8;878 8;8¡8 8;8®8 8;8988;� 8;�88 8;��¬ 8;� ¬ 8;�­¬ 8;�«98;7 8;�¬« 8;7�« 8;7 ® 8;7­¡ 8;7« 8;  8;7¬� 8; �8 8; 79 8; ¡­ 8; ® 8;¡ 8; 98 8; ¬« 8;¡�¡ 8;¡ 8 8;¡¡®8;­ 8;¡®7 8;¡«9 8;¡¬  8;­89 8;­7 

8;® 8;­ « 8;­­� 8;­®­ 8;­«9 8;­¬78;« 8;®8¡ 8;®�« 8;®7¬ 8;®¡� 8;®­ 8;9 8;®®¡ 8;®«­ 8;®9® 8;®¬® 8;«8®8;¬ 8;«�® 8;«7® 8;« ­ 8;«¡¡ 8;«­ �;8 8;«®7 8;««8 8;««9 8;«9® 8;«¬ 
�;� 8;98� 8;989 8;9�¡ 8;97� 8;979�;7 8;9 ¡ 8;9¡8 8;9¡® 8;9­� 8;9­��;  8;9®7 8;9®« 8;9«7 8;9«® 8;99��;¡ 8;99­ 8;9¬8 8;9¬¡ 8;9¬9 8;¬87�;­ 8;¬8­ 8;¬8¬ 8;¬�7 8;¬�­ 8;¬�¬
�;® 8;¬77 8;¬7­ 8;¬79 8;¬ 8 8;¬  �;« 8;¬ ® 8;¬ 9 8;¬¡8 8;¬¡  8;¬¡­�;9 8;¬¡« 8;¬¡¬ 8;¬­� 8;¬­  8;¬­­�;¬ 8;¬­® 8;¬­9 8;¬®8 8;¬®� 8;¬® 
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l�m ��òQõèí å; °�óuQ�ðñìÕB �ñ�ìQñ å; PòóQñì; @AABCDE FGHGCIGCJI HKE LMNOH�OCBCGP Q NM RKSCKDDMIB ��FBz�ôìî ñîôuô�óB 788 B ã�êÚ 8½¡«�½78¡­¡½¡;
l7m °òììèÕ P; �Yôñîñõ; TUDNMP HKE LMNOBDVI NQ FGHGCIGCJIB �ôóQèY�ìñB Íôìíuñîôuô�óB �¬«7Bã�êÚ 8½8«½8¬¬889½­;
l m 3FE=>=?Q^=;M;¾;B N=Å=?Q^;Ë;Ë; W����� �X��������� �Y	X�����
��( ������	Y�� ���
�
��� B ½O; �¬9­;
l¡m <Q?Q^aQ^;3;3; Z����) (���)�
�	���� B ½O; �¬97;
l­m Ë`EH�`YW;q;M; Z����) (���)�
�	���� B ½O; �¬«�;
l®m ¯ZX?Z=E;ê;{; Z����) (���)�
�	��� � ����������	Y�) 	����	��Y��B ½O; �¬«7;
l«m L^=EQ^=;Ë;O;B N=YRERE=;Ë;w;B w`_XZQ^=;¾;3;B C`_`HERaQ^=;L;Ö;W���������	Y�) 	����	��Y�� B½O; �¬9�;
l9m N=?=@`^;3;L; R A?; W���������	Y�� ������ � ����
� (

X
�
���(�
��� B½O; �¬9�;
l¬m N=?=@`^;3;L;B 3a@~HRE=; ;O;B M=^`YW`^=;K;L; [��	 (�	.�� ����� ���Y� �
) �Y�
�����	Y�� (���(� \\ ���� B ½O; �¬97;

l�8m NQYA`;:;N; ]��Y��Y�� X� ������ (���)�
�	��� � ����������	Y��	����	��Y�� B ½O; �¬¬�;
l��m ¾W^Q^@aRU;q;w; ^����	����	Y�� ������ X�	����
�) ��X�����	Y��_����
� B ½O; �¬99;
l�7m MQYQAQ^ERaQ^;3;M; Z����) (���)�
�	���� B ½O; �¬9 ;
l� m K`EE=EH½MZRH;¤;; `��	�Y �
) 	����	��Y�(� B ½O; �¬99;


